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Åðåâàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò àðõèòåêòóðû è ñòðîèòåëüñòâà

Àííîòàöèÿ. Ðåøåíèå çàäà÷ äèíàìè÷åñêîé òåîðèè óïðóãîñòè ìåòîäîì èíòåãðàëüíûõ ïðåîáðà-
çîâàíèé îáùåèçâåñòíî [1]. Ýòèì ìåòîäîì íåïîñðåäñòâåííî ïîëó÷èòñÿ ðåøåíèå çàäà÷è â èçîá-
ðàæåíèÿõ. Îäíàêî, îáðàùåíèå èçîáðàæåíèé ïîðîé íå âñåãäà óäàåòñÿ è ÷àñòî ïðåäñòàâëÿåòñÿ
ñåðüåçíîé ìàòåìàòè÷åñêîé òðóäíîñòüþ. Êàíüÿð [2] ïðåäëîæèë íîâûé ìåòîä îáðàùåíèÿ èí-
òåãðàëüíûõ ïðåîáðàçîâàíèé, êîòîðûé â äàëüíåéøåì øèðîêî ïðèìåíÿåòñÿ â äèíàìè÷åñêèõ
çàäà÷àõ òåîðèè óïðóãîñòè [3-7]. Ñóòü ìåòîäà Êàíüÿðà çàêëþ÷àåòñÿ â òîì, ÷òî ïîñëå îáðàò-
íîãî ïðåîáðàçîâàíèÿ èçîáðàæåíèÿ ïî ïðîñòðàíñòâåííîé ïåðåìåííîé è ïîäõîäÿùåãî âûáîðà
ñèñòåìû êîîðäèíàò èçîáðàæåíèå ïðèâîäèòñÿ ê ïðåîáðàçîâàíèþ Ëàïëàñà ïî âðåìåíè äëÿ èç-
âåñòíîé ôóíêöèè, îòêóäà è íàéäåòñÿ îðèãèíàë ðåøåíèÿ. Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ
ìåòîä îáðàùåíèÿ èíòåãðàëüíûõ ïðåîáðàçîâàíèé, ñóòü êîòîðîãî çàêëþ÷àåòñÿ â òîì, ÷òî ïîñëå
íàõîæäåíèÿ îáðàòíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà ïî âðåìåíè è ïîäõîäÿùåé çàìåíû ïåðåìåí-
íîé èíòåãðèðîâàíèÿ, èçîáðàæåíèå ïðèâîäèòñÿ ê èíòåãðàëüíîìó ïðåîáðàçîâàíèþ ïî ïðîñòðàí-
ñòâåííîé ïåðåìåííîé äëÿ èçâåñòíîé ôóíêöèè, îòêóäà è íàéäåòñÿ ðåøåíèå çàäà÷è. Â êà÷åñòâå
ïðèìåðà ïðèëîæåíèÿ ìåòîäà ïðèâîäèòñÿ ýôôåêòèâíîå ðåøåíèå äî ñèõ ïîð íåðåøåííîé çàäà-
÷è î âîëíàõ äàâëåíèÿ, ðàñïðîñòðàíÿþùèõñÿ â æèäêîì ñæèìàåìîì óïðóãîì ïîëóïðîñòðàíñòâå
ïðè ðàñøèðÿþùèõñÿ ñ ïðîèçâîëüíîé ñêîðîñòüþ ïîâåðõíîñòíûõ íàãðóçêàõ.

Êëþ÷åâûå ñëîâà: óïðóãîñòü, äàâëåíèå, èíòåãðàëüíûå ïðåîáðàçîâàíèÿ, èçîáðàæåíèå, âîëíû,
æèäêîñòü, ïîëóïðîñòðàíñòâî.

ÓÄÊ: 539.1, 539.3

1. Ïîñòàíîâêà çàäà÷è. Ðàññìàòðèâàåòñÿ çàäà÷à î ðàñïðîñòðàíåíèè âîëí äàâëåíèÿ â æèä-
êîñòè, çàíèìàþùåé â ñèñòåìå êîîðäèíàò (r, θ, z) ïîëóïðîñòðàíñòâî z ≥ 0, ïðè ðàñøèðÿþùåéñÿ
ñ ïðîèçâîëüíîé ñêîðîñòüþ ïîâåðõíîñòíîé íàãðóçêå

p∗ (r, τ) = P0f
(√

γ2τ2 − r2
)
η (γτ − r) , (1)

