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ÈÇ ÀÍÈÇÎÒÐÎÏÍÎÃÎ ÌÀÒÅÐÈÀËÀ ÏÎÄ ÄÅÉÑÒÂÈÅÌ ÂÍÓÒÐÅÍÍÅÃÎ

ÄÀÂËÅÍÈß

×óâàøñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èì. È. ß. ßêîâëåâà

Àííîòàöèÿ. Ðàññìàòðèâàþòñÿ ñëîèñòûå êðóãîâûå öèëèíäðû, íàõîäÿùèåñÿ ïîä äåéñòâèåì
âíóòðåííåãî äàâëåíèÿ. Ïðåäïîëàãàåòñÿ, ÷òî êàæäûé ñëîé îáëàäàåò ñâîèìè ñâîéñòâàìè ïðÿ-
ìîóãîëüíîé àíèçîòðîïèè. Îïðåäåëåí àëãîðèòì îïðåäåëåíèÿ íàïðÿæåííîãî ñîñòîÿíèÿ äëÿ ïðî-
èçâîëüíîãî ÷èñëà ñëîåâ.

Êëþ÷åâûå ñëîâà: íàïðÿæåíèÿ, óñèëèÿ, ïðåäåë òåêó÷åñòè, àíèçîòðîïèÿ, ñëîé.

ÓÄÊ: 539.374

1. Ðàññìàòðèâàåòñÿ ñëîèñòûé êðóãîâîé öèëèíäð, íàõîäÿùèéñÿ ïîä äåéñòâèåì âíóòðåííåãî
äàâëåíèÿ p (ðèñ. 1).

Ðèñ. 1.

Îáîçíà÷èì ÷åðåç a1, a2 � âíóòðåííèé è âíåøíèé ðàäèóñû 1-ãî öèëèíäðà, ÷åðåç a2, a3

� âíóòðåííèé è âíåøíèé ðàäèóñû 2-ãî öèëèíäðà, ÷åðåç an, an+1 � âíóòðåííèé è âíåøíèé
ðàäèóñû n-ãî öèëèíäðà.
Óñëîâèå ïðåäåëüíîãî ñîñòîÿíèÿ äëÿ n-ãî ñëîÿ ïðèìåì â âèäå

An (σxn − σyn)2 + 4Bnτ
2
xyn = 4k2

n, kn, An, Bn − const, n = 1, 2, ..., (1)
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ãäå σxn, σyn, τxyn � êîìïîíåíòû íàïðÿæåíèÿ â n-îì ñëîå â äåêàðòîâîé ñèñòåìå êîîðäèíàò x, y,
An, Bn � êîíñòàíòû àíèçîòðîïèè.
Ê âûðàæåíèÿì êîìïîíåíòîâ íàïðÿæåíèÿ â ïîëÿðíîé ñèñòåìå êîîðäèíàò r, θ ïåðåéäåì ïî

ôîðìóëàì [1]

σx =
σr + σθ

2
+
σr − σθ

2
cos 2θ − τrθ sin 2θ,

σy =
σr + σθ

2
− σr − σθ

2
cos 2θ + τrθ sin 2θ, (2)

τxy = −σr − σθ

2
sin 2θ − τrθ cos 2θ,

ãäå σr, σθ, τrθ � êîìïîíåíòû íàïðÿæåíèÿ â ïîëÿðíîé ñèñòåìå êîîðäèíàò r, θ.
Â äàëüíåéøåì ïåðåéäåì ê áåçðàçìåðíûì âåëè÷èíàì: âñå êîìïîíåíòû íàïðÿæåíèÿ îòíåñåì

ê âåëè÷èíå ïðåäåëà òåêó÷åñòè k è îáîçíà÷èì

kn

k
= χn,

p

k
= q, (3)

âñå âåëè÷èíû, èìåþùèå ðàçìåðíîñòü äëèíû, îòíåñåì ê íåêîòîðîé õàðàêòåðíîé âåëè÷èíå r0 è
îáîçíà÷èì

an

r0
= αn,

r

r0
= ρ. (4)

Ñîãëàñíî (2�4) çàïèøåì ñîîòíîøåíèÿ (1) â âèäå

An [(σρn − σθn) cos 2θ − 2τρθn sin 2θ]2 +Bn [(σρn − σθn) sin 2θ + 2τρθn]2 = 4χ2
n (5)

èëè

(σρn − σθn)2
[
An cos2 2θ +Bn sin2 2θ

]
+ 4τ2

ρθ

[
An sin2 2θ +Bn cos2 2θ

]
− (6)

−2 (σρn − σθn) τρθn (An −Bn) sin 4θ = 4χ2
n.

