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Èíñòèòóò òåîðåòè÷åñêîé è ïðèêëàäíîé ìåõàíèêè ÑÎ ÐÀÍ èì. Ñ. À. Õðèñòèàíîâè÷à

Àííîòàöèÿ. Íà îñíîâå ìîäåëè èäåàëüíîãî æåñòêîïëàñòè÷åñêîãî ìàòåðèàëà ïðåäëîæåíà ìå-
òîäèêà ðàñ÷åòà ïðåäåëüíûõ íàãðóçîê è îñòàòî÷íûõ ïðîãèáîâ ïðÿìîóãîëüíûõ ïëàñòèí ñ êðóã-
ëûì ñâîáîäíûì îòâåðñòèåì ïðè âîçäåéñòâèè ðàâíîìåðíî ðàñïðåäåëåííîé äèíàìè÷åñêîé íà-
ãðóçêè âçðûâíîãî òèïà. Ñòîðîíû ïëàñòèíû øàðíèðíî îïåðòû èëè çàùåìëåíû. Ðàññìîòðåíû
âîçìîæíûå ñõåìû ïðåäåëüíîãî äåôîðìèðîâàíèÿ ïëàñòèí. Ïðèâåäåíû ÷èñëåííûå ïðèìåðû.
Ðåøåíèÿ ìîãóò áûòü èñïîëüçîâàíû ïðè ðàçëè÷íûõ èíæåíåðíûõ ðàñ÷åòàõ.

Êëþ÷åâûå ñëîâà: èäåàëüíàÿ æåñòêîïëàñòè÷åñêàÿ ïëàñòèíà, ïðÿìîóãîëüíàÿ ïëàñòèíà, êðóã-
ëîå îòâåðñòèå, âçðûâíàÿ íàãðóçêà, îñòàòî÷íûé ïðîãèá.

ÓÄÊ: 539.4+539.37

Ðàçíîîáðàçíûå ïî ôîðìå ïëàñòèíû ÿâëÿþòñÿ ñîñòàâíûìè ýëåìåíòàìè ìíîãèõ îòâåòñòâåí-
íûõ êîíñòðóêöèé, è ðàñ÷åò èõ ïîâåäåíèÿ ïðè âîçäåéñòâèè äèíàìè÷åñêèõ íàãðóçîê èìååò áîëü-
øîå çíà÷åíèå ïðè èõ ïðîåêòèðîâàíèè è ïðîãíîçèðîâàíèè ÷ðåçâû÷àéíûõ ñèòóàöèé. Â ðàáîòå â
ðàìêàõ ìîäåëè èäåàëüíîãî æåñòêîïëàñòè÷åñêîãî òåëà ðàññìîòðåí äèíàìè÷åñêèé èçãèá ïðÿìî-
óãîëüíûõ ïëàñòèí ñî ñâîáîäíûì êðóãëûì îòâåðñòèåì. Èìåþùèåñÿ â ëèòåðàòóðå ðåøåíèÿ äëÿ
ïëàñòè÷åñêèõ ïîëèãîíàëüíûõ ïëàñòèí ñî ñâîáîäíûì îòâåðñòèåì êàñàþòñÿ òîëüêî äèíàìèêè
ïðàâèëüíûõ ïîëèãîíàëüíûõ ïëàñòèí [1] è ïðåäåëüíîãî àíàëèçà äëÿ êâàäðàòíûõ ïëàñòèí [2,
3].
1. Ðàññìîòðèì ïðÿìîóãîëüíóþ ïëàñòèíó ñî ñòîðîíàìè 2a è 2γa (γ ≥ 1), èìåþùóþ â öåíòðå

ñâîáîäíîå êðóãëîå îòâåðñòèå ðàäèóñà µa, ãäå 0 ≤ µ < 1 (ðèñ. 1). Ïðîòèâîïîëîæíûå ñòîðîíû
ïëàñòèíû øàðíèðíî îïåðòû èëè çàùåìëåíû. Íîðìàëüíûé èçãèáàþùèé ìîìåíò íà îïîðíûõ
ñòîðîíàõ ðàâåí −(1−ηi)M0 (i = 1, 2), ãäå i = 1 îòíîñèòñÿ ê ìåíüøåé ñòîðîíå, à i = 2 � ê áîëü-
øåé; ηi = 0 ïðè çàùåìëåíèè è ηi = 1 ïðè øàðíèðíîì îïèðàíèè ñîîòâåòñòâóþùåé ñòîðîíû;
M0 � ïðåäåëüíûé ìîìåíò. Íà ïëàñòèíó äåéñòâóåò ðàâíîìåðíî ðàñïðåäåëåííàÿ ïî ïîâåðõíîñòè
äèíàìè÷åñêàÿ íàãðóçêà âçðûâíîãî òèïà âûñîêîé èíòåíñèâíîñòè P (t), êîòîðàÿ õàðàêòåðèçó-
åòñÿ ìãíîâåííûì äîñòèæåíèåì ìàêñèìàëüíîãî çíà÷åíèÿ Pmax = P (0) â íà÷àëüíûé ìîìåíò
âðåìåíè t = 0 ñ ïîñëåäóþùèì áûñòðûì åå óìåíüøåíèåì.
Â äèíàìèêå ðàññìàòðèâàåìîé ïëàñòèíû èç èäåàëüíîãî æåñòêîïëàñòè÷åñêîãî ìàòåðèàëà

