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Âîåííûé àâèàöèîííûé èíæåíåðíûé óíèâåðñèòåò

Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Àííîòàöèÿ. Ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü äîêðèòè÷åñêîãî íàïðÿæåííî-
äåôîðìèðîâàííîãî ñîñòîÿíèÿ ãîðíîãî ìàññèâà âáëèçè öèëèíäðè÷åñêîé âûðàáîòêè ñ ó÷åòîì
ïîðèñòîé ñòðóêòóðû ìàòåðèàëà è óïðóãî-âÿçêî-ïëàñòè÷åñêèõ ñâîéñòâ ñæàòîãî ñêåëåòà. Â
ðàìêàõ òî÷íûõ òðåõìåðíûõ óðàâíåíèé óñòîé÷èâîñòè èññëåäîâàíà óñòîé÷èâîñòü îñíîâíîãî
ñîñòîÿíèÿ ìàññèâà ãîðíûõ ïîðîä ñî ñæàòûìè ïîðàìè âáëèçè êðóãîâûõ öèëèíäðè÷åñêèõ
âûðàáîòîê. Äàíà îöåíêà âëèÿíèÿ íà âåëè÷èíó êðèòè÷åñêîãî äàâëåíèÿ ïàðàìåòðîâ ãîðíîãî
ìàññèâà.

Êëþ÷åâûå ñëîâà: ïîðèñòûå ìàòåðèàëû ñî ñëîæíîé ðåîëîãèåé ñæàòîãî ñêåëåòà, öèëèíäðè-
÷åñêèå ãîðíûå âûðàáîòêè, íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå, òî÷íûå òðåõìåðíûå ëè-
íåàðèçèðîâàííûå óðàâíåíèÿ óñòîé÷èâîñòè, óñòîé÷èâîñòü îñíîâíîãî ñîñòîÿíèÿ.

ÓÄÊ: 539.374

Èçâåñòíî [1], ÷òî ðåøåíèå çàäà÷ ãîðíîé ìåõàíèêè, îòíîñÿùèõñÿ ê ïðîöåññó ïðîâåäåíèÿ ïîä-
çåìíûõ âûðàáîòîê, ñâîäèòñÿ ê ïîñòàíîâêå è ðåøåíèþ çàäà÷ [2-5] ëîêàëüíîé íåóñòîé÷èâîñòè
ìàññèâà âîçëå âûðàáîòîê ïðè íåóïðóãèõ äåôîðìàöèÿõ [6, 7]. Ðåøåíèå òàêîãî êëàññà çàäà÷ ñî-
ñòîèò èç äâóõ ýòàïîâ. Íà ïåðâîì ýòàïå îïðåäåëÿåòñÿ îñíîâíîå íàïðÿæåííî-äåôîðìèðîâàííîå
ñîñòîÿíèå ìàññèâà ãîðíûõ ïîðîä âáëèçè âûðàáîòêè. Íà âòîðîì � ðåøàåòñÿ çàäà÷à îá óñòîé÷è-
âîñòè îñíîâíîãî ñîñòîÿíèÿ â ðàìêàõ äèíàìè÷åñêîãî ïîäõîäà, êîòîðûé â ñâîþ î÷åðåäü ñâîäèò-
ñÿ ê îïðåäåëåíèþ âåëè÷èíû êðèòè÷åñêîãî äàâëåíèÿ, ðàâíîìåðíî ðàñïðåäåëåííîãî ïî êîíòóðó
âûðàáîòêè.
Áîëüøèíñòâî ãðóíòîâ èìååò ïîðèñòóþ ñòðóêòóðó [8], ïîýòîìó ïðè ðåøåíèè çàäà÷ óñòîé-

÷èâîñòè ãîðíûõ ïîðîä íàðÿäó ñî ñëîæíîé ðåîëîãèåé íåîáõîäèìî òàêæå ó÷èòûâàòü ïîðèñòûå
ñâîéñòâà ìàòåðèàëîâ. Â îòëè÷èå îò [2-5] â íàñòîÿùåé ðàáîòå íà îñíîâå òî÷íûõ òðåõìåðíûõ
óðàâíåíèé [9] èññëåäóåòñÿ ëîêàëüíàÿ íåóñòîé÷èâîñòü ïîðîä ïðèñòâîëüíîé çîíû öèëèíäðè÷å-
ñêîé âûðàáîòêè ñ ó÷åòîì ïîðèñòîé ñòðóêòóðû ìàòåðèàëà ãîðíîãî ìàññèâà.
Ðàññìîòðèì ïîðèñòîå óïðî÷íÿþùååñÿ óïðóãî-âÿçêî-ïëàñòè÷åñêîå òåëî, ìåõàíè÷åñêàÿ ìî-