Ðåøåíèå áóäåì èñêàòü â âèäå ðàçëîæåíèé ïî ñòåïåíÿì íåêîòîðîãî ìàëîãî áåçðàçìåðíîãî
ïàðàìåòðà δ

σijn = σ0
ijn + δσ′ijn, An = 1 + δan, Bn = 1 + δbn. (7)

Ïîëîæèì, ÷òî íóëåâîå, èñõîäíîå íàïðÿæåííîå ñîñòîÿíèå ÿâëÿåòñÿ îñåñèììåòðè÷íûì

τ0
ρθn = 0, n = 1, 2, ... (8)

Â íóëåâîì èñõîäíîì ñîñòîÿíèè ñîãëàñíî (6), (8) èìååò ìåñòî

σ0
ρn − σ0

θn = ±2χn. (9)

Ïðè äåéñòâèè âíóòðåííåãî äàâëåíèÿ σθn > σρn, ïîýòîìó â (9) èìååò ìåñòî íèæíèé çíàê,
ñîîòíîøåíèå (9) ïåðåïèøåì â âèäå

σ0
θn = σ0

ρn + 2χn. (10)

Èç óðàâíåíèé ðàâíîâåñèÿ

dσ0
ρn

dρ
+
σ0

ρn − σ0
θn

ρ
= 0 (11)

è óñëîâèÿ (10), ïîëó÷èì
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σ0
ρn = 2χn ln ρ+ Cn. (12)

Èç ãðàíè÷íîãî óñëîâèÿ

σ0
ρ1 = −q ïðè ρ = α1, (13)

à òàêæå èç (9),(10), (12) íàéäåì

σ0
ρ1 = −q + 2χ1 ln

ρ

α1
, σ0

θ1 = −q + 2χ1

(
1 + ln

ρ

α1

)
, τ0

ρθ1 = 0. (14)

Óñëîâèå ñîïðÿæåíèÿ ðåøåíèÿ èìååò âèä

σ0
ρ1 = σ0

ρ2 ïðè ρ = α2. (15)

Èç (12),(14),(15) ïîëó÷èì

σ0
ρ2 = −q + 2χ2 ln

ρ

α2
+ 2χ1 ln

α2

α1
, (16)

σ0
θ2 = −q + 2χ2

(
1 + ln

ρ

α2

)
+ 2χ1 ln

α2

α1
.

Àíàëîãè÷íî (16) áóäåì èìåòü

σ0
ρn = −q + 2χn ln

ρ

αn
+ 2χn−1 ln

αn

αn−1
+ ...+ 2χ1 ln

α2

α1
, (17)

σ0
θn = 2χn + σ0

ρn, τ
0
ρθn = 0.

Åñëè σ
(0)
ρn = 0 ïðè ρ = αn+1, èç (17) ïîëó÷èì ïðåäåëüíîå çíà÷åíèå âíóòðåííåãî äàâëåíèÿ

σ0
ρnïðåä = 2χn ln

αn+1

αn
+ 2χn−1 ln

αn

αn−1
+ ...+ 2χ1 ln

α2

α1
. (18)

Ëèíåàðèçèðóÿ ñîîòíîøåíèÿ (6), ó÷èòûâàÿ (7), (8), (10), ïîëó÷èì

σ′θn − σ′ρn = χn

[
an + bn

2
+
an − bn

2
cos 4θ

]
. (19)

Óðàâíåíèÿì ðàâíîâåñèÿ

∂σ′ρn

∂ρ
+

1
ρ

∂τ ′ρθn

∂θ
+
σ′ρn − σ′θn

ρ
= 0, (20)

∂τ ′ρθn

∂ρ
+

1
ρ

∂σ′θn

∂θ
+

2τ ′ρθn

ρ
= 0,

óäîâëåòâîðèì, ïîëàãàÿ

σ′ρn =
1
ρ

∂Φ′n
∂ρ

+
1
ρ2

∂2Φ′n
∂θ2

,

σ′θn =
∂2Φ′n
∂ρ2

, (21)

τ ′ρθn = − ∂

∂ρ

(
1
ρ

∂Φ′n
∂θ

)
.

