
Âåñòíèê ×ÃÏÓ èì. È. ß. ßêîâëåâà
Ñåðèÿ: Ìåõàíèêà ïðåäåëüíîãî ñîñòîÿíèÿ. 2010. �2(66). Ñ. 79�91

Ì.Â. Ìèð-Ñàëèì-çàäå

ÇÀÐÎÆÄÅÍÈÅ ÒÐÅÙÈÍ Â ÏÅÐÔÎÐÈÐÎÂÀÍÍÎÉ ÈÇÎÒÐÎÏÍÎÉ ÑÐÅÄÅ,
ÓÑÈËÅÍÍÎÉ ÐÅÃÓËßÐÍÎÉ ÑÈÑÒÅÌÎÉ ÑÒÐÈÍÃÅÐÎÂ

Èíñòèòóò Ìàòåìàòèêè è Ìåõàíèêè ÍÀÍ Àçåðáàéäæàíà

Àííîòàöèÿ. Ïðîâåäåíî ìàòåìàòè÷åñêîå îïèñàíèå ìîäåëè çàðîæäåíèÿ òðåùèí â ïåðôîðèðî-
âàííîé èçîòðîïíîé ñðåäå, óñèëåííîé ïîïåðå÷íûìè ñòðèíãåðàìè. Äåéñòâèå ñòðèíãåðîâ ìîäå-
ëèðóåòñÿ íåèçâåñòíûìè ýêâèâàëåíòíûìè ñîñðåäîòî÷åííûìè ñèëàìè â òî÷êàõ ñîåäèíåíèÿ ðå-
áåð ñî ñðåäîé. Ñ÷èòàåòñÿ, ÷òî ïî ìåðå óâåëè÷åíèÿ èíòåíñèâíîñòè âíåøíåé íàãðóçêè â ñðåäå
ïðîèñõîäèò çàðîæäåíèå òðåùèí. Çàäà÷à î ðàâíîâåñèè èçîòðîïíîé ïåðôîðèðîâàííîé ñðåäû
ñ çàðîäûøåâûìè òðåùèíàìè ñâîäèòñÿ ê ðåøåíèþ íåëèíåéíîãî ñèíãóëÿðíîãî èíòåãðàëüíîãî
óðàâíåíèÿ ñ ÿäðîì òèïà Êîøè. Èç ðåøåíèÿ ýòîãî óðàâíåíèÿ íàõîäèòñÿ óñèëèå â ïîëîñå çàðîæ-
äåíèÿ òðåùèíû. Óñëîâèå ïîÿâëåíèÿ òðåùèíû ôîðìóëèðóåòñÿ ñ ó÷åòîì êðèòåðèÿ ïðåäåëüíîé
âûòÿæêè ñâÿçåé ìàòåðèàëà.

Êëþ÷åâûå ñëîâà: çîíà ïðåäðàçðóøåíèÿ, ñèëû ñöåïëåíèÿ ìàòåðèàëà, ñâÿçè ìåæäó áåðåãàìè,
ïîÿâëåíèå òðåùèíû, ïåðôîðèðîâàííàÿ óñèëåííàÿ ïëàñòèíà, ñòðèíãåðû.

ÓÄÊ: 539.375

Ïðîâåäåíî ìàòåìàòè÷åñêîå îïèñàíèå ìîäåëè çàðîæäåíèÿ òðåùèí â ïåðôîðèðîâàííîé èçî-
òðîïíîé ñðåäå, óñèëåííîé ïîïåðå÷íûìè ñòðèíãåðàìè. Äåéñòâèå ñòðèíãåðîâ ìîäåëèðóåòñÿ
íåèçâåñòíûìè ýêâèâàëåíòíûìè ñîñðåäîòî÷åííûìè ñèëàìè â òî÷êàõ ñîåäèíåíèÿ ðåáåð ñî ñðå-
äîé. Ñ÷èòàåòñÿ, ÷òî ïî ìåðå óâåëè÷åíèÿ èíòåíñèâíîñòè âíåøíåé íàãðóçêè â ñðåäå ïðîèñõîäèò
çàðîæäåíèå òðåùèí. Çàäà÷à î ðàâíîâåñèè èçîòðîïíîé ïåðôîðèðîâàííîé ñðåäû ñ çàðîäûøå-
âûìè òðåùèíàìè ñâîäèòñÿ ê ðåøåíèþ íåëèíåéíîãî ñèíãóëÿðíîãî èíòåãðàëüíîãî óðàâíåíèÿ ñ
ÿäðîì òèïà Êîøè. Èç ðåøåíèÿ ýòîãî óðàâíåíèÿ íàõîäèòñÿ óñèëèå â ïîëîñå çàðîæäåíèÿ òðå-
ùèíû. Óñëîâèå ïîÿâëåíèÿ òðåùèíû ôîðìóëèðóåòñÿ ñ ó÷åòîì êðèòåðèÿ ïðåäåëüíîé âûòÿæêè
ñâÿçåé ìàòåðèàëà.
Äëÿ îáåñïå÷åíèÿ äîñòàòî÷íîé ïðî÷íîñòè ëèñòîâûõ êîíñòðóêöèé èõ îáû÷íî èçãîòàâëèâà-

þò èç òîíêèõ ïëàñòèí, óñèëåííûõ ïðèêëåïàííûìè ðåáðàìè æåñòêîñòè. Èñïîëüçóåìûå â èí-
æåíåðíûõ êîíñòðóêöèÿõ ïëàñòèíû èìåþò òåõíîëîãè÷åñêèå îòâåðñòèÿ. Îòâåðñòèÿ ÿâëÿþòñÿ
êîíöåíòðàòîðàìè íàïðÿæåíèé, ÷òî çà÷àñòóþ ïîðîæäàåò çàðîæäåíèå òðåùèí. ×òîáû ñäåðæàòü
ðàçâèòèå òðåùèí, ïëàñòèíû àðìèðóþò ñòðèíãåðàìè.
1. Ïîñòàíîâêà çàäà÷è. Ðàññìàòðèâàåòñÿ áåñêîíå÷íàÿ èçîòðîïíàÿ óïðóãàÿ ïëàñòèíà,

îñëàáëåííàÿ ïåðèîäè÷åñêîé ñèñòåìîé êðóãîâûõ îòâåðñòèé ñ ðàäèóñîì λ. Êîíòóðû êðóãîâûõ
îòâåðñòèé ñâîáîäíû îò âíåøíèõ óñèëèé. K ïëàñòèíå ïðèêëåïàíû ïîïåðå÷íûå ðåáðà æåñòêîñòè
â òî÷êàõ z = ± (2m+ 1)L ± iny0 (m = 0, 1, 2, . . . ; n= 1, 2, . . . ) èç äðóãîãî óïðóãîãî ìàòå-
ðèàëà ñ ïëîùàäüþ ïîïåðå÷íîãî ñå÷åíèÿ AS (ðèñ. 1). Ha áåñêîíå÷íîñòè óñèëåííàÿ ïëàñòèíà
ïîäâåðæåíà îäíîðîäíîìó ðàñòÿæåíèþ âäîëü ñòðèíãåðà íàïðÿæåíèåì σ∞y = σ0. Îòíîñèòåëüíî
ñòðèíãåðà ïðèíèìàåòñÿ ãèïîòåçà îá îäíîìåðíîì êîíòèíóóìå, çàêëþ÷àþùàÿñÿ â òîì, ÷òî ïðè
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äåôîðìàöèè òîëùèíà ñòðèíãåðà ñ÷èòàåòñÿ íåèçìåíÿåìîé, à íàïðÿæåííîå ñîñòîÿíèå îäíîîñ-
íûì. Ñòðèíãåðû èçãèáó íå ñîïðîòèâëÿþòñÿ è ðàáîòàþò ëèøü íà ðàñòÿæåíèå.

Ðèñ. 1.