ãäå τ = c0t, γ = c/ñ0 c0 � ñêîðîñòü ðàñïðîñòðàíåíèÿ âîçìóùåíèé â æèäêîñòè, c � ñêîðîñòü
ôðîíòà ðàñøèðÿþùåéñÿ ïîâåðõíîñòíîé íàãðóçêè.
Â (1) ôðîíò ðàñøèðÿþùåéñÿ ïîâåðõíîñòíîé íàãðóçêè çàäàåòñÿ η (τ) ôóíêöèåé Õåâèñàé-

äà. Ôàêòè÷åñêè, (1) îïðåäåëÿåò äàâëåíèå çà ôðîíòîì ðàñïðîñòðàíÿþùåéñÿ óäàðíîé âîëíû,
êîòîðàÿ âîçíèêàåò, íàïðèìåð, ïðè òî÷å÷íûõ âçðûâàõ â âîçäóõå íàä óðîâíåì æèäêîñòè.

Ïîñòóïèëà 25.08.2008

Àâòîð ñ÷èòàåò ñâîèì ïðèÿòíûì äîëãîì âûðàçèòü ïðèçíàòåëüíîñòü ä.ô.-ì.í., ïðîô.,
÷ë.-êîðð. ÍÀÍ ÐÀ Áàãäîåâó À.Ã. çà ïîëåçíûå çàìå÷àíèÿ ïðè îáñóæäåíèè ïîëó÷åííûõ
ðåçóëüòàòîâ.
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Â ðàìêàõ ëèíåéíîé òåîðèè ðàñïðîñòðàíåíèå îñåñèììåòðè÷íûõ âîëí äàâëåíèÿ â èäåàëüíîé
ñæèìàåìîé æèäêîñòè ïðè îòñóòñòâèè îáúåìíûõ ñèë îïðåäåëÿåòñÿ óðàâíåíèåì [8]

∂2p

∂r2
+

1
r

∂p

∂r
+
∂2p

∂z2
=
∂2p

∂τ2
. (2)

Ïîëàãàÿ

PL (r, z, s) =

∞∫
0

p (r, z, τ) e−γτdτ, (3)

PLH (ξ, z, s) =

∞∫
0

PL (r, z, s) J0 (ξr) rdr, (4)

íàéäåì ðåøåíèå çàäà÷è (1) è (2) ïðè îäíîðîäíûõ íà÷àëüíûõ óñëîâèÿõ

p (r, z, 0) = p′τ (r, z, 0) = 0 (5)

â èçîáðàæåíèÿõ èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ëàïëàñà è Õàíêåëÿ.
Èç (1) è (2) ïîëó÷àåì

d2PLH

dz2
−
(
ξ2 + s2

)
PLH = 0. (6)

PLH (ξ, 0, s) = P ∗LH (ξ, s) . (7)

Òåïåðü âû÷èñëèì èçîáðàæåíèå P ∗LH ãðàíè÷íîãî óñëîâèÿ (1).
Èìååì

P ∗LH (ξ, s) = P0

∞∫
0

 ∞∫
r/γ

f
(√

γ2τ2 − r2
)
e−sτdτ

J0 (ξr) rdr. (8)

Äàëåå, ïåðåìåíèì ïîðÿäîê èíòåãðèðîâàíèÿ â (8), à çàòåì çàìåíèì ïåðåìåííóþ r íà u =√
γ2τ2 − r2, ïîëó÷èì

P ∗LH (ξ, s) =

∞∫
0

 γτ∫
0

J0

(
ξ
√
γ2τ2 − u2

)
f (u)udu

 e−sτdτ. (9)

Â ñèëó èçâåñòíûõ ñîîòíîøåíèé îïåðàöèîííîãî èñ÷èñëåíèÿ [9] íàõîäèì

P ∗LH (ξ, s) = −
P0F

′
LH

(√
ξ2 + s2

/
γ2
)

γ
√
ξ2 + s2

/
γ2

, (10)

ãäå F ′LH (s) åñòü èçîáðàæåíèå îò uf (u).
Ðåøåíèå óðàâíåíèÿ (6), ñòðåìÿùååñÿ ê íóëþ ïðè z → +∞ è óäîâëåòâîðÿþùåå óñëîâèþ (7),