Èç (19), (21) íàéäåì

∂2Φ′n
∂ρ2

− 1
ρ

∂Φ′n
∂ρ

− 1
ρ2

∂2Φ′n
∂θ2

= Gn +Hn cos 4θ, (22)
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ãäå

Gn = χn

(
an + bn

2

)
, Hn = χn

(
an − bn

2

)
. (23)

Ðåøåíèå óðàâíåíèÿ (22) ïðåäñòàâèì êàê ñóììó ðåøåíèé îáùåãî ðåøåíèÿ îäíîðîäíîãî óðàâ-
íåíèÿ è ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ

Φ′n = Φ′n îäí + Φ′n ÷àñòí. (24)

Îäíîðîäíîå óðàâíåíèå (22) èìååò âèä

∂2Φ′n
∂ρ2

− 1
ρ

∂Φ′n
∂ρ

− 1
ρ2

∂2Φ′n
∂θ2

= 0. (25)

Ïîëàãàÿ

Φ′n îäí = Rn cosmθ, (26)

ñëåäóÿ [2], ïîëó÷èì

Rn = C
(n)
00 + C

(n)
01 ïðè m = 0, (27)

Rn = ρ
(
C

(n)
11 + C

(n)
12 ln ρ

)
ïðè m = 1, (28)

Rn = ρ
[
C

(n)
m1 cos

(√
m2 − 1 ln ρ

)
+ C

(n)
m2 sin

(√
m2 − 1 ln ρ

)]
ïðè m ≥ 2. (29)

×àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (21) èìååò âèä

Φ′n ÷àñòí =
Gn

2
(
ρ2 ln ρ− ρ

)
+
Hn

16
ρ2 cos 4θ. (30)

Èç (21), (24), (26) , (27) , (29) , (30) íàéäåì äëÿ

σ′ρn = C
(n)
00 + 1

ρ

{[
−3Ñ(n)

41 +
√

3Ñ(n)
42

]
cosω +

[
−
√

3Ñ(n)
41 − 3Ñ(n)

42

]
sinω

}
cos 4θ+

+Gn ln ρ− 7
8Hn cos 4θ,

(31)

σ′θn = σ′ρ îäí +Gn (1 + ln ρ) +
1
8
Hn cos 4θ, (32)

τ ′ρθn =
4
√

3
ρ

[−C41 sinω + C42 cosω] sin 4θ +
Hn

4
sin 4θ, (33)

ãäå ω =
√

3 ln ρ.
Ãðàíè÷íûå óñëîâèÿ íà âíóòðåííåì êîíòóðå òðóáû èìåþò âèä

σ′ρ1 = 0, τ ′ρθ1 = 0 ïðè ρ = α1. (34)

Èç (31), (33), (34) ïîëó÷èì

C
(1)
00 + 1

α1

{
Ñ

(1)
41

[
−3 cosω1 −

√
3 sinω1

]
+ Ñ

(1)
42

[√
3 cosω1 − 3 sinω1

]}
cos 4θ =

= −G1 lnα1 + 7
8H1 cos 4θ,

(35)

4
√

3
α1

[
−Ñ(1)

41 sinω1 + Ñ
(1)
42 cosω1

]
= −1

4
H1, (36)

ãäå ω1 =
√

3 lnα1, â äàëüíåéøåì ωn =
√

3 lnαn.
Èç (23), (35) ñëåäóåò
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C
(1)
00 = −G1 lnα1 = −χ1

a1 + b1
2

lnα1. (37)