âîçìîæíû íåñêîëüêî ñõåì äåôîðìèðîâàíèÿ. Ïðè íàãðóçêàõ, íå ïðåâûøàþùèõ ïðåäåëüíûå

Ïîñòóïèëà 05.09.2009

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ïðåçèäèóìà ÑÎ ÐÀÍ (Ïîñòàíîâëåíèå � 10
îò 15.01.09, íîìåð ïðîåêòà 15).
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Ðèñ. 1.

Ðèñ. 2.

Ðèñ. 3.

íàãðóçêè (¾íèçêèõ¿ íàãðóçêàõ, Pmax < P0), ïëàñòèíà îñòàåòñÿ â ïîêîå. Ïðè íàãðóçêàõ, íåçíà-
÷èòåëüíî ïðåâûøàþùèõ ïðåäåëüíûå (¾ñðåäíèõ¿ íàãðóçêàõ, P0 < Pmax < P1), ñõåìó äåôîð-
ìèðîâàíèÿ ïëàñòèíû ìîæíî ïðåäñòàâèòü â âèäå ñîâîêóïíîñòè îáëàñòåé Si (i = 1, 2), êîòîðûå
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æåñòêî âðàùàþòñÿ âîêðóã îïîðíûõ ñòîðîí ñ óãëîâîé ñêîðîñòüþ α̇i (ðèñ. 1 � 3 ). Îáëàñòè Si ðàç-
äåëåíû êóñî÷íî-ëèíåéíûìè ïëàñòè÷åñêèìè øàðíèðàìè ñ íîðìàëüíûì èçãèáàþùèì ìîìåí-
òîì, ðàâíûìM0. Â çàâèñèìîñòè îò ñîîòíîøåíèÿ çíà÷åíèé γ, µ, η1, η2 ïðè ýòîì âîçìîæíû òðè
âàðèàíòà äåôîðìèðîâàíèÿ ïëàñòèíû, èçîáðàæåííûå íà ðèñ. 1 (ñõåìà À, ξ2 ≥ φa), ðèñ. 2 (ñõå-
ìà Á, φb ≤ ξ2 ≤ φa) è ðèñ. 3 (ñõåìà Â, ξ2 ≤ φb), ãäå φa = arctg [1/(γ − µ)], φb = arctg [(1− µ)/γ].
Èç ñèììåòðè÷íîñòè ïëàñòèíû ñëåäóåò, ÷òî ñõåìà Â ìîæåò ðåàëèçîâàòüñÿ òîëüêî â ñëó÷àå çà-
ùåìëåíèÿ ìåíüøåé ñòîðîíû è øàðíèðíîãî îïèðàíèÿ áîëüøåé (η1 = 0, η2 = 1). Óãëû ξ1 è ξ2
íà ðèñ. 1�3 ÿâëÿþòñÿ óãëàìè ïðè îñíîâàíèè îáëàñòåé S1 è S2 ñîîòâåòñòâåííî.
Â êàæäîé îáëàñòè Si (i = 1, 2) ââåäåì äåêàðòîâóþ ñèñòåìó êîîðäèíàò (xi, yi), â êîòîðîé

îñü xi ïðîõîäèò ïî îïîðíîé ñòîðîíå, à îñü yi íàïðàâëåíà âíóòðü ïëàñòèíû. Íà÷àëî êîîðäèíàò
(xi, yi) âûáèðàåòñÿ ïðîèçâîëüíî íà îïîðíîé ñòîðîíå. Òîãäà ñêîðîñòè ïðîãèáîâ ïëàñòèíû âî
âñåõ ñõåìàõ áóäóò ïðåäñòàâëåíû â âèäå:

(xi, yi) ∈ Si : u̇(xi, yi, t) = α̇i(t)yi.(i = 1, 2). (1)

Óðàâíåíèÿ äâèæåíèÿ ïëàñòèíû ïîëó÷èì èç ïðèíöèïà âèðòóàëüíîé ìîùíîñòè ñ èñïîëüçî-
âàíèåì ïðèíöèïà Äàëàìáåðà [4]

K = A−N, (2)

K = ρ
∑

i=1,2

∫∫
Si

üu̇∗ds = ρ
∑

i=1,2

α̈iα̇
∗
i

∫∫
Si

y2
i dyidxi, (3)

A = P (t)
∑

i=1,2

∫∫
Si

u̇∗ds = P (t)
∑

i=1,2

α̇∗i

∫∫
Si

yidyidxi, (4)

N =
∑
m

∫
lm

Mm

[
∂θ∗

∂t

]
lm

dlm = 2M0

∑
i=1,2

α̇∗i [a γi−1(2− ηi)− bi] . (5)

Çäåñü K, A, N � ìîùíîñòè èíåðöèîííûõ, âíåøíèõ è âíóòðåííèõ ñèë ñîîòâåòñòâåííî; u �
ïðîãèá; ρ � ïîâåðõíîñòíàÿ ïëîòíîñòü ìàòåðèàëà ïëàñòèíû; t � òåêóùåå âðåìÿ; ds � ýëåìåíò
ïëîùàäè; m � êîëè÷åñòâî ëèíèé ðàçðûâà óãëîâûõ ñêîðîñòåé; lm � ëèíèè ðàçðûâà óãëîâûõ
ñêîðîñòåé, âêëþ÷àÿ êîíòóð ïëàñòèíû;

[
∂θ
∂t

]
lm

� ðàçðûâ óãëîâîé ñêîðîñòè íà lm; Mm � èç-

ãèáàþùèé ìîìåíò íà lm; dlm � ýëåìåíò ëèíèè lm; bi � ïðîåêöèÿ ÷àñòè ãðàíèöû ñâîáîäíîãî
îòâåðñòèÿ â îáëàñòè Si íà îïîðíóþ ñòîðîíó îáëàñòè Si(i = 1, 2). Âåðõíèé èíäåêñ �∗�îáîçíà÷àåò
äîïóñòèìûå ñêîðîñòè.
Ïîäñòàâëÿÿ âåëè÷èíû (3)�(5) â (2) è ó÷èòûâàÿ íåçàâèñèìîñòü α̇∗i (t) (i = 1, 2), ïîëó÷èì

ñëåäóþùèå óðàâíåíèÿ äâèæåíèÿ:

ρα̈i

∫∫
Si

y2
i dyidxi = P (t)

∫∫
Si

yidyidxi −M0 [a γi−1(2− ηi)− bi] . (i = 1, 2). (6)

Óñëîâèå íåïðåðûâíîñòè ñêîðîñòåé íà ãðàíèöàõ îáëàñòåé S1 è S2 äàåò ðàâåíñòâî

α̇1 = α̇2tgξ2. (7)

Íà÷àëüíûå óñëîâèÿ äëÿ α̇i, αi èìåþò âèä

α̇i(0) = αi(0) = 0, (i = 1, 2). (8)

Ñèñòåìà óðàâíåíèé (7), (5) ñ íà÷àëüíûìè óñëîâèÿìè (8) è ξ2(0) = ξ02 , ξ1(0) = π/2−ξ02 îïèñû-
âàåò äèíàìè÷åñêîå ïîâåäåíèå ïëàñòèíû. Íà÷àëüíûå çíà÷åíèÿ ξ02 îïðåäåëÿþòñÿ â çàâèñèìîñòè
îò âåëè÷èíû Pmax, êàê ýòî áóäåò ïîêàçàíî íèæå.
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2. Ðàññìîòðèì ïîäðîáíî ñõåìû À, Á è Â. Óðàâíåíèÿ äâèæåíèÿ (6) ïðè ñõåìå À, ó÷èòûâàÿ
ξ1 = π/2− ξ2, èìåþò âèä

ρα̈1a
3ctg3ξ2 = 2P (t)a2ctg2ξ2 − 12M0(2− η1), (9)

ρα̈2a
3 [8 µ3 − 3µ2π(1 + µ2/4)− 3ctgξ2 + 4 γ] = 2P (t)a2 [µ (3+

+2µ2)− 3µ2π/2− 2ctgξ2 + 3(γ − µ )]− 12M0 [γ (2− η2)− µ] . (10)