Ïðèíèìàþòñÿ ñëåäóþùèå äîïóùåíèÿ:
à) â òîíêîñòåííîì ëèñòîâîì ýëåìåíòå êîíñòðóêöèè (ïëàñòèíå) ðåàëèçóåòñÿ ïëîñêîå íàïðÿ-
æåííîå ñîñòîÿíèå;
á) ïîäêðåïëÿþùàÿ ñèñòåìà ñòðèíãåðîâ ôåðìåííîãî òèïà, îñëàáëåíèå èõ çà ñ÷åò ïîñòàíîâêè
òî÷åê êðåïëåíèÿ íå ó÷èòûâàåòñÿ;
â) ëèñòîâîé ýëåìåíò è ïîäêðåïëÿþùèå ýëåìåíòû âçàèìîäåéñòâóþò äðóã ñ äðóãîì â îäíîé
ïëîñêîñòè è òîëüêî â òî÷êàõ êðåïëåíèÿ;
ã) âñå òî÷êè êðåïëåíèÿ îäèíàêîâû, èõ ðàäèóñ (ïëîùàäêà ñöåïëåíèÿ) ìàë ïî ñðàâíåíèþ ñ èõ
øàãîì è äðóãèìè õàðàêòåðíûìè ðàçìåðàìè;
ä) äåéñòâèå òî÷êè êðåïëåíèÿ ìîäåëèðóåì: â ñòðèíãåðå � äåéñòâèåì â ñïëîøíîì ðåáðå ñîñðåäî-
òî÷åííîé ñèëû, ïðèëîæåííîé â òî÷êå, ñîîòâåòñòâóþùåé öåíòðó òî÷êè êðåïëåíèÿ, â ïëàñòèíå
� äåéñòâèåì ñîñðåäîòî÷åííîé ñèëû.
Ñ÷èòàåòñÿ, ÷òî òî÷êè êðåïëåíèÿ ñòðèíãåðîâ ðàñïîëîæåíû â äèñêðåòíûõ òî÷êàõ ñ ïîñòîÿí-

íûì øàãîì ïî âñåé äëèíå ñòðèíãåðà, ñèììåòðè÷íî îòíîñèòåëüíî ïîâåðõíîñòè ïëàñòèíû. Äåé-
ñòâèå ïðèêëåïàííûõ ñòðèíãåðîâ â ðàñ÷åòíîé ñõåìå çàìåíÿåòñÿ íåèçâåñòíûìè ýêâèâàëåíòíûìè
ñîñðåäîòî÷åííûìè ñèëàìè, ïðèëîæåííûìè â ìåñòàõ ðàñïîëîæåíèÿ òî÷åê êðåïëåíèÿ. Ïî ìåðå
ïîâûøåíèÿ èíòåíñèâíîñòè âíåøíåãî íàãðóæåíèÿ â óñèëåííîé ñðåäå âîêðóã îòâåðñòèé îáðàçó-
þòñÿ çîíû ïîâûøåííûõ íàïðÿæåíèé, ðàñïîëîæåíèå êîòîðûõ íîñèò ïåðèîäè÷åñêèé õàðàêòåð.
Çîíû ïîâûøåííûõ íàïðÿæåíèé áóäóò ñïîñîáñòâîâàòü âîçíèêíîâåíèþ ïîâåðõíîñòíûõ òðåùèí.
Çàäà÷à î çàðîæäåíèè òðåùèí ïðåäñòàâëÿåò áîëüøîé èíòåðåñ äëÿ ìåõàíèêè ðàçðóøåíèÿ. Åå
ïîñòàíîâêà ñóùåñòâåííî ðàñøèðÿåò ïåðâîíà÷àëüíóþ êîíöåïöèþ Ãðèôôèòñà, ïðåäïîëàãàâ-
øåãî, ÷òî â ìàòåðèàëå âñåãäà èìååòñÿ ìíîæåñòâî ìåëü÷àéøèõ òðåùèí. Ïî ìåðå ïîâûøåíèÿ
èíòåíñèâíîñòè íàãðóæåíèÿ ïîäêðåïëåííîé ïëàñòèíû ñ êðóãîâûìè îòâåðñòèÿìè ñèëîâîé íà-
ãðóçêîé â ïëàñòèíå áóäóò âîçíèêàòü çîíû ïðåäðàçðóøåíèÿ, êîòîðûå ìîäåëèðóåì êàê îáëàñòè
îñëàáëåííûõ ìåæ÷àñòè÷íûõ ñâÿçåé ìàòåðèàëà (ðèñ. 1). Ïðèíÿòî, ÷òî ïîëîñà ïðåäðàçðóøå-
íèÿ îðèåíòèðîâàíà â íàïðàâëåíèè ìàêñèìàëüíûõ ðàñòÿãèâàþùèõ íàïðÿæåíèé, âîçíèêàþùèõ
â ïîäêðåïëåííîé ïëàñòèíå. Âçàèìîäåéñòâèå áåðåãîâ çîíû ïðåäðàçðóøåíèÿ ìîäåëèðóåòñÿ ïó-
òåì ââåäåíèÿ ìåæäó áåðåãàìè ïîëîñû ïðåäðàçðóøåíèÿ ñâÿçåé, èìåþùèõ çàäàííóþ äèàãðàì-
ìó äåôîðìèðîâàíèÿ. Ôèçè÷åñêàÿ ïðèðîäà òàêèõ ñâÿçåé è ðàçìåðû îáëàñòè ïðåäðàçðóøåíèÿ
çàâèñÿò îò âèäà ìàòåðèàëà. Ñ÷èòàåòñÿ, ÷òî çàêîí äåôîðìèðîâàíèÿ ñâÿçåé çàäàí. Â îáùåì
ñëó÷àå îí ïðåäñòàâëÿåò ñîáîé íåëèíåéíûé çàêîí äåôîðìèðîâàíèÿ [11-13].
Â èññëåäóåìîì ñëó÷àå âîçíèêíîâåíèå äåôåêòà òèïà òðåùèíû ïðåäñòàâëÿåò ñîáîé ïðîöåññ

ïåðåõîäà îáëàñòè ïðåäðàçðóøåíèÿ â îáëàñòü ðàçîðâàííûõ ñâÿçåé ìåæäó ïîâåðõíîñòÿìè ìàòå-
ðèàëà. Ïðè ýòîì ðàçìåð çîíû ïðåäðàçðóøåíèÿ çàðàíåå íåèçâåñòåí è äîëæåí áûòü îïðåäåëåí
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â ïðîöåññå ðåøåíèÿ çàäà÷è. Òàê êàê óêàçàííûå çîíû (ïðîñëîéêè ìàòåðèàëà) ìàëû ïî ñðàâ-
íåíèþ ñ îñòàëüíîé ÷àñòüþ ïîäêðåïëåííîé ïëàñòèíû, èõ ìîæíî ìûñëåííî óäàëèòü, çàìåíèâ
ðàçðåçàìè, ïîâåðõíîñòè êîòîðûõ âçàèìîäåéñòâóþò ìåæäó ñîáîé ïî íåêîòîðîìó çàêîíó, ñîîò-
âåòñòâóþùåìó äåéñòâèþ óäàëåííîãî ìàòåðèàëà.
Äëÿ ìàòåìàòè÷åñêîãî îïèñàíèÿ çàðîæäåíèÿ òðåùèí â èçîòðîïíîé ñðåäå, óñèëåííîé ðå-

ãóëÿðíîé ñèñòåìîé ñòðèíãåðîâ, â ïðîöåññå íàãðóæåíèÿ ïðèõîäèì ê ïëîñêîé çàäà÷å òåîðèè
óïðóãîñòè äëÿ ïåðôîðèðîâàííîé ñðåäû, êîãäà â ñðåäå èìåþòñÿ ïîëîñû ïðåäðàçðóøåíèÿ.
Ïóñòü èìååòñÿ óñèëåííàÿ ñðåäà ñ ïåðèîäè÷åñêîé ñèñòåìîé êðóãîâûõ îòâåðñòèé, èìåþùèõ

ðàäèóñ λ (λ < 1) è öåíòðû â òî÷êàõ

Pm = mω(m = ±1, ±2, . . . ), ω = 2.