äåëü êîòîðîãî ïîêàçàíà íà ðèñ. 1.
Ìîäåëü ñîñòîèò èç äâóõ ïîñëåäîâàòåëüíî ñîåäèíåííûõ ñîñòàâíûõ ÷àñòåé: ïëàñòè÷åñêîé �

¾p¿ è óïðóãîé � ¾e¿. Ïëàñòè÷åñêàÿ ÷àñòü ñîñòîèò èç ïëàñòè÷åñêîãî ýëåìåíòà (ïðåäåë òåêó-
÷åñòè k), ïîñëåäîâàòåëüíî ñîåäèíåííîãî ñ ïàðàëëåëüíîé ñâÿçêîé âÿçêîãî ýëåìåíòà (êîýôôè-
öèåíò âÿçêîñòè η) è óïðóãîãî ýëåìåíòà (êîýôôèöèåíò óïðî÷íåíèÿ c). Óïðóãàÿ ÷àñòü ñîñòîèò
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Ðèñ. 1.

èç óïðóãîãî ñæèìàåìîãî ýëåìåíòà 1 (êîýôôèöèåíòû Ëÿìý λ1, µ1) è ïàðàëëåëüíî ïîäñîåäè-
íåííîé ê íåìó ïîñëåäîâàòåëüíîé ñâÿçêè 2 æåñòêîãî êîíòàêòà (íà÷àëüíûé ðàñòâîð ïîð ε0) è
óïðóãîãî íåñæèìàåìîãî ýëåìåíòà (êîýôôèöèåíò óïðóãîñòè µ2).
Îïðåäåëÿþùåå ñîîòíîøåíèå æåñòêîãî êîíòàêòà ñîãëàñíî [10] èìååò âèä

σ̃ij (ε̃nn − ε0) = 0, (1)

ãäå σ̃ij � êîìïîíåíòû òåíçîðà íàïðÿæåíèé, ε̃nn � îáúåìíàÿ äåôîðìàöèÿ, ïðè÷åì σ̃ij = 0 � äî
ñõëîïûâàíèÿ ïîð è ε̃nn = ε0 � ïîñëå.
Ïðè êîíñòðóèðîâàíèè ñâÿçè íàïðÿæåíèå-äåôîðìàöèÿ â óïðóãî-âÿçêî-ïëàñòè÷åñêîì òåëå

ñëåäóåì ðàáîòàì [5, 7].
Äëÿ ïîñëåäîâàòåëüíîãî ñîåäèíåíèÿ ¾p− e¿ ñïðàâåäëèâû ñîîòíîøåíèÿ

σij = σp
ij = σe

ij , (sij = sp
ij = se

ij), εij = εp
ij + εe

ij , (2)

ãäå sij = σij − 1
3σnnδij� êîìïîíåíòû äåâèàòîðà òåíçîðà íàïðÿæåíèé, δij � ñèìâîë Êðîíåêåðà,

εij � êîìïîíåíòû òåíçîðà äåôîðìàöèé.
Äëÿ ïàðàëëåëüíîé ñâÿçêè ¾1− 2¿ ñïðàâåäëèâû ñîîòíîøåíèÿ
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Â òåëå îñòàþòñÿ íåñõëîïíóòûå ïîðû, ïîêà

εe
nn < ε0. (6)

Òåëî îñòàåòñÿ óïðóãèì, ïîêà

sijsij < k2. (7)

Â ýòîì ñëó÷àå ïîëíûå íàïðÿæåíèÿ è äåôîðìàöèè â òåëå îïðåäåëÿþòñÿ ïî ôîðìóëàì (3).
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Åñëè sijsij ≥ k2, òî ïîëíàÿ äåôîðìàöèÿ óäîâëåòâîðÿåò ñîîòíîøåíèþ (2), ãäå εe
ij =
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2
.

Ïëàñòè÷åñêàÿ ñîñòàâëÿþùàÿ îáúåìíîé äåôîðìàöèè óäîâëåòâîðÿåò óñëîâèþ íåñæèìàåìî-
ñòè

εp
nn = 0. (8)

Ñêîðîñòè ïëàñòè÷åñêîé äåôîðìàöèè ε̇p
ij = 0, åñëè(
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Òåíçîð ñêîðîñòåé ïëàñòè÷åñêèõ äåôîðìàöèé ñâÿçàí ñ òåíçîðîì íàïðÿæåíèé ñîîòíîøåíèÿìè
àññîöèèðîâàííîãî çàêîíà ïëàñòè÷åñêîãî òå÷åíèÿ
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åñëè âûïîëíÿåòñÿ óñëîâèå ïëàñòè÷åñêîãî òå÷åíèÿ [5](
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= k2. (11)