Ïðåäåëüíóþ íàãðóçêó P0 îïðåäåëèì òàê. Èç (9), (10) ïðè α̈i = 0 (i = 1, 2) èìååì

P = 6M0(2− η1)tg2ξ2/a
2, (11)

P =
6M0 [γ (2− η2)− µ] /a2

µ(3 + 2µ2)− 3µ2π/2 + 3(γ − µ)− 2ctgξ2
. (12)

Îáîçíà÷èì ÷åðåç ξ2p çíà÷åíèå ξ2 ïðè äåéñòâèè ïðåäåëüíîé íàãðóçêè P0. Èç (11), (12) ïî-
ëó÷èì, ÷òî ïðè ñõåìå À â çàâèñèìîñòè îò ñîîòíîøåíèÿ çíà÷åíèé γ, µ, η1, η2 âåëè÷èíà ξ2p

îïðåäåëÿåòñÿ èç óðàâíåíèÿ

(2− η1)tg
2ξ2p [µ (3 + 2µ2)− 3µ2π/2 + 3(γ − µ)− 2ctg ξ2p] = γ(2− η2)− µ. (13)

Òîãäà èç (11) ïîëó÷èì, ÷òî ïðåäåëüíàÿ íàãðóçêà ðàâíà

P0 = 6M0(2− η1)tg2ξ2p/a
2. (14)

Óðàâíåíèÿ äâèæåíèÿ (6) ïðè ñõåìå Á ïðèìóò âèä

ρα̈1a
3 {4 γc1(γ2 + 3µ2 − c21)− 6(γ2 + µ2/4) [µ 2 arcsin(c1/µ)+
+c1

√
µ2 − c21 ]− c1(

√
µ2 − c21)

3 + ctg3ξ2(1− c1)4 } =
= 2P (t)a2 {c1 (3γ2 + 3µ2 − c21)− 3γ [c1

√
µ2 − c21 + µ2 arcsin(c1/µ )]+

+ctg2ξ2(1− c1)3 } − 12M0(2− η1 − c1),

(15)

ρα̈2a
3 {4 c2(1 + 3µ2 − c22)− 6(1 + µ2

4 ) [µ2 arcsin(c2/µ)+
+c2

√
µ2 − c22 ]− c2(

√
µ2 − c22)

3 + tg3ξ2(1− c2)4 } =
= 2P (t)a2 {c2 (3 + 3µ2 − c22)− 3(c2

√
µ2 − c22 + µ2 arcsin(c2/µ))+

+(1− c2)3tg2 ξ2} − 12M0 [γ (2− η2)− c2] ,

(16)

c1 = sin ξ2 [
√
µ2 − (γ sin ξ2 − cos ξ2)2 − (γ − ctgξ2) cos ξ2] ,

c2 = cos ξ2
√
µ2 − (γ sin ξ2 − cos ξ2)2 + (γ − ctgξ2) sin2 ξ2,

c21 + c22 = µ2.

Äëÿ îïðåäåëåíèÿ P0 ñ÷èòàåì α̈i = 0 (i = 1, 2) â óðàâíåíèÿõ (15), (16) è èìååì

P =
6M0(2− η1 − c1)/a2

µ sin ξ2 [3 + µ2(2 + cos2 ξ2)− 3µ cos ξ2]− 3µ2ξ2 + ctg2ξ2(γ − µ sin ξ2)3
, (17)

P =
6M0 [γ (2− η2)− c2] /a2

µ cos ξ2 [3 + µ2(2 + sin2 ξ2)− 3µ sin ξ2]− 3µ2(π
2 − ξ2) + tg2ξ2(γ − µ cos ξ2)3

. (18)

Èç (17), (18) ïîëó÷èì, ÷òî ïðè ñõåìå Á â çàâèñèìîñòè îò ñîîòíîøåíèÿ çíà÷åíèé γ, µ, η1,
η2 âåëè÷èíà ξ2p îïðåäåëÿåòñÿ èç óðàâíåíèÿ

2− η1 − c1
µ sin ξ2p [3 + µ2(2 + cos2 ξ2)− 3µ cos ξ2p]− 3µ2ξ2p + ctg2ξ2p(γ − µ sin ξ2p)3

= (19)
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=
γ(2− η2)− c2

µ cos ξ2p [3 + µ2(2 + sin2 ξ2p)− 3µ sin ξ2p]− 3µ2(π/2− ξ2p) + tg2ξ2p(γ − µ cos ξ2p)3
,