Èç êîíòóðîâ îòâåðñòèé èñõîäÿò ñèììåòðè÷íûå ïðÿìîëèíåéíûå ïîëîñû ïðåäðàçðóøåíèÿ
(ðèñ. 1). Áåðåãà ïîëîñû ïðåäðàçðóøåíèÿ âçàèìîäåéñòâóþò òàêèì îáðàçîì, ÷òî ýòî âçàèìîäåé-
ñòâèå (ñâÿçè ìåæäó áåðåãàìè) ñäåðæèâàåò çàðîæäåíèå òðåùèíû. Â ñèëó ñèììåòðèè ãðàíè÷-
íûõ óñëîâèé è ãåîìåòðèè îáëàñòè D, çàíÿòîé ñðåäîé, íàïðÿæåíèÿ ÿâëÿþòñÿ ïåðèîäè÷åñêèìè
ôóíêöèÿìè ñ îñíîâíûì ïåðèîäîì ω. Ïðè äåéñòâèè âíåøíèõ íàãðóçîê íà ïëàñòèíó â ñâÿçÿõ,
ñîåäèíÿþùèõ áåðåãà ïîëîñû ïðåäðàçðóøåíèÿ, áóäóò âîçíèêàòü íîðìàëüíûå óñèëèÿ q(x). Ñëå-
äîâàòåëüíî, ê áåðåãàì ïîëîñû ïðåäðàçðóøåíèÿ áóäóò ïðèëîæåíû íîðìàëüíûå íàïðÿæåíèÿ,
÷èñëåííî ðàâíûå q(x). Âåëè÷èíà ýòèõ íàïðÿæåíèé è ðàçìåð ` çîíû ïðåäðàçðóøåíèÿ çàðàíåå
íåèçâåñòíû è ïîäëåæàò îïðåäåëåíèþ â ïðîöåññå ðåøåíèÿ çàäà÷è ìåõàíèêè ðàçðóøåíèÿ.
Ãðàíè÷íûå óñëîâèÿ çàäà÷è èìåþò âèä

σr − iτrθ = 0 íà êîíòóðàõ îòâåðñòèé, (1)

σy − iτxy = q(x) � íà áåðåãàõ ïîëîñ ïðåäðàçðóøåíèÿ.

Îñíîâíûå ñîîòíîøåíèÿ ïîñòàâëåííîé çàäà÷è íåîáõîäèìî äîïîëíèòü ñîîòíîøåíèåì, ñâÿçû-
âàþùèì ðàñêðûòèå áåðåãîâ ïîëîñû ïðåäðàçðóøåíèÿ è óñèëèÿ â ñâÿçÿõ. Ýòî óðàâíåíèå, áåç
ïîòåðè îáùíîñòè, ìîæíî ïðåäñòàâèòü â âèäå [2]

υ+(x, 0)− υ−(x, 0) = C (x, q) q (x) , (2)

ãäå (υ+ − υ−) � ðàñêðûòèå áåðåãîâ ïîëîñû ïðåäðàçðóøåíèÿ, õ - àôôèêñ òî÷åê áåðåãîâ ïîëîñû
ïðåäðàçðóøåíèÿ; ôóíêöèþ C (x, q) ìîæíî ðàññìàòðèâàòü êàê ýôôåêòèâíóþ ïîäàòëèâîñòü
ñâÿçåé, çàâèñÿùóþ îò íàòÿæåíèÿ ñâÿçåé.
Äëÿ îïðåäåëåíèÿ çíà÷åíèé ïðåäåëüíîé âåëè÷èíû èíòåíñèâíîñòè âíåøíåé íàãðóçêè, ïðè

êîòîðîé ïðîèñõîäèò çàðîæäåíèå òðåùèíû, íóæíî ïîñòàíîâêó çàäà÷è äîïîëíèòü óñëîâèåì
(êðèòåðèåì) ïîÿâëåíèÿ òðåùèíû (ðàçðûâà ìåæ÷àñòè÷íûõ ñâÿçåé ìàòåðèàëà). Â êà÷åñòâå òà-
êîãî óñëîâèÿ ïðèíèìàåì êðèòåðèé ïðåäåëüíîãî ðàñêðûòèÿ áåðåãîâ ïîëîñû ïðåäðàçðóøåíèÿ

υ+ − υ− = δc, (3)

ãäå δc � õàðàêòåðèñòèêà ñîïðîòèâëåíèÿ ìàòåðèàëà óñèëåííîé ïëàñòèíû òðåùèíîîáðàçîâàíèþ.
Ýòî äîïîëíèòåëüíîå óñëîâèå ïîçâîëÿåò îïðåäåëèòü ïàðàìåòðû èçîòðîïíîé ñðåäû, óñèëåí-

íîé ðåãóëÿðíîé ñèñòåìîé ñòðèíãåðîâ, ïðè êîòîðûõ ïðîèñõîäèò ïîÿâëåíèå òðåùèíû.
Íà îñíîâàíèè ôîðìóë Êîëîñîâà�Ìóñõåëèøâèëè [7] è ãðàíè÷íûõ óñëîâèé íà êîíòóðàõ êðó-

ãîâûõ îòâåðñòèé Lm (m =0, ±1, ±2, . . . ) è áåðåãàõ ïîëîñ ïðåäðàçðóøåíèÿ çàäà÷à ñâîäèòñÿ ê
îòûñêàíèþ äâóõ àíàëèòè÷åñêèõ â îáëàñòè D ôóíêöèé Φ(z) è Ψ(z) èç êðàåâûõ óñëîâèé

Φ (τ) + Φ (τ)− [τ̄Φ′ (τ) + Ψ (τ)] e2iθ = 0, (4)

Φ (t) + Φ (t) + tΦ′ (t) + Ψ (t) = q(x), (5)

ãäå τ = λeiθ +mω (m =0, ±1, ±2, . . . ); t � àôôèêñ òî÷åê áåðåãîâ ïîëîñ ïðåäðàçðóøåíèÿ.
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2. Ðåøåíèå êðàåâîé çàäà÷è. Ðåøåíèå êðàåâîé çàäà÷è (4), (5) èùåì â âèäå

Φ (z) = Φ0 (z) + Φ1 (z) + Φ2 (z) , (6)

Ψ(z) = Ψ0 (z) + Ψ1 (z) + Ψ2 (z) .
Çäåñü ïîòåíöèàëû Φ0 (z) è Ψ0 (z) îïðåäåëÿþò ïîëå íàïðÿæåíèé è äåôîðìàöèé â ñïëîøíîé

óñèëåííîé ïëàñòèíå áåç ïîëîñ ïðåäðàçðóøåíèÿ ïîä äåéñòâèåì ñîñðåäîòî÷åííûõ ñèë Fmn è σ0

è îïðåäåëÿþòñÿ ñëåäóþùèìè ôîðìóëàìè

Φ0(z) =
1
4
σ0 −

i

2πh (1 + ê0)

∑
m,n

′Fmn

[
1

z −mL+ iny0
− 1
z −mL− iny0

]
,

Ψ0(z) =
1
2
σ0 −

iê0

2πh (1 + ê0)

∑
m,n

′Fmn

[
1

z −mL+ iny0
− 1
z −mL− iny0

]
+ (7)

+
i

2πh (1 + ê0)

∑
m,n

′Fmn

[
Lm− iny0

(z −mL− iny0)
2 −

mL+ iny0

(z −mL+ iny0)
2

]
,

ãäå h � òîëùèíà ïëàñòèíû; ê0 = (3− v)/(1 + v); v � êîýôôèöèåíò Ïóàññîíà ìàòåðèàëà ïëà-
ñòèíû, øòðèõ ó çíàêà ñóììû óêàçûâàåò íà òî, ÷òî ïðè ñóììèðîâàíèè èñêëþ÷àåòñÿ èíäåêñ
m = n = 0.
Ôóíêöèè Φ1 (z) è Ψ1 (z), ñîîòâåòñòâóþùèå íåèçâåñòíûì íîðìàëüíûì ñìåùåíèÿì âäîëü

ïîëîñ ïðåäðàçðóøåíèÿ, èùåì â ÿâíîé ôîðìå

Φ1 (z) =
1
2ω

∫
L1

g(t)ctg
π

ω
(t− z)dt, (8)

Ψ1 (z) = − πz

2ω2

∫
L1

g(t) sin−2 π

ω
(t− z)dt, L1 = [−`,−λ] + [λ, `] .