Äëÿ îïðåäåëåíèÿ ïîñòîÿííûõ Ñ
(1)
41 , Ñ

(1)
42 èìååò ìåñòî ñèñòåìà óðàâíåíèé

Ñ
(1)
41 ·M(α1) + Ñ

(1)
42 ·N(α1) = 7α1

8 H1,

Ñ41 (− sinω1) + Ñ42 cosω1 = −
√

3α1
48 H1,

(38)

ãäå

M(αn) = −3 cosωn −
√

3 sinωn,

N(αn) =
√

3 cosωn − 3 sinωn, n = 1.
(39)

Ñîãëàñíî (37) èìååò ìåñòî

C
(1)
41 =

∆11

∆1
, C

(1)
42 =

∆21

∆1
, (40)

ãäå

∆1 =
∣∣∣∣ −3 cosω1 −

√
3 sinω1

√
3 cosω1 − 3 sinω1

− sinω1 cosω1

∣∣∣∣ = −3, (41)

∆11 =
α1

16
H1

(
13 cosω1 +

√
3 sinω1

)
,∆21 =

α1

16
H1

(
13 sinω1 −

√
3 cosω1

)
. (42)

Îòìåòèì, ÷òî àíàëîãè÷íî (41) èìååò ìåñòî ∆n = −3.
Ñîãëàñíî (31), (32), (33), (39), (40), (41), (42) êîìïîíåíòû íàïðÿæåííîãî ñîñòîÿíèÿ σ′ij1 â

ïåðâîì ñëîå îïðåäåëåíû, êîìïîíåíòû íàïðÿæåííîãî ñîñòîÿíèÿ σ
(0)
ijn îïðåäåëåíû ñîãëàñíî (17),

ñóììàðíîå íàïðÿæåííîå ñîñòîÿíèå îïðåäåëÿåòñÿ ñîãëàñíî (7).
2. Ïåðåéäåì ê îïðåäåëåíèþ íàïðÿæåííîãî ñîñòîÿíèÿ âî âòîðîì è ïîñëåäóþùèõ ñëîÿõ.
Èç óñëîâèé ñîïðÿæåíèÿ

σ′ρ2 = σ′ρ1, τ
′
ρθ2 = τ ′ρθ1ïðè ρ = α2, (43)

èç (31), (33) íàéäåì

C
(2)
00 +

1
α2

{
Ñ

(2)
41

[
−3 cosω2 −

√
3 sinω2

]
+ Ñ

(2)
42

[√
3 cosω2 − 3 sinω2

]}
cos 4θ =

= σ′ρ1(α2)−G2 lnα2 +
7
8
H2 cos 4θ− (44)

−4
√

3
α2

[
−Ñ(2)

41 sinω2 + Ñ
(2)
42 cosω2

]
= τ ′ρθ(α2)−

1
4
H2.

Èç (31), (44) ïîëó÷èì

Ñ
(2)
00 = −G2 lnα2 −G1 lnα1. (45)

Èç (44),(31-42) áóäåì èìåòü

1
α2

[
Ñ

(2)
41 M(α2) + Ñ

(2)
42 N(α2)

]
= Σρ1(α1) +

7
8

(H2 +H1) , (46)

4
√

3
α2

[
−Ñ(2)

41 sinω2 + Ñ
(2)
42 cosω2

]
= Σρθ1(α1)−

1
4

(H2 +H1) ,

ãäå

Σρ1(ρ) =
1
ρ

(
C

(1)
41

[
−3 cosω −

√
3 sinω

]
+ C

(1)
42

[√
3 cosω − 3 sinω

])
, (47)
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Σρθ1(ρ) =
4
√

3
ρ

[
−C(1)

41 sinω + C
(1)
42 cosω

]
, ω =

√
3 ln ρ.

Ïåðåïèøåì ñèñòåìó óðàâíåíèé (46) â âèäå

Ñ
(2)
41 M(α2) + Ñ

(2)
42 N(α2) = P2, (48)

Ñ
(2)
41 (− sinω2) + Ñ

(2)
42 cosω2 = Q2,

ãäå

P2 = α2

[
Σρ1(α1) +

7
8

(H2 +H1)
]
, (49)

Q2 =
α2

√
3

12

[
Σρθ1(α1)−

1
4

(H2 +H1)
]
.