à ïðåäåëüíàÿ íàãðóçêà P0 îïðåäåëÿåòñÿ èç (17) ïðè ξ2 = ξ2p.
Óðàâíåíèÿ (6) ïðè ñõåìå Â (η1 = 0, η2 = 1) èìåþò âèä

ρα̈1a
3 [4 γ3 − µ2π(γ2 + µ2/4) + 8γµ3 − 3γ4tg2 ξ2] = 2P (t)a2 {µ (3γ2 + 2µ2)−

−3γµ2π/2 + γ2 [3 (1− µ)− 2γtg ξ2]} − 12M0(2− µ), (20)

ρα̈2a
3γ3tg3ξ2 = 2P (t)a2γ3tg2ξ2 − 12M0. (21)

Äëÿ îïðåäåëåíèÿ P0 ñ÷èòàåì α̈i = 0 (i = 1, 2) â óðàâíåíèÿõ (20), (21) è èìååì

P =
6M0(2− µ)/a2

µ(3γ2 + 2µ2)− 3γµ2π/2 + γ2 [3 (1− µ)− 2γtg ξ2]
, (22)

P = 6M0/(a2γ2tg2ξ2). (23)

Èç (22), (23) ïîëó÷èì, ÷òî â çàâèñèìîñòè îò ñîîòíîøåíèÿ çíà÷åíèé γ, µ âåëè÷èíà ξ2p ïðè
ñõåìå Â îïðåäåëÿåòñÿ èç óðàâíåíèÿ

(2− µ)γ2tg2ξ2p = µ(3γ2 + 2µ2)− 3γµ2π/2 + γ2 [3 (1− µ)− 2γtg ξ2p] , (24)

à P0 îïðåäåëÿåòñÿ èç (23) ïðè ξ2 = ξ2p.
Ïðè ξ2p = φa óðàâíåíèÿ (13), (19) ñîâïàäàþò. Ñ÷èòàÿ ξ2p = φa â óðàâíåíèè (13), ïîëó÷èì

çàâèñèìîñòü µ = µ(γ, η1, η2)

2− η1
(γ − µ)2

=
γ(2− η2)− µ

µ(3 + 2µ2)− 3µ2π/2 + γ − µ
. (25)

Ïðè ξ2p = φb óðàâíåíèÿ (19) ïðè η1 = 0, η2 = 1 è (24) ñîâïàäàþò. Ñ÷èòàÿ ξ2p = φb â
óðàâíåíèè (24), ïîëó÷èì çàâèñèìîñòü µ = µ(γ) ïðè η1 = 0, η2 = 1

2− µ

µ(3γ2 + 2µ2)− 3γµ2π/2 + γ2(1− µ)
=

1
(1− µ)2

. (26)

Ãðàôèê çàâèñèìîñòè µ îò âåëè÷èíû γ ïðè ðàçíûõ η1, η2 ïî ôîðìóëå (25) ïðèâåäåí íà ðèñ.
4. Êðèâàÿ 1 ñîîòâåòñòâóåò ñëó÷àþ η1 = η2 = 0 (çàùåìëåíèå âñåõ ñòîðîí); êðèâàÿ 2 îòíîñèòñÿ
ê ñëó÷àþ η1 = η2 = 1 (øàðíèðíîå îïèðàíèå âñåõ ñòîðîí); êðèâàÿ 3 � η1 = 1, η2 = 0; êðèâàÿ
4 � η1 = 0, η2 = 1. Êðèâàÿ 5 íà ðèñ. 4 èçîáðàæàåò çàâèñèìîñòü µ îò âåëè÷èíû γ ïðè η1 = 0,
η2 = 1 ïî ôîðìóëå (26). Òåïåðü, äëÿ òîãî ÷òîáû îïðåäåëèòü ïî êàêîé ñõåìå À, Á èëè Â
áóäåò ïðîèñõîäèòü ïðåäåëüíîå äåôîðìèðîâàíèå ïëàñòèíû ñ çàäàííûìè ïàðàìåòðàìè γ, µ,
η1, η2, äîñòàòî÷íî îïðåäåëèòü ïðàâåå èëè ëåâåå ñîîòâåòñòâóþùåé êðèâîé ëåæèò òî÷êà (γ, µ)
íà ðèñ. 4. Â ñëó÷àå η1 = 0, η2 = 1, åñëè òî÷êà (γ, µ) ëåæèò ïðàâåå êðèâîé 4, òî ξ2p ≥ φa, è
ïëàñòèíà äåôîðìèðóåòñÿ ïî ñõåìå À; åñëè (γ, µ) ëåæèò ëåâåå êðèâîé 5, òî ξ2p ≤ φb, è ïëàñòèíà
äåôîðìèðóåòñÿ ïî ñõåìå Â; åñëè òî÷êà (γ, µ) íàõîäèòñÿ ëåâåå êðèâîé 4 è ïðàâåå êðèâîé 5, òî
φb ≤ ξ2p ≤ φa, è â ïðåäåëüíîì ñîñòîÿíèè ðåàëèçóåòñÿ ñõåìà Á. Â ñëó÷àÿõ, îòëè÷íûõ îò
η1 = 0, η2 = 1, åñëè òî÷êà (γ, µ) ëåæèò ïðàâåå ñîîòâåòñòâóþùåé êðèâîé (1, 2 èëè 3), òî
ξ2p ≥ φa, è ïëàñòèíà äåôîðìèðóåòñÿ ïî ñõåìå À; åñëè òî÷êà (γ, µ) ëåæèò ëåâåå ýòîé êðèâîé,
òî φb ≤ ξ2p ≤ φa, è ïëàñòèíà äåôîðìèðóåòñÿ ïî ñõåìå Á. Èç ðèñ. 4 âèäíî äëÿ ëþáîãî µ, ÷òî â
ñëó÷àå γ = 1 ïðè îäèíàêîâîì çàêðåïëåíèè ñòîðîí (η1 = η2) äåôîðìèðîâàíèå ïðîèñõîäèò ïî
ñõåìå Á, à ïðè γ > 2, 54 è ëþáîì êðåïëåíèè ñòîðîí � ïî ñõåìå À.
Ïðåäåëüíàÿ íàãðóçêà P0 ïðè ñõåìå À îïðåäåëÿåòñÿ èç óðàâíåíèÿ (14). Ïðåäåëüíàÿ íàãðóçêà