Çäåñü èñêîìàÿ ôóíêöèÿ g(t) îïèñûâàåò ðàñêðûòèå ïðîèçâîäíûõ ñìåùåíèé íà áåðåãàõ ïîëîñ
ïðåäðàçðóøåíèÿ

1 + ê0

2µ
g(x) =

∂

∂x

[
υ+ (x, 0)− υ− (x, 0)

]
, (9)

ãäå µ � ìîäóëü ñäâèãà óñèëåííîé ïëàñòèíû.
Äëÿ íàõîæäåíèÿ êîìïëåêñíûõ ïîòåíöèàëîâ Φ2 (z) è Ψ2 (z) ïðåäñòàâèì ãðàíè÷íîå óñëîâèå

(4) â âèäå

Φ2 (τ) + Φ2 (τ)− [τ̄Φ′2 (τ) + Ψ2 (τ)] e2iθ = −Φ∗ (τ)− Φ∗ (τ) + [τ̄Φ′∗ (τ) + Ψ∗ (τ)] e2iθ, (10)

ãäå Φ∗ (τ) = Φ0 (τ) + Φ1 (τ); Ψ∗ (τ) = Ψ0 (τ) + Ψ1 (τ) .
Ôóíêöèè Φ2 (z) è Ψ2 (z) èùåì â âèäå [6]

Φ2 (z) = α0 +
∞∑

k=0

α2k+2
λ2k+2ρ(2k) (z)

(2k + 1)!
, (11)

Ψ2 (z) =
∞∑

k=0

β2k+2
λ2k+2ρ(2k) (z)

(2k + 1)!
−

∞∑
k=0

α2k+2
λ2k+2S(2k+1) (z)

(2k + 1)!
.

Èç óñëîâèé ñèììåòðèè îòíîñèòåëüíî êîîðäèíàòíûõ îñåé íàõîäèì, ÷òî Imα2k+2 =
0; Imβ2k+2 = 0k = 0, 1, 2, . . .
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Ñîîòíîøåíèÿ (6), (7), (8), (11) îïðåäåëÿþò êëàññ ñèììåòðè÷íûõ çàäà÷ ñ ïåðèîäè÷åñêèì
ðàñïðåäåëåíèåì íàïðÿæåíèé. Èç óñëîâèÿ ïîñòîÿíñòâà ãëàâíîãî âåêòîðà âñåõ ñèë, äåéñòâóþ-
ùèõ íà äóãó, ñîåäèíÿþùóþ äâå êîíãðóýíòíûå òî÷êè â D, ñëåäóåò

α0 =
π2

24
β2λ

2.

Íåèçâåñòíûå êîýôôèöèåíòû α2k, β2k äîëæíû áûòü îïðåäåëåíû èç êðàåâîãî óñëîâèÿ (10).
Îáîçíà÷èì ïðàâóþ ÷àñòü óñëîâèÿ (10) ÷åðåç f1 (θ) + if2 (θ). Îòíîñèòåëüíî ôóíêöèè f1 (θ) +
if2 (θ) áóäåì ñ÷èòàòü, ÷òî îíà ðàçëàãàåòñÿ íà êîíòóðå |τ | = λ â ðÿä Ôóðüå. Â ñèëó ñèììåòðèè
ýòîò ðÿä èìååò âèä

f1 (θ) + if2 (θ) =
∞∑

k=−∞

A2ke
2ikθ, ImA2k = 0, (12)

A2k =
1
2π

2π∫
0

(f1 (θ) + if2 (θ))e−2ikθdθ (k = 0, ±1, ±2, ...) .

Ïîäñòàâèâ ñþäà ïðàâóþ ÷àñòü ñîîòíîøåíèÿ (10), ïîñëå âû÷èñëåíèÿ èíòåãðàëîâ ñ ïîìîùüþ
òåîðèè âû÷åòîâ, íàéäåì

A0 = −1
2
σ0 +

1
πh (1 + ê0)

∑
m,n

′Fmn

(
2ny0
ρ2
1

)
− 1

2ω

∫
L1

g(t)f0(t)dt,

A2 =
1
2
σ0 −

1
πh (1 + ê0)

∑
m,n

′Fmn

[
λ2 sin 3ϕ1

ρ3
1

+
ê0 sinϕ1

ρ1
− sin 3ϕ1

ρ1

]
− 1

2ω

∫
L1

g(t)f2(t)dt,

A2k =
1

πh (1 + ê0)

{∑
m,n

′Fmn

[
λ2k sin(2k + 1)ϕ1

ρ2k+1
1

+

+
(−2)(−3)...(−2k)λ2k sin(2k + 1)ϕ1

(2k − 1)!ρ2k+1
1

− ê0λ
2k−2 sin(2k − 1)ϕ1

ρ2k−1
1

+

+
(−2)(−3)...(1− 2k)λ2k−2 sin(2k + 1)ϕ1

(2k − 2)!ρ2k−1
1

]}
− 1

2ω

∫
L1

g(t)f2k(t)dt (k = 2, 3, ...) .

A−2k =
1

πh (1 + ê0)

∑
m,n

′Fmn
λ2k sin(2k + 1)ϕ1

ρ2k+1
1

− 1
2ω

∫
L1

g(t)f−2k(t)dt (k = 1, 2, ...) ,

ãäå ρ2
1 = (mL)2 + (ny0)

2
, ϕ1 = arctgny0

mL ,

f0 (t) = 2γ (t) , f2 (t) = −λ
2

2
γ(2) (t) , γ (t) = ctg

π

ω
t,

f2k (t) = −λ
2k (2k − 1)

(2k)!
γ(2k) (t) +

λ2k−2

(2k − 3)!
γ(2k−2) (t) (k = 2, 3, ...) ,

f−2k (t) = − λ2k

(2k)!
γ(2k) (t) (k = 1, 2, ...) .

Íåèçâåñòíàÿ ôóíêöèÿ g(x) è êîýôôèöèåíòû α2k, β2k äîëæíû áûòü îïðåäåëåíû èç êðàå-
âûõ óñëîâèé (5) è (10). Òàê êàê âûïîëíÿþòñÿ óñëîâèÿ ïåðèîäè÷íîñòè, òî ñèñòåìà ãðàíè÷-
íûõ óñëîâèé (10) âûðîæäàåòñÿ â îäíî ôóíêöèîíàëüíîå óðàâíåíèå, íàïðèìåð, íà êîíòóðå
L0

(
τ = λeiθ

)
, à ñèñòåìà êðàåâûõ óñëîâèé (5) � â ãðàíè÷íîå óñëîâèå íà ëèíèè L1.
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Äëÿ ñîñòàâëåíèÿ óðàâíåíèé îòíîñèòåëüíî êîýôôèöèåíòîâ α2k è β2k ôóíêöèé Φ2 (z) èΨ2 (z)
ðàçëîæèì ýòè ôóíêöèè â ðÿäû Ëîðàíà â îêðåñòíîñòè òî÷êè z = 0. Ïîäñòàâèâ â ëåâóþ ÷àñòü
ãðàíè÷íîãî óñëîâèÿ (10) íà êîíòóðå z = λ exp (iθ) âìåñòî Φ2(z), Φ2(z), Φ′2(z) è Ψ2(z) èõ
ðàçëîæåíèÿ â ðÿäû Ëîðàíà â îêðåñòíîñòè z = 0, à â ïðàâóþ ÷àñòü (10) âìåñòî ôóíêöèè
f1 (θ)+ if2 (θ) � ðÿä Ôóðüå (12) è ñðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ exp (iθ),
ïîëó÷èì äâå áåñêîíå÷íûå ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî êîýôôèöèåíòîâ
α2k+2, β2k+2. Ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé ïðèõîäèì ê áåñêîíå÷íîé ñèñòåìå ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî α2k+2

α2j+2 =
∞∑

k=0

aj,kα2k+2 + bj j = 0, 1, 2, ...,

b0 = A2 −
∞∑

k=0

gk+2 · λ2k+4

22k+4
A−2k−2,

bj = A2j+2 −
(2j + 1)A0gj+1λ

2j+2

K122j+2
−

∞∑
k=0

(2j + 2k + 3) gj+k+2λ
2j+2k+4

(2j) ! (2k + 3) ! 22j+2k+4
A−2k−2,

aj,k = (2j + 1) γj,kλ
2j+2k+2, K1 = 1− π2

12
λ2, gj = 2

∞∑
m=1

1
m2j

,

γ0,0 =
3
8
g2λ

2 +
∞∑

i=1

(2i+ 1) g2
i+1λ

4i+2

24i+4
, (13)

γj,k = − (2j + 2k + 2) !gk+j+1

(2j + 1) ! (2k + 1) ! 22j+2k+2
+

(2j + 2k + 4) !gj+k+2λ
2

(2j + 2) ! (2k + 2) ! 22j+2k+4
+

+
∞∑

i=0

(2j + 2i+ 1) ! (2k + 2i+ 1) !gj+i+1gk+i+1λ
4i+2

(2j + 1) ! (2k + 1) ! (2i+ 1) ! (2i) ! 22j+2k+4i+4
+ bj,k,

b0,k = 0, bj,0 = 0, bj,k =
gj+1gk+1λ

2

22j+2k+4

(
1 +

2K2λ
2

K1

)
j = 1, 2, ...; k = 1, 2, ... K2 =

π2

24
.

