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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ïîëå ñêîðîñòè ïåðåìåùåíèé â çàäà÷å î ïðåäåëüíîì ñîñòîÿíèè
èäåàëüíîïëàñòè÷åñêîãî àíèçîòðîïíîãî ñëîÿ, ñæàòîãî æåñòêèìè øåðîõîâàòûìè ïëèòàìè. Èç
âàðèàöèîííîãî óðàâíåíèÿ îïðåäåëÿþòñÿ óðàâíåíèÿ äëÿ îïðåäåëåíèÿ ñêîðîñòåé ïåðåìåùåíèé.
Äàíû âûðàæåíèÿ êîìïîíåíò ñêîðîñòåé ïåðåìåùåíèé, ñîîòâåòñòâóþùèå íàïðÿæåííîìó ñîñòî-
ÿíèþ.
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ïðåäåëüíîå ñîñòîÿíèå, ñëîé, æåñòêèå ïëèòû.

ÓÄÊ: 537.374

1. Â ðàáîòå [2] äàíû ñòàòè÷åñêè îïðåäåëèìûå ñîîòíîøåíèÿ äëÿ àíèçîòðîïíîãî ìàòåðèàëà,
íå ñâîäÿùèåñÿ ê óñëîâèÿì ïîëíîãî ïðåäåëüíîãî ñîñòîÿíèÿ

σx = ν + 2An2
1, τxy = 2Fn1n2,

σy = ν + 2Bn2
2, τyz = 2Gn2n3,

σz = ν + 2Cn2
3, τxz = 2Hn1n3.

(1)

ν = σ − 2
3
(
An2

1 +Bn2
2 + Cn2

3

)
, σ =

1
3

(σx + σy + σz) , (2)

A,B,C, F,G,H − const,

n2
1 + n2

2 + n2
3 = 1,

ãäå σx, σy, σz, τxy, τyz, τxz � êîìïîíåíòû íàïðÿæåíèÿ.
Íà îñíîâå ñîîòíîøåíèé (1�3) â [2] ðàññìîòðåíà çàäà÷à î ñæàòèè ïðîñòðàíñòâåííîãî ñëîÿ

æåñòêèìè øåðîõîâàòûìè ïëèòàìè ïðè óñëîâèÿõ èçìåíåíèÿ êàñàòåëüíûõ íàïðÿæåíèé ïî òîë-
ùèíå ñëîÿ

τxz = az + c1, τyz = bz + c2, a, b, c1, c2 − const. (3)

Äîïîëíèì ïîëó÷åííîå ðåøåíèå äëÿ íàïðÿæåíèé [2] ïîñòðîåíèåì ïîëÿ ñêîðîñòåé ïåðåìå-
ùåíèé.
Àíàëîãè÷íî [1] ðàññìîòðèì ôóíêöèîíàë

D = σijεij − (εxAn
2
1 + εyBn

2
2 + εzCn

2
3 + 2εxyFn1n2 + 2εyzGn2n3 + 2εxzHn1n3)−

−ν(εx + εy + εz) + λ(n2
1 + n2

2 + n2
3),

(4)

ãäå λ, ν � íåîïðåäåëåííûå ìíîæèòåëè Ëàãðàíæà.
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Èç óñëîâèé ýêñòðåìóìà ôóíêöèîíàëà

∂D

∂εij
= 0, (5)

èç (4), (5) ïîëó÷èì âûðàæåíèÿ (1).
Èç óñëîâèé ýêñòðåìóìà ôóíêöèîíàëà

∂D

∂ni
= 0, (6)

èç (4), (6) íàéäåì

εxAn1 + εxyFn2 + εxzHn3 = λn1,
εxyFn1 + εyBn2 + εyzGn3 = λn2,
εxzHn1 + εyzGn2 + εzCn3 = λn3.