Èç (40), (49) ñëåäóåò

C
(2)
41 =

∆12

∆2
= −1

3
(P2 cosχ2 −Q2 ·N(α2)) ,

C
(2)
41 =

∆22

∆2
= −1

3
(P2 sinχ2 +Q2 ·M(α2)) , (50)

∆2 = ∆1 = −3.
Ñîãëàñíî (23), (30)-(32), (45)-(49) êîìïîíåíòû íàïðÿæåííîãî ñîñòîÿíèÿ σ′ij2 îïðåäåëåíû.
Àíàëîãè÷íî ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè îïðåäåëÿþòñÿ êîìïîíåíòû íàïðÿæåíèé

σ′ijn ïðè óñëîâèè, ÷òî êîìïîíåíòû σ′ijn−1 îïðåäåëåíû.
Àíàëîãè÷íî (45) ïîëó÷èì

Ñ
(n)
00 = −Gn lnαn −Gn lnαn −Gn lnαn − ...−G1 lnα1. (51)

Èç óñëîâèé ñîïðÿæåíèÿ ðåøåíèé

σ(I)
ρn = σ

(I)
ρn−1, τ

(I)
ρn = τ

(I)
ρn−1ïðè ρ = αn, (52)

èç (31), (33), àíàëîãè÷íîé (50), áóäåì èìåòü

Ñ
(n)
41 M(αn) + Ñ

(n)
42 N(αn) = Pn−1, (53)

Ñ
(n)
41 (− sinωn) + Ñ

(n)
42 = Qn−1,

ãäå

Pn = αn

[
Σρn(αn) (αn) +

7
8

(Hn +Hn−1 + ...+H1)
]
, (54)

Qn =
αn

√
3

12

[
Σρθn(αn) (αn)− 1

4
(Hn +Hn−1 + ...+H1)

]
,

Σρn (ρ) =
1
ρ

(
C

(n)
41

[
−3 cosω −

√
3 sinω

]
+ C

(n)
42

[√
3 cosω − 3 sinω

])
, (55)

Σρθn(ρ) (ρ) =
4
√

3
ρ

[
−C(n)

41 sinω + C
(n)
42 cosω

]
.

Àíàëîãè÷íî (43) ïîëó÷èì
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Ñ
(n)
41 =

∆1n

∆n
= −1

3
(Pn cosω −QnN (αn)) ,

Ñ
(n)
42 =

∆2n

∆n
= −1

3
(Pn sinω −QnM (αn)) , (56)

∆1 = ∆2 = ... = ∆n = −3,
ãäå Pn, Qn, (31) îïðåäåëåíû ïðè èçâåñòíûõ çíà÷åíèÿõ σ′ijn−1.
Êîìïîíåíòû íàïðÿæåíèé σ′ijn îïðåäåëÿþòñÿ ñîãëàñíî (31�56).
Èç (31�56) ñëåäóåò, ÷òî ñâîéñòâà àíèçîòðîïèè ïîñëåäîâàòåëüíî îêàçûâàþò âëèÿíèå íà íà-

ïðÿæåííîå ñîñòîÿíèå ïîñëåäóþùèõ ñëîåâ: íàïðÿæåííîå ñîñòîÿíèå â n-îì ñëîå áóäåò çàâèñåòü
îò ñâîéñòâ àíèçîòðîïèè âñåõ ïðåäûäóùèõ n-1 ñëîåâ.
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ABOUT THE LIMIT CONDITION OF LAYERED CIRCULAR CYLINDERS
FROM ANISOTROPIC MATERIAL UNDER THE IMPACT OF INNER

PRESSURE

I.Yakovlev Chuvash State Pedagogical University

Abstract. Layered circle cylinders being under the impact of inner pressure are considered. It
is supposed that each layer has its rectangular anisotropy characteristics. The algoritm of tension
detection for free number of layers is de�ned.

Keywords: tensions, e�orts, yield strength, anisotropy, layer
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