Ïîñòîÿííûå β2k+2 îïðåäåëÿþòñÿ èç ñëåäóþùèõ ñîîòíîøåíèé

β2 =
1
K1

[
−A0 + 2

∞∑
k=0

gk+1λ
2k+2

22k+2
α2k+2

]
, (14)

β2j+4 = (2j + 3)α2j+2 +
∞∑

k=0

(2j + 2k + 3) !gj+k+2λ
2j+2k+4

(2j + 2) ! (2k + 1) ! 22j+2k+4
α2k+2 −A−2j−2.

Ïîòðåáóåì, ÷òîáû ôóíêöèè (6) óäîâëåòâîðÿëè êðàåâîìó óñëîâèþ (5). Òîãäà ïîñëå íåêî-
òîðûõ ïðåîáðàçîâàíèé ïîëó÷èì ñèíãóëÿðíîå èíòåãðàëüíîå óðàâíåíèå îòíîñèòåëüíî ôóíêöèè
g(x)

1
ω

∫
L1

g(t)ctg
π

ω
(t− x) dt+H(x) = q(x), (15)

ãäå
H(x) = ΦS (x) + ΦS (x) + xΦ′S (x) + ΨS (x) ,

ΦS (x) = Φ0 (x) + Φ2 (x) ,

ΨS (x) = Ψ0 (x) + Ψ2 (x) .
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Ñèíãóëÿðíîå èíòåãðàëüíîå óðàâíåíèå (15), à òàêæå ñèñòåìû (13), (14) ñîäåðæàò íåèçâåñò-
íûå âåëè÷èíû ñîñðåäîòî÷åííûõ ñèë Fmn (m = 1, 2, . . . ; n= 1, 2, . . . ). Ñîãëàñíî çàêîíó Ãóêà
âåëè÷èíà ñîñðåäîòî÷åííîé ñèëû Fmn, äåéñòâóþùåé íà êàæäóþ òî÷êó êðåïëåíèÿ ñî ñòîðîíû
ñòðèíãåðà, ðàâíà

Fmn =
ESAS

2y0n
∆υm,n, (m = 1, 2, . . . ;n = 1, 2, . . .),

ãäå ES � ìîäóëü Þíãà ìàòåðèàëà ñòðèíãåðà; AS � ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ ñòðèíãåðà;
2y0n � ðàññòîÿíèå ìåæäó òî÷êàìè êðåïëåíèÿ; ∆υm,n � âçàèìíîå ñìåùåíèå ðàññìàòðèâàåìûõ
òî÷åê êðåïëåíèÿ, ðàâíîå óäëèíåíèþ ñîîòâåòñòâóþùåãî ó÷àñòêà ñòðèíãåðà.
Îáîçíà÷èì ðàäèóñ òî÷åê êðåïëåíèÿ (ïëîùàäêè ñöåïëåíèÿ) ÷åðåç a0. Ïðèìåì åñòåñòâåí-

íîå äîïóùåíèå î òîì, ÷òî âçàèìíîå óïðóãîå ñìåùåíèå òî÷åê z = mL + i (ny0 − a0) è
z = mL−i (ny0 − a0) â ðàññìàòðèâàåìîé çàäà÷å òåîðèè óïðóãîñòè ðàâíî âçàèìíîìó ñìåùåíèþ
òî÷åê êðåïëåíèÿ ∆υm,n. Ýòî äîïîëíèòåëüíîå óñëîâèå ñîâìåñòíîñòè ïåðåìåùåíèé ïîçâîëÿåò
ýôôåêòèâíî îòûñêàòü ðåøåíèå ïîñòàâëåííîé çàäà÷è.
Ñ ïîìîùüþ êîìïëåêñíûõ ïîòåíöèàëîâ (6)�(8), (11) è ôîðìóëû Êîëîñîâà�Ìóñõåëèøâèëè [7]

ïîñëå âûïîëíåíèÿ ýëåìåíòàðíûõ, õîòÿ è íåñêîëüêî ãðîìîçäêèõ âûêëàäîê, âçàèìíîå ñìåùåíèå
∆υm,n íàéäåì â âèäå

∆υp,r = ∆υ(0)
p,r + ∆υ(1)

p,r + ∆υ(2)
p,r ,

∆υ(0)
p,r =

1
2π (1 + ê0)µh

∑
m,n

′Fmn

{
ê0 ln

(p−m)2 L2 + a2
0

(p−m)2 L2 + c2
+

+
2 (r − n) y0c

〈
2p (p−m)L2 + ac

0

〉[
(p−m)2 L2 + c2

] [
(p−m)2 L2 + a2

0

]
+

σ0

4µ
(1 + ê0) (ry0 − a0) ,

∆υ(1)
p,r =

1 + ê0

µ

 1
2ω

∫
L1

g(t)
〈
arctg

[
ctg

π

ω
(t− pL) th

π

ω
c
]
− arctg

[
tg
πpL

ω
th
π

ω
c

]〉
dt

}
−

− c
µ

1
2ω

∫
L1

g(t)

[
sin2 α1

(
ch2α1 + sh2α1

)
sin2 α1 ch

2α1 + cos2 α1 sh
2α1

]
dt, (16)

∆υ(2)
p,r =

1
µ

{
(ê0 − 1) (ry0 − a0) a0 + (1 + ê0)

∞∑
k=0

α2k+2
λ2k+2 sin (2k + 1)α

(2k + 1) ρ2k+1
2

+

+(ê0 − 1)
∞∑

k=0

α2k+2λ
2k+2

∞∑
j=0

rj,k
2j + 1

ρ2j+1
2 sin (2j + 1)α−

∞∑
k=0

β2k+2
λ2k+2 sin (2k + 1)α

(2k + 1) ρ2k+1
2

−

−
∞∑

k=0

β2k+2λ
2k+2

∞∑
j=0

rj,k
2j + 1

ρ2j+1
2 sin (2j + 1)α+

+
∞∑

k=0

(2k + 2)α2k+2λ
2k+2

∞∑
j=0

(2j + 2k + 2)
2j + 1

rj,kρ
2j+1
2 sin (2j + 1)α,

ãäå c = (r − n)y0 − a0, α1 = π
ω (t− pL), α = arctg ry0−a0

pL

ρ2
2 = (pL)2 + (ry0 − a0)

2
, rj,k =

(2j + 2k + 1)!gj+k+1

(2j)! (2k + 1)! 22j+2k+2
, r0,0 = 0.
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Èñêîìàÿ âåëè÷èíà ñèëû Fmn îïðåäåëÿåòñÿ ñ ïîìîùüþ ôîðìóë (16) èç áåñêîíå÷íîé ñèñòåìû

(p = 1, 2, . . . ; r = 1, 2, . . .). (17)

Èç-çà ïåðèîäè÷íîñòè çàäà÷è îíà âûðîæäàåòñÿ â îäíó áåñêîíå÷íóþ àëãåáðàè÷åñêóþ ñèñòå-
ìó.
Ñèíãóëÿðíîå èíòåãðàëüíîå óðàâíåíèå (15) ñîâìåñòíî ñ ñèñòåìàìè (13), (14), (17) ÿâëÿþòñÿ