Íàïðÿæåíèÿ, îäèíàêîâûå äëÿ ¾e¿ è ¾p¿, â ÷àñòè ¾p¿ ñêëàäûâàþòñÿ èç ñóììû σij =
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. Òåëî îñòàåòñÿ óïðóãèì ïðè íàëè÷èè íåñõëîïíóòûõ ïîð, ïîêà(
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Ðàññìîòðèì ãîðíûé ìàññèâ ñ öèëèíäðè÷åñêîé êðóãîâîé âûðàáîòêîé ðàäèóñà R0, ðåîëîãè-
÷åñêèå ñâîéñòâà êîòîðîãî îïðåäåëÿþòñÿ ñîãëàñíî îïèñàííîé âûøå ìîäåëè. Ê âíóòðåííåìó
êîíòóðó âûðàáîòêè ïðèëîæåíà ðàâíîìåðíî ðàñïðåäåëåííàÿ íàãðóçêà q0, à íà áåñêîíå÷íîñòè
íàïðÿæåíèÿ â ìàññèâå ñòðåìÿòñÿ ê âåëè÷èíå gh (g � ñðåäíèé îáúåìíûé âåñ âûøåëåæàùèõ
ïîðîä, h � ãëóáèíà çàëîæåíèÿ âûðàáîòêè), ò. å. íà÷àëüíîå íàïðÿæåííîå ñîñòîÿíèå â ìàññèâå
(äî ïðîâåäåíèÿ âûðàáîòêè) ïðèíèìàåòñÿ ãèäðîñòàòè÷åñêèì.
Ïðîöåññ äåôîðìèðîâàíèÿ ïîðèñòîãî ìàòåðèàëà ãîðíîãî ìàññèâà âáëèçè âûðàáîòêè ìîæ-

íî ðàçäåëèòü íà äâà âçàèìîñâÿçàííûõ ýòàïà. Ïåðâûé � óïðóãîå äåôîðìèðîâàíèå ñæèìàå-
ìîé ïîðèñòîé ñðåäû, âòîðîé � íåóïðóãîå äåôîðìèðîâàíèå ñæàòîãî ñêåëåòà ñ óïðóãî-âÿçêî-
ïëàñòè÷åñêèìè ñâîéñòâàìè.
Íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå ãîðíîãî ìàññèâà íà ïåðâîì ýòàïå, òî åñòü, êîãäà

âûïîëíÿåòñÿ óñëîâèå (12), â îñåñèììåòðè÷íîì ñëó÷àå îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè
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r2
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, (13)

σr = 2(λ1 + µ1)C1 − 2µ1
C2

r2
, σθ = 2(λ1 + µ1)C1 + 2µ1

C2

r2
, (14)

ãäå u � ðàäèàëüíàÿ ñîñòàâëÿþùàÿ âåêòîðà ïåðåìåùåíèé.
Êîíñòàíòû èíòåãðèðîâàíèÿ Ñ1 è Ñ2 íàõîäÿòñÿ èç ñëåäóþùèõ ãðàíè÷íûõ óñëîâèé

σr|r→∞ = −q∞, σr|r=R0
= −q0 (15)

è èìåþò âèä

C1 =
−q∞

2(λ1 + µ1)
, C2 =

q0 − q∞
2µ1

R2
0. (16)

Îáúåìíàÿ äåôîðìàöèÿ ñ ó÷åòîì (13) è (16) îïðåäåëÿåòñÿ â ôîðìå

εr + εθ = 2C1. (17)

Èç (17) ñëåäóåò, ÷òî îáúåìíàÿ äåôîðìàöèÿ íå çàâèñèò îò ðàäèóñà, òî åñòü îíà îäèíàêîâà
âî âñåì òåëå è ïîýòîìó ñõëîïûâàíèå ïîð ïðîèçîéäåò îäíîâðåìåííî âî âñåé ñðåäå ïðè äîñòè-
æåíèè îáúåìíîé äåôîðìàöèåé çíà÷åíèÿ, ðàâíîãî íà÷àëüíîìó óäåëüíîìó îáúåìó ïîð � ε0.
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Ñëåäîâàòåëüíî, ïîëíîå ñõëîïûâàíèå ïîð ïðè óïðóãîì äåôîðìèðîâàíèè ìàññèâà ïðîèñõîäèò
ïîä äåéñòâèåì íàãðóçêè, îïðåäåëÿåìîé ðàâåíñòâîì

q∞ = (λ1 + µ1)ε0. (18)