ïîëó÷èì â âèäå

PLH (ξ, z, s) = −
P0F

′
LH

(√
ξ2 + s2

/
γ2
)

γ
√
ξ2 + s2

/
γ2

exp
[
−z
√
ξ2 + s2

]
. (11)
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2. Ðåøåíèå çàäà÷è â ïðåîáðàçîâàíèè Õàíêåëÿ.Ôîðìóëà (11) ÿâëÿåòñÿ ïðîèçâåäåíèåì

äâóõ èçîáðàæåíèé P ∗LH (ξ, s) è P 0
LH (ξ, z, s) = exp

[
−z
√
ξ2 + s2

]
, è åå îðèãèíàë îïðåäåëÿåòñÿ

ôîðìóëîé ñâåðòêè

PH (ξ, z, τ) =

τ∫
0

P ∗H (ξ, v)P 0
H (ξ, z, τ − v) dv. (12)

Çäåñü P 0
H åñòü îðèãèíàë îò (11) ïî τ .

Èç ôîðìóëû (9) îïðåäåëèì îðèãèíàë èçîáðàæåíèÿ P ∗LH (ξ, s).

P ∗H (s, τ) =

γτ∫
0

J0

(
ξ
√
γ2τ2 − u2

)
f (u)udu. (13)

Îðèãèíàë èçîáðàæåíèÿ P 0
LH (ξ, z, s) èçâåñòåí

P 0
H (ξ, z, τ) = δ (τ − z)− ξz

J1

(
ξ
√
τ2 − z2

)
√
τ2 − z2

η (τ − z) . (14)

Ñëåäîâàòåëüíî,

PH (ξ, z, τ) = P0
γ

{
τ∫
0

[
γv∫
0

J0

(
ξ
√
γ2v2 − u2

)
f (u)udu

]
δ (τ − v− z) dv−

−ξz
τ∫
0

[
γv∫
0

J0

(
ξ
√
γ2v2 − u2

)
f (u)udu

]
×

×
J1

“
ξ
√

(τ−v)2−z2
”

√
(τ−v)2−z2

η (τ − v − z) dv
}
.

(15)

Â äâîéíûõ èíòåãðàëàõ (15) ïåðåìåíèì ïîðÿäîê èíòåãðèðîâàíèÿ, ïîëó÷èì

PH (ξ, z, τ) =
P0

γ

{
P

(1)
H (ξ, z, τ) + P

(2)
H (ξ, z, τ)

}
, (16)

ãäå

P
(1)
H (ξ, z, τ) =

γ(τ−z)∫
0

J0

(
ξ

√
γ2 (τ − z)2 − u2

)
f (u)udu, (17)

P
(2)
H (ξ, z, τ) = −

γ(τ−z)∫
0

[
γ(τ−z)∫
u/γ

J0

(
ξ
√
γ2v2 − u2

)
×

×
J1

“
ξ
√

(τ−v)2−z2
”

√
(τ−v)2−z2

dv

]
f (u)udu.

(18)

Òàêèì îáðàçîì, ôîðìóëû (16)�(18) äàþò ðåøåíèå çàäà÷è â âèäå èçîáðàæåíèÿ ïðåîáðàçî-
âàíèÿ Õàíêåëÿ.
3. Ïåðåõîä ê îðèãèíàëó. Ïðîöåäóðà îáðàùåíèÿ èçîáðàæåíèé P (1)

H (ξ, z, τ) è P (2)
H (ξ, z, τ)

çàêëþ÷àåòñÿ â òîì, ÷òîáû ïðèâåñòè èõ ê ïðåîáðàçîâàíèþ Õàíêåëÿ äëÿ èçâåñòíûõ ôóíêöèé,
îòêóäà è íàéäåòñÿ èõ îðèãèíàë.
Î÷åâèäíî, ÷òî (17) ïðèâîäèòñÿ ê ïðåîáðàçîâàíèþ Õàíêåëÿ äëÿ èçâåñòíîé ôóíêöèè, åñ-

ëè çàìåíèì â íåì âûðàæåíèå

√
γ2 (τ − z)2 − u2 = r. Ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé (17)

ïðèâîäèì ê âèäó
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P
(1)
H (ξ, z, τ) =

∞∫
0

f

(√
γ2 (τ − z)2 − r2

)
η [γ (τ − z)− r]J0 (ξr) rdr. (19)