îñíîâíûìè ðàçðåøàþùèìè óðàâíåíèÿìè çàäà÷è, ïîçâîëÿþùèìè îïðåäåëèòü ôóíêöèþ g(õ),
êîýôôèöèåíòû α2k, β2k è çíà÷åíèÿ ñèë Fpr (p = 1, 2, . . . ; r= 1, 2, . . . ). Çíàÿ èñêîìûå ôóíêöèè
Φ2 (z), Ψ2 (z), g(õ) è âåëè÷èíû Fpr ìîæíî îïðåäåëèòü íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿ-
íèå ñðåäû, óñèëåííîé ðåãóëÿðíîé ñèñòåìîé ñòðèíãåðîâ, ïðè íàëè÷èè ïîëîñ ïðåäðàçðóøåíèÿ.
3. Ìåòîäèêà ÷èñëåííîãî ðåøåíèÿ è àíàëèç.
Èñïîëüçóÿ ðàçëîæåíèå

π

ω
ctg

π

ω
z =

1
z
−

∞∑
j=0

gj+1
z2j+1

ω2j+2
,

óðàâíåíèå (15) ïðèâåäåì ê îáû÷íîé ôîðìå

1
π

∫
L1

g(t)dt
t− x

+
1
π

∫
L1

g(t)K(t− x)dt = q(x), (18)

K(t) = −
∞∑

j=0

gj+1
t2j+1

ω2j+2
.

Ïðåîáðàçóåì èíòåãðàëüíîå óðàâíåíèå (18) ê âèäó áîëåå óäîáíîìó äëÿ íàõîæäåíèÿ åãî ïðè-
áëèæåííîãî ðåøåíèÿ. Ó÷èòûâàÿ g(x) = −g(−x), óðàâíåíèå (18) ïðèíèìàåò âèä

2
π

1∫
λ1

ξp (ξ) dξ
ξ2 − ξ20

+
1
π

1∫
λ1

K0 (ξ, ξ0) p (ξ) dξ +H (ξ0) = q (ξ0) ,

K0 (ξ, ξ0) = K (ξ − ξ0) +K (ξ + ξ0) , p (ξ) = g(t), ξ =
t

`
, ξ0 = (19)

λ1 = λ/`; λ1 ≤ ξ0 ≤ 1,

H(ξ0) = ΦS (ξ0`) + ΦS (ξ0`) + ξ0`Φ′S (ξ0`) + ΨS (ξ0`) .
Ñäåëàåì çàìåíó ïåðåìåííûõ

ξ2 = u =
1− λ2

1

2
(τ + 1) + λ2

1, ξ20 = u0 =
1− λ2

1

2
(η + 1) + λ2

1.

Ïðè ýòîì îòðåçîê èíòåãðèðîâàíèÿ [λ1, 1] ïåðåõîäèò â îòðåçîê [−1, 1], à ïðåîáðàçîâàííîå
óðàâíåíèå (19) ïðèíèìàåò ñòàíäàðòíóþ ôîðìó

1
π

1∫
−1

p (τ) dτ
τ − η

+
1
π

1∫
−1

p (τ)B (η, τ) dτ +H∗ (η) = q (η) ,

p (τ) = p (ξ) , H∗ (η) = H (ξ0) , B (η, τ) = −1− λ2
1

2

∞∑
j=0

gj+1

(
`

2

)2j+2

· uj
0Aj ,

Aj = (2j + 1) +
(2j + 1)(2j)(2j − 1)

1 · 2 · 3

(
u

u0

)
+ . . .+ (20)



ÇÀÐÎÆÄÅÍÈÅ ÒÐÅÙÈÍ Â ÏÅÐÔÎÐÈÐÎÂÀÍÍÎÉ ÈÇÎÒÐÎÏÍÎÉ ÑÐÅÄÅ... 87

+
(2j + 1)(2j)(2j − 1) . . . [(2j + 1)− (2j + 1− 1)]

1 · 2 · 3 . . . (2j + 1)
·
(
u

u0

)j

.

Äëÿ àëãåáðàèçàöèè ñèíãóëÿðíîãî èíòåãðàëüíîãî óðàâíåíèÿ âîñïîëüçóåìñÿ ìåòîäîì ïðÿ-
ìîãî ðåøåíèÿ ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé [4; 6; 9]. Èíòåãðàëüíîå óðàâíåíèå (20),
êðîìå îñîáåííîñòè â ÿäðå Êîøè, èìååò òàêæå íåïîäâèæíóþ îñîáåííîñòü â òî÷êå âûõîäà ïî-
ëîñû ïðåäðàçðóøåíèÿ íà ïîâåðõíîñòü êðóãîâîãî îòâåðñòèÿ. Ôóíêöèÿ g(x) èìååò â òî÷êàõ
x = ±λ îñîáåííîñòü, îòëè÷àþùóþñÿ îò êîðíåâîé. Õàðàêòåð ýòîé îñîáåííîñòè ìîæåò áûòü
óñòàíîâëåí èç àíàëèçà ñèíãóëÿðíîãî èíòåãðàëüíîãî óðàâíåíèÿ (20) [8]. Â ðàññìàòðèâàåìîì

ñëó÷àå èíòåãðàë
∫̀
λ

g(t)dt = C 6= 0 ðàâåí ïîñòîÿííîé, îòëè÷íîé îò íóëÿ, êîòîðàÿ âûðàæàåòñÿ

÷åðåç ðàñêðûòèå ïîëîñû ïðåäðàçðóøåíèÿ íà ïîâåðõíîñòè êðóãîâîãî îòâåðñòèÿ è äîëæíà áûòü
îïðåäåëåíà ïîñëå ðåøåíèÿ ñèíãóëÿðíîãî èíòåãðàëüíîãî óðàâíåíèÿ.
Â ðàññìàòðèâàåìîì ñëó÷àå íóæíî áûëî áû èñïîëüçîâàòü ìåòîä ðåøåíèÿ èíòåãðàëüíîãî

óðàâíåíèÿ, ïîñòðîåííîãî íà áàçå êâàäðàòóðíîé ôîðìóëû Ãàóññà�ßêîáè. Â âèäó ãðîìîçäêî-
ñòè âûðàæåíèé äëÿ ôóíêöèé B (η, τ) è H∗ (η) óñòàíîâëåíèå èñòèííîé îñîáåííîñòè ôóíêöèè
p (η) íà êîíöå çàòðóäíèòåëüíî. Ñëåäóåò îòìåòèòü, ÷òî íåêîòîðûé âûèãðûø â ñõîäèìîñòè ïî
óòî÷íåííîìó ìåòîäó îáåñöåíèâàåòñÿ èç-çà ãðîìîçäêîñòè ôîðìóë äëÿ êîýôôèöèåíòîâ ìàòðèöû
ñèñòåìû. Èñïîëüçóåì äðóãîé ñïîñîá ÷èñëåííîãî ðåøåíèÿ èíòåãðàëüíûõ óðàâíåíèé òèïà (20),
ýôôåêòèâíîñòü êîòîðîãî ïðîâåðåíà íà ìíîãî÷èñëåííûõ êîíêðåòíûõ çàäà÷àõ [5; 9; 10]. Òàê
êàê íàïðÿæåíèÿ â èçîòðîïíîé ñðåäå, óñèëåííîé ñèñòåìîé ñòðèíãåðîâ, îãðàíè÷åíû, òî ðåøå-
íèå ñèíãóëÿðíîãî èíòåãðàëüíîãî óðàâíåíèÿ (20) ñëåäóåò èñêàòü â êëàññå âñþäó îãðàíè÷åííûõ
ôóíêöèé.
Ïðåäñòàâèì ðåøåíèå â âèäå

p (η) = p0 (η)
√

1− η2,

ãäå p0 (η) � íîâàÿ íåèçâåñòíàÿ îãðàíè÷åííàÿ ôóíêöèÿ íà [−1, 1].
Èñïîëüçîâàíèå êâàäðàòóðíûõ ôîðìóë ïîçâîëÿåò èíòåãðàëüíîå óðàâíåíèå (20) ñâåñòè ê ñè-

ñòåìå M + 1 àëãåáðàè÷åñêèõ óðàâíåíèé

M∑
m=1

p0(τm)
M + 1

sin2 πm

M + 1

[
1

τm − ηr
+B (τm, ηr)

]
= π [q(ηr)−H∗(ηr)] (21)

(r = 1, 2, . . . ,M + 1),

τm = cos
πm

M + 1
(m = 1, 2, . . . ,M), ηr = cos

2r − 1
2 (M + 1)

π(r = 1, 2, . . . ,M + 1).