(7)

Èìååò ìåñòî óñëîâèå íåñæèìàåìîñòè

εx + εy + εz = 0. (8)

Óñëîâèÿ (7), (8) ÿâëÿþòñÿ èñêîìûìè ñîîòíîøåíèÿìè àññîöèèðîâàííîãî çàêîíà òå÷åíèÿ,
ñîîòâåòñòâóþùèìè óñëîâèÿì ïðåäåëüíîãî ñîñòîÿíèÿ (1).
Ôîðìóëû Êîøè èìåþò âèä

εx = ∂n
∂x , εy = ∂v

∂y , εz = ∂w
∂z ,

εxy = 1
2

(
∂n
∂y + ∂v

∂x

)
, εyz = 1

2

(
∂v
∂z + ∂w

∂y

)
, εxz = 1

2

(
∂w
∂x + ∂n

∂z

)
,

(9)

ãäå u, v, w � êîìïîíåíòû ñêîðîñòè ïåðåìåùåíèÿ.
Ñëåäóÿ [3] ïîëîæèì

u = m1x+ p1y + ϕ1(z),
v = m2x+ p2y + ϕ2(z),
w = m3x+ p3y + q(z),

(10)

ãäå mi, pi, q − const.
Ñîãëàñíî (8), (9), (10) ïîëó÷èì

εx = m1, εy = p2, εz = q, m1 + p2 + q = 0,
εxy = 1

2 (m2 + p1), εyz = 1
2

(
dϕ2
dz + p3

)
, εxz = 1

2

(
dϕ1
dz +m3

)
.

(11)

Èç (7), (11) íàéäåì

m1An1 + 1
2 (m2 + p1)Fn2 + 1

2

(
dϕ1
dz +m3

)
Hn3 = λn1,

1
2 (m2 + p1)Fn1 + p2Bn2 + 1

2

(
dϕ2
dz + p3

)
Gn3 = λn2,

1
2

(
dϕ1
dz +m3

)
Hn1 + 1

2

(
dϕ2
dz + p3

)
Gn2 + qCn3 = λn3.

(12)

Èñêëþ÷àÿ âåëè÷èíó λ, çàïèøåì óðàâíåíèÿ (12) â âèäå

dϕ1
dz H(n2

3 − n2
1)−

dϕ2
dz Gn1n2 = T1,

dϕ1
dz Hn1n2 − dϕ2

dz G(n2
3 − n2

2) = T2,
(13)

ãäå

T1 = 2(Ñq −m1A)n1n3 − (m2 + p1)Fn2n3 +m3H(n2
3 − n2

1) + p3Gn1n2,
T2 = 2(Bp2 − Cq)n2n3 + (m2 + p1)Fn1n3 + p3G(n2

3 − n2
2)−m3Hn1n2.

(14)

Èç (13) íàéäåì
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dϕ1

dz
=

∆1

∆
,
dϕ2

dz
=

∆2

∆
, (15)

ãäå

∆ = HGn3
3(2n

2
3 − 1),

∆1 = G
[
T2n1n2 − T1(n2

3 − n2
2)
]
, ∆2 = H

[
T1n1n2 − T2(n2

3 − n2
1)
]
.

(16)

Èç (1) ñëåäóåò

n2
1 =

G

2FH
τxyτxz

τyz
, n2

2 =
H

2FG
τxyτyz

τxz
, n2

3 =
F

2GH
τxzτyz

τxy
. (17)

Èç (3), (17) ïîëó÷èì

τ2
xy

(
G2τ2

xz +H2τ2
yz

)
− 2τxy (FGHτxzτyz) + F 2(τxzτyz)2 = 0. (18)

Èç (18) íàéäåì

τxy =
Fτxzτyz

[
GH ±

√
G2H2 −

(
G2τ2

xz +H2τ2
yz

)]
G2τ2

xz +H2τ2
yz

. (19)

Èñïîëüçóÿ ñîîòíîøåíèÿ (3), (17), (19), ïîëó÷èì âûðàæåíèå âåëè÷èí n1, n2, n3 êàê ôóíê-
öèé ïåðåìåííîé z. Èíòåãðèðóÿ âûðàæåíèÿ (15), ïîëó÷èì çíà÷åíèÿ ôóíêöèé ϕ1(z), ϕ2(z), òåì
ñàìûì êîìïîíåíòû ñêîðîñòè ïåðåìåùåíèÿ è äåôîðìàöèè (9), (10), (11) ïîëíîñòüþ îïðåäåëå-
íû.
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TO THE DETERMINATION OF DISPLACEMENT VELOCITY FIELD IN THE
PROBLEM OF LIMITING STATE OF ANISOTROPIC LAYER

The Branch of Saint-Petersburg State Engineering and Economical University

Abstract. Displacement velocity �eld is considered in the problem of limiting state of ideal
plastic anisotropic layer compressed by rigid rough slabs. The equations for determination of
displacement velocity are de�ned from the variational equation. The expressions of displacement
velocity components are given which correspond to tension.

Keywords: tensions, e�orts, deformations, displacement velocities, plasticity, limiting state, layer,
rigid slabs.
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