P0 ïðè ñõåìå Á îïðåäåëÿåòñÿ èç óðàâíåíèÿ (17), â êîòîðîì ñ÷èòàåì P = P0 è ξ2p âû÷èñëåíî
èç óðàâíåíèÿ (19). Ïðåäåëüíàÿ íàãðóçêà P0 ïðè ñõåìå Â îïðåäåëÿåòñÿ èç óðàâíåíèÿ (23), â
êîòîðîì ñ÷èòàåì P = P0 è ξ2p ïîëó÷åíî èç óðàâíåíèÿ (24).
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Ðèñ. 4.

Ðèñ. 5.

Ãðàôèê çàâèñèìîñòè P0 îò ïàðàìåòðà µ ïðè ðàçëè÷íûõ çíà÷åíèÿõ γ, η1, η2 ïðèâåäåí íà
ðèñ. 5. Êðèâàÿ 1 èçîáðàæàåò ñëó÷àé γ = 1, η1 = η2 = 0; êðèâàÿ 2 � ñëó÷àé γ = 1, η1 = η2 = 1;
êðèâàÿ 3 � ñëó÷àé γ = 1, 7, η1 = 1, η2 = 0; êðèâàÿ 4 � ñëó÷àé γ = 2, 2, η1 = η2 = 0; êðèâàÿ
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5 � ñëó÷àé γ = 2, 2, η1 = η2 = 1; êðèâàÿ 6 � ñëó÷àé γ = 3, η1 = η2 = 0; êðèâàÿ 7 � ñëó÷àé
γ = 3, η1 = η2 = 1. Ïðè ôèêñèðîâàííîì γ è ïðè óâåëè÷åíèè çíà÷åíèÿ µ îò íóëÿ äî åäèíèöû
çíà÷åíèå ïðåäåëüíîé íàãðóçêè P0 ñíà÷àëà íåìíîãî ñíèæàåòñÿ, à çàòåì óâåëè÷èâàåòñÿ. Ïðè
ðîñòå γ çíà÷åíèå P0 óìåíüøàåòñÿ, òàêæå óìåíüøàåòñÿ âëèÿíèå ïàðàìåòðà îòâåðñòèÿ µ íà
âåëè÷èíó P0.
Â ñëó÷àå îòñóòñòâèÿ îòâåðñòèÿ (µ = 0) è øàðíèðíîãî îïèðàíèÿ âñåõ ñòîðîí (η1 = η2 = 1)