Îòñþäà âèäíî, ÷òî îðèãèíàëîì èçîáðàæåíèÿ P
(1)
H (ξ, z, τ) áóäåò ôóíêöèÿ

P
(1)
H (r, z, τ) = f

(√
γ2 (τ − z)2 − r2

)
η [γ (τ − z)− r] . (20)

Äàëåå, ÷òîáû íàéòè îðèãèíàë (18) ñíà÷àëà ðàññìîòðèì èçîáðàæåíèå

QH (ξ, z, τ) = −
γ(τ−z)∫

0

[
τ−z∫
u/γ

J0

(
ξ
√
γ2v2 − u2

)
×

× J0

(
ξ

√
(τ − v)2 − z2

)
dv

]
f (u)udu,

(21)

èç êîòîðîãî äèôôåðåíöèðîâàíèåì ïî z ïîëó÷èòñÿ P
(2)
H (ξ, z, τ).

Â (21) çàìåíèì ïåðåìåííóþ èíòåãðèðîâàíèÿ v ïåðåìåííîé ϕ ïî ôîðìóëàì

√
γ2v2 − u2 = ω sinϕ,

√
(τ − v)2 − u2 = q cosϕ, (22)

ãäå

ω =
√
γ2 (τ − z)2 − u2, q =

√(
τ − u

γ

)2

− z2 (23)

è ïîëüçóÿñü ôîðìóëîé [10]

π/2∫
0

J0 (a sinϕ) J0 (b cosϕ) sinϕ cosϕdϕ =
J1

(√
a2 + b2

)
√
a2 + b2

, (24)

ïîëó÷èì

QH (ξ, z, τ) = −
γ(τ−z)∫

0

ω2 + γ2q2

γ2ξτ

J1

(
ξ
√
ω2 + q2

)
√
ω2 + q2

f (u)udu. (25)

Èìåþòñÿ òðè ñëó÷àÿ îáðàùåíèÿ QH (ξ, z, τ) â çàâèñèìîñòè îò çíà÷åíèÿ îòíîøåíèé ñêîðîñòè
ðàñïðîñòðàíåíèÿ ôðîíòà ïîâåðõíîñòíîé íàãðóçêè ê ñêîðîñòè çâóêà â æèäêîñòè: ñâåðõçâóêî-
âîé (c > c0), çâóêîâîé (c = c0) è äîçâóêîâîé (c < c0).
Ñâåðõçâóêîâîé ñëó÷àé (γ > 1). Â (25) çàìåíèì ïåðåìåííóþ èíòåãðèðîâàíèÿ u íà τ ïî ôîð-

ìóëå
√
ω2 + q2 = r. Òîãäà, (25) ïîñëå çàìåíû ïðèâîäèòñÿ ê âèäó

Q (ξ, z, τ) =
∞∫
0

2[τ−z−u1]f(u1)
ξ[τ+(γ2−1)u1]

η×

×

(√
(γ2 − 1)

(
z − γ2τ

γ2−1

)2

− τ2

γ2−1 − r

)
J1 (ξr) dr.

(26)

Çäåñü ââåäåíî îáîçíà÷åíèå

u1 = u1 (r, z, τ) =

√(
z − γ2τ

γ2 − 1

)2

− r2

γ2 − 1
− τ

γ2 − 1
. (27)
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Ôîðìóëà (26) ïðåäñòàâëÿåò ñîáîé ïðåîáðàçîâàíèå Õàíêåëÿ ïåðâîãî ïîðÿäêà äëÿ èçâåñòíîé
ôóíêöèè. Ïîýòîìó, åñëè ó÷èòûâàåì ñîîòíîøåíèå ìåæäó ïðåîáðàçîâàíèÿìè Õàíêåëÿ ïðîèç-
âîäíûõ ôóíêöèè [1]

∞∫
0

γ
df

dr
J1 (ξr) dr = −ξ

∞∫
0

rf (r) J0 (ξr) dr, (28)

ïîëó÷èì

Q (r, z, τ) =
r∫
0

2[γ(τ−z)−u1]f(u1)
γτ+(γ2−1)u1

η×

×

(√
(γ2 − 1)

(
z − γ2τ

γ2−1

)2

− τ2

γ2−1 − ω

)
dω
ω .