Ïîëó÷åííàÿ àëãåáðàè÷åñêàÿ ñèñòåìà (21) èç M + 1 óðàâíåíèé, ñëóæàùàÿ äëÿ îïðåäåëå-
íèÿ íåèçâåñòíûõ p0(τ1), p0(τ2). . . , p0(τM ) è `/λ, îáåñïå÷èâàåò óäîâëåòâîðåíèå äîïîëíèòåëüíî-
ãî óñëîâèÿ, ïðè êîòîðîì ñóùåñòâóåò ðåøåíèå â êëàññå âñþäó îãðàíè÷åííûõ ôóíêöèé [7]. Â
ïðàâóþ ÷àñòü àëãåáðàè÷åñêîé ñèñòåìû (21) âõîäÿò íåèçâåñòíûå çíà÷åíèÿ íàïðÿæåíèé q (ηr)
â óçëîâûõ òî÷êàõ, ïðèíàäëåæàùèõ ïîëîñå ïðåäðàçðóøåíèÿ. Äëÿ îïðåäåëåíèÿ íåèçâåñòíîãî
íàïðÿæåíèÿ â ñâÿçÿõ, âîçíèêàþùåãî íà áåðåãàõ ïîëîñû ïðåäðàçðóøåíèÿ, èñïîëüçóåì ñîîòíî-
øåíèå (2). Èñïîëüçóÿ ïîëó÷åííîå ðåøåíèå, ñîîòíîøåíèå (2) ìîæíî çàïèñàòü â âèäå

g(x) =
2µ

1 + ê0

d

dx
[Ñ (x, q) q (x)] . (22)

Ýòî óðàâíåíèå ñëóæèò äëÿ îïðåäåëåíèÿ óñèëèé q (x) â ñâÿçÿõ. Äëÿ ïîñòðîåíèÿ íåäîñòà-
þùèõ àëãåáðàè÷åñêèõ óðàâíåíèé ïîòðåáóåì âûïîëíåíèÿ óñëîâèé (22) â óçëîâûõ òî÷êàõ τm
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(m = 1, 2, . . . , M), ïðèíàäëåæàùèõ ïîëîñå ïðåäðàçðóøåíèÿ. Ïðè ýòîì èñïîëüçóåòñÿ ìå-
òîä êîíå÷íûõ ðàçíîñòåé. Â ðåçóëüòàòå ïîëó÷èì àëãåáðàè÷åñêóþ ñèñòåìó èç Ì óðàâíåíèé
äëÿ îïðåäåëåíèÿ ïðèáëèæåííûõ çíà÷åíèé q (ηm) (m= 1, 2, . . . ,M) â óçëîâûõ òî÷êàõ ïîëî-
ñû ïðåäðàçðóøåíèÿ. Ïðè ýòîì ó÷èòûâàëîñü ãðàíè÷íîå óñëîâèå q(1) = 0, ñîîòâåòñòâóþùåå
óñëîâèþ υ+ (`, 0)− υ− (`, 0) = 0.
Èç-çà íåèçâåñòíîãî ðàçìåðà ïîëîñû ïðåäðàçðóøåíèÿ îáúåäèíåííàÿ àëãåáðàè÷åñêàÿ ñèñòå-

ìà, ñîñòîÿùàÿ èç ðàçðåøàþùåé ñèñòåìû óðàâíåíèé çàäà÷è (13), (14), (17), (21) è êîíå÷íî-
ðàçíîñòíîãî àíàëîãà óðàâíåíèÿ (22), ÿâëÿåòñÿ íåëèíåéíîé äàæå ïðè ëèíåéíî-óïðóãèõ ñâÿçÿõ.
×òîáû èçáåæàòü ðåøåíèÿ íåëèíåéíîé ñèñòåìû óðàâíåíèé ïðè ëèíåéíî-óïðóãèõ ñâÿçÿõ, èñ-
ïîëüçóåì îáðàòíûé ñïîñîá, à èìåííî, ñ÷èòàåì çàäàííûì ðàçìåð ïîëîñû ïðåäðàçðóøåíèÿ è â
ïðîöåññå ðåøåíèÿ îïðåäåëÿåì ïàðàìåòð íàãðóæåíèÿ σ0. Ïðè òàêîì ñïîñîáå ðåøåíèÿ îáúåäè-
íåíèÿ àëãåáðàè÷åñêàÿ ñèñòåìà ïðè ëèíåéíûõ ñâÿçÿõ îêàçûâàåòñÿ ëèíåéíîé. Äëÿ ÷èñëåííûõ
ðàñ÷åòîâ ïîëàãàëîñü Ì = 30, ÷òî îòâå÷àåò ðàçáèåíèþ èíòåðâàëà èíòåãðèðîâàíèÿ íà 30 ÷åáû-
øåâñêèõ óçëîâ ñîîòâåòñòâåííî. Ðàñ÷åòû áûëè âûïîëíåíû ìåòîäîì Ãàóññà ñ âûáîðîì ãëàâíîãî
ýëåìåíòà.
Â ñëó÷àå íåëèíåéíîãî çàêîíà äåôîðìèðîâàíèÿ ñâÿçåé äëÿ îïðåäåëåíèÿ óñèëèé â ñâÿçÿõ èñ-

ïîëüçîâàëñÿ òàêæå èòåðàöèîííûé àëãîðèòì, ïîäîáíûé ìåòîäó óïðóãèõ ðåøåíèé [3]. Ïðèíèìà-
åòñÿ, ÷òî çàêîí äåôîðìèðîâàíèÿ ìåæ÷àñòè÷íûõ ñâÿçåé (ñèë ñöåïëåíèÿ) ÿâëÿåòñÿ ëèíåéíûì
ïðè (υ+ − υ−) ≤ υ∗. Ïåðâûé øàã èòåðàöèîííîãî ïðîöåññà âû÷èñëåíèé çàêëþ÷àåòñÿ â ðåøåíèè
ñèñòåì óðàâíåíèé äëÿ ëèíåéíî-óïðóãèõ ìåæ÷àñòè÷íûõ ñâÿçåé. Ïîñëåäóþùèå èòåðàöèè âû-
ïîëíÿþòñÿ òîëüêî â ñëó÷àÿõ, êîãäà íà ÷àñòè çîíû ïðåäðàçðóøåíèÿ èìååò ìåñòî ñîîòíîøåíèå
(υ+ − υ−) > υ∗. Äëÿ òàêèõ èòåðàöèé ðåøàåòñÿ ñèñòåìà óðàâíåíèé â êàæäîì ïðèáëèæåíèè
äëÿ êâàçèóïðóãèõ ñâÿçåé ñ ýôôåêòèâíîé ïîäàòëèâîñòüþ, ïåðåìåííîé âäîëü áåðåãîâ ïîëîñû
ïðåäðàçðóøåíèÿ è çàâèñÿùåé îò óñèëèé â ñâÿçÿõ ïîëó÷åííîãî íà ïðåäûäóùåì øàãå ðàñ÷å-
òà. Ðàñ÷åò ýôôåêòèâíîé ïîäàòëèâîñòè ïðîâîäèòñÿ ïîäîáíî îïðåäåëåíèþ ñåêóùåãî ìîäóëÿ â
ìåòîäå ïåðåìåííûõ ïàðàìåòðîâ óïðóãîñòè [1]. Ïðèíÿòî, ÷òî ïðîöåññ ïîñëåäîâàòåëüíûõ ïðè-
áëèæåíèé çàêàí÷èâàåòñÿ, êàê òîëüêî óñèëèÿ âäîëü ïîëîñû ïðåäðàçðóøåíèÿ, ïîëó÷åííûå íà
äâóõ ïîñëåäîâàòåëüíûõ èòåðàöèÿõ, áóäóò ìàëî îòëè÷àòüñÿ äðóã îò äðóãà.
Íåëèíåéíàÿ ÷àñòü êðèâîé äåôîðìèðîâàíèÿ ñâÿçåé ïðåäñòàâëÿëàñü â ôîðìå áèëèíåéíîé çà-