ïîëó÷åííàÿ ïðåäåëüíàÿ íàãðóçêà ïðÿìîóãîëüíîé ïëàñòèíû ñîâïàäàåò ñ ïðåäåëüíîé íàãðóç-
êîé, âû÷èñëåííîé â ðàáîòå [2]. Â [2] òàêæå ïîêàçàíî, ÷òî ýòà ïðåäåëüíàÿ íàãðóçêà ïðåâûøàåò
íå áîëåå ÷åì íà 1,55 % òî÷íîå çíà÷åíèå, îïðåäåëåííîå íà îñíîâå óñëîâèÿ òåêó÷åñòè Òðåñêà.
3. Ïðè äåôîðìèðîâàíèè ïîä äåéñòâèåì ¾ñðåäíèõ¿ íàãðóçîê ïî ñõåìå À äèíàìè÷åñêîå ïîâå-

äåíèå îïèñûâàåòñÿ óðàâíåíèÿìè (7), (9), (10) ñ íà÷àëüíûìè óñëîâèÿìè (11. Íà÷àëüíûå óñëî-
âèÿ ξ2(0) = ξ20 îïðåäåëèì ñëåäóþùèì îáðàçîì. Èíòåãðèðóÿ ïî âðåìåíè óðàâíåíèÿ (9), (10),
ó÷èòûâàÿ (11), ïîëó÷èì

ρα̇1a
3 = 2

t∫
0

P (t)a2ctg2ξ2 − 6M0(2− η1)
ctg3ξ2

dt,

ρα̇2a
3 = 2

t∫
0

P (t)a2 [µ (3 + 2µ2)− 3µ2 π
2 − 2ctgξ2 + 3(γ − µ )]− 6M0 [γ (2− η2)− µ]

8µ3 − 3µ2π(1 + µ2/4)− 3ctgξ2 + 4γ
dt.

Ïîäñòàâëÿÿ ïîëó÷åííûå ðàâåíñòâà â (8), èìååì

tgξ2 =

t∫
0

P (t)a2ctg2
ξ2−6M0(2−η1)

ctg3
ξ2

dt

t∫
0

P (t)a2[µ (3+2µ2)−3µ2 π
2−2ctgξ2+3(γ−µ )]−6M0[γ (2−η2)−µ]

8µ3−3µ2π(1+µ2/4)−3ctgξ2+4γ
dt

.

Ïåðåõîäÿ â ïîñëåäíåì ðàâåíñòâå ê ïðåäåëó t→ 0, ðàñêðûâàÿ íåîïðåäåëåííîñòü ïî ïðàâèëó
Ëîïèòàëÿ, ïîëó÷èì óðàâíåíèå äëÿ îïðåäåëåíèÿ ξ20 â çàâèñèìîñòè îò âåëè÷èíû Pmax

{Pmax a
2 [µ (3 + 2µ2)− 3µ2π/2− 2ctgξ20 + 3(γ − µ )]−

−6M0 [γ (2− η2)− µ]} ctg2ξ20 = [Pmax a
2ctg2ξ20−

−6M0(2− η1 )] [8 µ3 − 3µ2π(1 + µ2/4)− 3ctgξ20 + 4 γ] .
(27)

Íà ðèñ. 6 ïðèâåäåíà çàâèñèìîñòü óãëà ξ20 îò ìàêñèìàëüíîé íàãðóçêè pmax = Pmaxa
2/M0

(P0 ≤ Pmax ≤ 5P0) äëÿ øàðíèðíî îïåðòîé ïî âñåì ñòîðîíàì (η1 = η2 = 1) ïðÿìîóãîëüíîé
ïëàñòèíû ñ êðóãëûì îòâåðñòèåì ïðè γ = 3. Êðèâûå 1�4 îòíîñÿòñÿ ê ñëó÷àÿì µ = 0, 1, µ = 0, 3,
µ = 0, 6, µ = 0, 8, ñîîòâåòñòâåííî. Âèäíî, ÷òî ïðè âîçðàñòàíèè àìïëèòóäû íàãðóçêè çíà÷åíèå
óãëà ξ20 óâåëè÷èâàåòñÿ.
Ïðè ñõåìàõ Á è Â íà÷àëüíûå çíà÷åíèÿ ξ20 îïðåäåëÿþòñÿ àíàëîãè÷íûì îáðàçîì. Ïðè ñõåìå

Á çíà÷åíèå ξ20 â çàâèñèìîñòè îò Pmax âû÷èñëÿåòñÿ èç óðàâíåíèÿ

tgξ20(Pmaxa
2 {µ cos ξ20 [3 + µ2(2 + sin2 ξ2)− 3µ sin ξ20]−

−3µ2(π/2− ξ2) + tg2ξ20(γ − µ cos ξ20 )3
}
− 6M0 [γ (2− η2)− c2])Σ1(ξ20)/Σ2(ξ20) =