(29)

Çâóêîâîé ñëó÷àé (γ = 1). Îðèãèíàë èçîáðàæåíèÿ QH (ξ, z, τ) ïðè γ = 1 ïîëó÷àåòñÿ òàêèì
æå ïóòåì, êàê â ïðåäûäóùåì ñëó÷àå

Q (r, z, τ) =

r∫
0

ωf (u2)
τ2

η
(√

2τ (τ − z)− ω
)
dω, (30)

ãäå

u2 (ω, z, τ) = τ − z − ω2
/
2τ . (31)

Äîçâóêîâîé ñëó÷àé (γ < 1). Àíàëîãè÷íî, êàê â ðàññìîòðåííûõ ñëó÷àÿõ, ïîëó÷èì

Q (r, z, τ) =
r∫
0

2[(τ−z)−u3]f(u3)
τ−(1−γ2)u3

η×

×
(√

r2

1−γ2 − (1− γ2)
(
z + γ2τ

1−γ2

)
− ω

)
dω
ω ,

(32)

ãäå

u3 = u3 (ω, z, τ) =

√(
z +

γ2τ

1− γ2

)2

+ ω2 +
τ

1− γ2
. (33)

Â ñèëó ëèíåéíîñòè èíòåãðàëüíûõ ïðåîáðàçîâàíèé è ñîîòíîøåíèÿ P (2) (r, z, τ) = ∂
∂zQ (r, z, τ)

òî÷íîå è àíàëèòè÷åñêîå ðåøåíèå çàäà÷è î ïðîíèêàíèè äàâëåíèÿ â æèäêîì ïîëóïðîñòðàíñòâå
ïðè ëþáûõ ñêîðîñòÿõ ðàñøèðåíèÿ ïîâåðõíîñòíîé íàãðóçêè ïîëó÷èì â âèäå

P (r, z, τ) =
P0

γ

{
P (1) (r, z, τ) +

∂

∂z
Q (r, z, τ)

}
. (34)

Òàêèì îáðàçîì, ïðè âñåõ ñêîðîñòÿõ ðàñøèðåíèÿ ïîâåðõíîñòíîé íàãðóçêè ÷ëåí P (1) (r, z, τ)
â (34) îïðåäåëÿåò ÷àñòü ðåøåíèÿ äëÿ äàâëåíèÿ P (r, z, τ) â îáëàñòè, îãðàíè÷åííîé ïîâåðõíî-
ñòÿìè γ (τ − z) − r = 0 è z = 0. Â ëþáîé ìîìåíò âðåìåíè τ > 0, óðàâíåíèå γ (τ − z) − r = 0
îïðåäåëÿåò êîíè÷åñêóþ ïîâåðõíîñòü ñ âåðøèíîé â òî÷êå z0 = τ, r0 = 0 è êðóã ñ ðàäèóñîì
r1 = γτ ïðè z = 0. Ôàêòè÷åñêè, ýòîò ÷ëåí îïðåäåëÿåò ÷àñòü äàâëåíèÿ, êîòîðàÿ ñâÿçàíà ñ
ôðîíòîì ðàñøèðÿþùåéñÿ ïîâåðõíîñòíîé íàãðóçêè. Äàëåå, ÷àñòü äàâëåíèÿ, êîòîðàÿ îïðåäå-
ëÿåòñÿ ÷ëåíîì Q (r, z, τ) â (34) çàäàåòñÿ â îáëàñòè, îïðåäåëÿåìîé η ôóíêöèåé Õåâèñàéäà ïðè
z > 0.
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EFFECTIVE METHOD OF SOLVING PROBLEMS OF DYNAMIC THEORY OF
ELASTICITY

The Yerevan state university of architecture and building

Abstract. The solution of this problem in image is achieved with this method. However, the
reference of images is not always possible, and often represents a serious mathematical di�culty.
Kanyar o�ered a new method of the reference of integral transformation, which is widely applied in
dynamic problems of the theory of elasticity. The essence of Kanyar's method is that after return
transformations of the image in the spatial variable and a suitable choice of system of co-ordinates
the image is led to Laplas time transformation for a known function where the original of solution
is found. The method of the integral transformations reference which essence is that after �ning
Laplas time return transformation on a spatial variable for a known function is given, where the
original of the solution is found. The e�ective decision of an unsolved problem of the waves of
pressure extending in liquid compressed elastic semispace at super�cial loadings extending with
any speed is given an example of the method application.

Keywords: elasticity, pressure, integral conversions, image, waves, liquid, half-space.
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