âèñèìîñòè [2], âîñõîäÿùèé ó÷àñòîê êîòîðîé ñîîòâåòñòâóåò óïðóãîìó äåôîðìèðîâàíèþ ñâÿçåé
(0 < (υ+ − υ−) ≤ υ∗) ñ èõ ìàêñèìàëüíûì íàòÿæåíèåì. Ïðè (υ+ − υ−) > υ∗ çàêîí äåôîðìèðî-
âàíèÿ îïèñûâàëñÿ íåëèíåéíîé çàâèñèìîñòüþ, îïðåäåëÿåìîé òî÷êàìè (υ∗, σ∗) è (δc, σc).
Äëÿ îïðåäåëåíèÿ ïðåäåëüíî-ðàâíîâåñíîãî ñîñòîÿíèÿ ïîëîñû ïðåäðàçðóøåíèÿ, ïðè êîòîðîì

ïðîèñõîäèò ïîÿâëåíèå òðåùèíû, èñïîëüçóåì óñëîâèå (3).
Òàêèì îáðàçîì, óñëîâèåì, îïðåäåëÿþùèì ïðåäåëüíóþ èíòåíñèâíîñòü âíåøíåé ðàñòÿãèâà-

þùåé íàãðóçêè, ïðè êîòîðîé ïðîèñõîäèò ïîÿâëåíèå òðåùèíû â òî÷êå x = ±λ, áóäåò

C (λ, q (λ)) q (λ) = δc. (23)

Ñîâìåñòíîå ðåøåíèå îáúåäèíåííîé àëãåáðàè÷åñêîé ñèñòåìû (13), (14), (17), (21), êîíå÷íî-
ðàçíîñòíîãî àíàëîãà óðàâíåíèÿ (22) è (23) ïîçâîëÿåò (ïðè çàäàííûõ õàðàêòåðèñòèêàõ òðåùè-
íîñòîéêîñòè ìàòåðèàëà) îïðåäåëèòü êðèòè÷åñêóþ âåëè÷èíó âíåøíåé ðàñòÿãèâàþùåé íàãðóç-
êè, ðàçìåð ïîëîñû ïðåäðàçðóøåíèÿ è óñèëèÿ â ñâÿçÿõ äëÿ ñîñòîÿíèÿ ïðåäåëüíîãî ðàâíîâåñèÿ,
ïðè êîòîðûõ ïðîèñõîäèò îáðàçîâàíèå òðåùèí â èçîòðîïíîé ñðåäå, óñèëåííîé ðåãóëÿðíîé ñè-
ñòåìîé ñòðèíãåðîâ.
Ðàñ÷åòû ïðîâîäèëèñü â çàâèñèìîñòè îò ãåîìåòðè÷åñêèõ ïàðàìåòðîâ çàäà÷è ïðè v = 0, 3,

ε1 = a0/L = 0, 01, ε = y0/L = 0, 15; 0, 25; 0, 5, E = 7, 1 · 104ÌÏà (ñïëàâ Â95), ES = 11, 5 ·
104ÌÏà (êîìïîçèò A`-ñòàëü), AS/y0h = 1. ×èñëî ñòðèíãåðîâ è òî÷åê êðåïëåíèÿ ïðèíèìàëîñü
êîíå÷íûì: 6, 10, 14. υ∗ = 10−6ì, σ∗ = 130ÌÏà, σc/σ∗ = 2, δc = 2 · 10−6ì; Ýôôåêòèâíàÿ
ïîäàòëèâîñòü ñâÿçåé Ñ = 2 · 10−7ì/ÌÏà.
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Íà ðèñ. 2 ïðåäñòàâëåíû ãðàôèêè çàâèñèìîñòè îòíîñèòåëüíîé äëèíû ïîëîñû ïðåäðàçðó-
øåíèÿ d = (`− λ)/L îò áåçðàçìåðíîé âåëè÷èíû âíåøíåé íàãðóçêè σ0/qmax äëÿ íåêîòîðûõ
çíà÷åíèé ðàäèóñà îòâåðñòèÿ λ = 0, 2÷ 0, 5 (êðèâûå 1�4) ïðè ε = 0, 25.

Ðèñ. 2.

Íà ðèñ. 3 ïðèâåäåíû ãðàôèêè ðàñïðåäåëåíèÿ óñèëèé â ñâÿçÿõ ïîëîñû ïðåäðàçðóøåíèÿ q/σ0

âäîëü ïîëîñû ïðåäðàçðóøåíèÿ äëÿ ðàäèóñà îòâåðñòèÿ λ = 0, 5 ïðè ε = 0, 15. Çäåñü êðèâàÿ 1
ñîîòâåòñòâóåò ëèíåéíîé ñâÿçè, 2 � áèëèíåéíîé çàâèñèìîñòè äåôîðìèðîâàíèÿ ñâÿçåé.

Ðèñ. 3.

Íà ðèñ. 4 ïðèâåäåí ãðàôèê çàâèñèìîñòè êðèòè÷åñêîé âíåøíåé íàãðóçêè σ∗0/σS îò îòíî-
ñèòåëüíîãî ðàñêðûòèÿ δ∗/(`− λ) â òî÷êå x = λ äëÿ íåêîòîðûõ çíà÷åíèé ðàäèóñà îòâåðñòèÿ

λ = 0, 2÷0, 5 (êðèâûå 1-4) ïðè ε = 0, 15. Çäåñü δ∗ = πδcµ
(1+ê0)σS

, σS � ïðåäåë òåêó÷åñòè ìàòåðèàëà
íà ðàñòÿæåíèå.
Àíàëèç ïðåäåëüíî-ðàâíîâåñíîãî ñîñòîÿíèÿ ïåðôîðèðîâàííîé èçîòðîïíîé ñðåäû, óñèëåí-

íîé ðåãóëÿðíîé ñèñòåìîé ñòðèíãåðîâ, ïðè êîòîðîì ïðîèñõîäèò ïîÿâëåíèå òðåùèíû, ñâîäèòñÿ
ê ïàðàìåòðè÷åñêîìó èññëåäîâàíèþ ðàçðåøàþùåé àëãåáðàè÷åñêîé ñèñòåìû (9), (13), (14) (17),
(21), êîíå÷íî-ðàçíîñòíîãî àíàëîãà óðàâíåíèÿ (22) è êðèòåðèÿ çàðîæäåíèÿ òðåùèíû (23) ïðè
ðàçëè÷íûõ çàêîíàõ äåôîðìèðîâàíèÿ ñâÿçåé, óïðóãèõ ïîñòîÿííûõ ìàòåðèàëîâ è ãåîìåòðè÷å-
ñêèõ ïàðàìåòðîâ óñèëåííîé ñðåäû.
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Ðèñ. 4.
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M. V. Mir-Salim-zada

CRACK FORMATION IN A PERFORATED ISOTROPIC MEDIUM
INTENSIFIED BY A REGULAR SYSTEM OF STRINGERS

Institute of Mathematics and Mechanics, Azerbaijan National Academy of Sñiences

Abstract. The mathematical description of crack formation model in a perforated isotropic
medium intensi�ed by cross-section stringers is carried out. The stringers action is simulated by
the unknown equivalent concentrated forces in points of their edge junction with the medium. It is
considered, that crack formation occurs in the process of increase of external load intensity in the
medium. The task about equilibrium at the isotropic perforated medium with arisen cracks comes
to the solution of non-linear singular integral equation with kernel of Cauchy type. We �nde stress
in the crack formation zone by solving the equation. The crack formation condition is formulated
with taking into account the limit stretching of material relations criterion.

Keywords: pre-fracture zone, adhesive forces of a material, bonds between crack faces, crack
formation, perforated strengthened slab, stringers.
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