= Pmaxa
2 {µ sin ξ20 [3 + µ2(2 + cos2 ξ20)− 3µ cos ξ20]−

−3µ2ξ20 + ctg2ξ20(γ − µ sin ξ20 )3
}
− 6M0(2− η1 − c1),

ïðè ñõåìå Â � èç óðàâíåíèÿ

tgξ20γ(Pmaxa
2γ2tg2ξ20 − 6M0)Σ1(ξ20)/Σ2(ξ20) =

= Pmaxa
2 {µ (3γ2 + 2µ2)− 3γµ2 π

2 + γ2 [3 (1− µ)− 2γtg ξ2]} − 2M0(2− µ),
ãäå îáîçíà÷åíî
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Ðèñ. 6.

Σi(ξ2) =
∫∫

Si

y2
i dyidxi/a.(i = 1, 2). (28)

Ïðè ¾ñðåäíèõ¿ íàãðóçêàõ è äåôîðìèðîâàíèè ïî ñõåìå À îïðåäåëÿþùàÿ ñèñòåìà óðàâíåíèé
(8), (9), (10) ñ íà÷àëüíûìè óñëîâèÿìè (11) è (28) ðåøàåòñÿ ÷èñëåííî ìåòîäîì Ðóíãå-Êóòòà.
Ìîìåíò îñòàíîâêè ïëàñòèíû tk îïðåäåëÿåòñÿ èç óñëîâèÿ

α̇1(tk) = 0.
Ïðè ñõåìàõ Á è Â ïîâåäåíèå ïëàñòèíû îïðåäåëÿþòñÿ àíàëîãè÷íûì îáðàçîì. Âñå ïðîãèáû

âû÷èñëÿþòñÿ èç (1).
Íà ðèñ. 7 ïðèâåäåíû áåçðàçìåðíûå ïðîãèáû w = ua2ρ/(M0T

2) â ñå÷åíèè âäîëü ëèíèè OB
(íà ðèñ. 1) äëÿ ïðÿìîóãîëüíîé ïëàñòèíû ñ êðóãëûì ñâîáîäíûì îòâåðñòèåì ñ ïàðàìåòðàìè
γ = 3 è µ = 0, 3 ïîä äåéñòâèåì íàãðóçêè ïðÿìîóãîëüíîãî âèäà ñ Pmax = 8, 49M0/a

2 âî âðåìÿ
íàãðóæåíèÿ 0 ≤ t ≤ T . Êðèâûå 1, 2 îòíîñÿòñÿ ê ñëó÷àþ çàùåìëåíèÿ âñåõ ñòîðîí (P0 =
5, 92M0/a

2, ξ2p = 0, 61, ξ20 = 0, 63) è èçîáðàæàþò ïðîãèáû â ìîìåíòû ñíÿòèÿ íàãðóçêè t = T
è îñòàíîâêè ïëàñòèíû t = tk = 1, 44T (ξ2(tk) = 0, 58). Êðèâûå 3, 4 ñîîòâåòñòâóþò ïðîãèáàì
ïðè øàðíèðíîì îïèðàíèè âñåõ ñòîðîí (P0 = 2, 83M0/a

2, ξ2p = 0, 60, ξ20 = 0, 67) è èçîáðàæàþò
ïðîãèáû â ìîìåíòû ñíÿòèÿ íàãðóçêè t = T è ìîìåíò îñòàíîâêè t = tk = 3T (ξ2(tk) = 0, 57).
Îòìåòèì, ÷òî âî âñåõ ïðîâåäåííûõ ÷èñëåííûõ ðàñ÷åòàõ âûïîëíÿëîñü ñëåäóþùåå ñîîòíî-

øåíèå äëÿ âðåìåíè äåôîðìèðîâàíèÿ ïëàñòèíû: tk ≈
T∫
0

P (t)dt/P0.
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LIMIT AND DYNAMIC BEHAVIOR OF RECTANGULAR SLABS WITH FREE
ROUND APERTURE

Institute of Theoretical and Applied Mechanics of the Siberian Branch, S. Khristianovich Russian
Academy of Sciences

Abstract. The method of calculation at ultimate load and permanent de�ection of rectangular
slabs with a free round aperture under the impact of uniformly distributed dynamic load of
explosive type on the basis of ideal rigid-plastic material model is proposed. The slab sides are
simply supported and �xed. Possible schemes of slab ultimate deforming are described. Numerical
examples are given. The solutions can be used in various engineering calculations.

Keywords: ideal rigid-plastic slab, rectangular slab, round aperture, explosive load, permanent
de�ection.
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