Ïðè ýòîì ïîëÿ ïåðåìåùåíèé, äåôîðìàöèé è íàïðÿæåíèé íàõîäÿòñÿ ïî ôîðìóëàì
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2
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2
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2µ1
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R2
0

r2
,
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r2
, σθ = −(λ1 + µ1)ε0 − (λ1 + µ1)ε0
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0

r2
. (19)

Òàêèì îáðàçîì, åñëè gh < (λ1 + µ1)ε0, òî ïîëíîãî ñõëîïûâàíèÿ ïîð â ãîðíîì ìàññèâå íå
ïðîèñõîäèò è ìàòåðèàë âåäåò ñåáÿ êàê ñæèìàåìàÿ óïðóãàÿ ñðåäà ñ ïàðàìåòðàìè λ1, µ1, ε0.
Ïðè ýòîì íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè (13), (14),
(16).
Åñëè gh = (λ1 + µ1)ε0, ïðîèçîéäåò ñõëîïûâàíèå ïîð (ñæàòûé ñêåëåò) è ïðè äàëüíåéøåì

ñæàòèè âîçíèêíåò è áóäåò ðàñòè îêîëî îòâåðñòèÿ çîíà ïëàñòè÷åñêîãî òå÷åíèÿ, ïðåïÿòñòâîâàòü
ðàçâèòèþ êîòîðîé áóäóò âÿçêîñòü (η) è óïðî÷íåíèå (c) ìàòåðèàëà, òî åñòü ñæàòûé ñêåëåò
áóäåò äåôîðìèðîâàòüñÿ êàê íåñæèìàåìàÿ óïðóãî-âÿçêî-ïëàñòè÷åñêàÿ ñðåäà ñ ïàðàìåòðàìè
µ = µ1 + µ2, k, c, η.
Â ýòîì ñëó÷àå ñïëîøíàÿ ñðåäà ðàçäåëÿåòñÿ íà äâå çîíû � óïðóãóþ è ïëàñòè÷åñêóþ, â

êàæäîé èç êîòîðûõ çíà÷åíèÿ ïåðåìåùåíèé, äåôîðìàöèé è íàïðÿæåíèé â òî÷êàõ ñðåäû ðàñ-
êëàäûâàþòñÿ íà êîìïîíåíòû:
à) ïîðèñòîãî ñæàòèÿ, îïðåäåëÿåìûìè ñîîòíîøåíèåì (19);
á) óïðóãî-ïëàñòè÷åñêîãî ñæàòèÿ (êîòîðûå äëÿ äåôîðìàöèé â ïëàñòè÷åñêîé çîíå â ñâîþ

î÷åðåäü ñêëàäûâàþòñÿ èç óïðóãèõ è ïëàñòè÷åñêèõ êîìïîíåíò), îïðåäåëÿåìûìè èç ðåøåíèÿ
óïðóãî-ïëàñòè÷åñêîé çàäà÷è ñ âû÷åòîì èç âíåøíåé íàãðóçêè òîé åå ÷àñòè, êîòîðàÿ èäåò íà
ïîëíîå ñõëîïûâàíèå ïîð, ò. å. âåëè÷èíû (λ1 + µ1)ε0. Ïîýòîìó ãðàíè÷íûå óñëîâèÿ äëÿ ýòèõ
êîìïîíåíò çàïèøóòñÿ â âèäå

σr|r→∞ = −(gh− (λ1 + µ1)ε0), σr|r=R0
= −q0. (20)

Íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå ñæàòîãî ñêåëåòà îïðåäåëÿåòñÿ â âèäå:
- â óïðóãîé îáëàñòè (γ < r <∞)

u =
D

r
− ε0

2
r, εr = −D

r2
− ε0

2
, εθ =

D

r2
− ε0

2
,

σr = −2 (µ1 + µ2)
D

r2
− µ2 (λ1 + µ1) ε0

µ1

R2
0

r2
−gh, σθ = 2(µ1 +µ2)

D

r2
+
µ2(λ1 + µ1)ε0

µ1

R2
0

r2
−gh; (21)

- â ïëàñòè÷åñêîé îáëàñòè (R0 < r < γ)

εp
r =

χ

c+ 2µ

√
k2 − 1

3
µ2

1ε
2
0

(
γ2

r2
− 1
)(

e−
c+2µ

η t − 1
)
,

σr = −q0 + 4µ ·
r∫

R0

εp
r

ρ
dρ+

(
2µD +

µ2 (λ1 + µ1) ε0R2
0

µ1

)(
1
R2

0

− 1
r2

)
,

σθ = −q0 + 4µ

εp
r +

r∫
R0

εp
r

ρ
dρ

+
(

2µD +
µ2(λ1 + µ1)ε0R2

0

µ1

)(
1
R2

0

+
1
r2

)
, (22)

ãäå

D(t) = − (λ1+µ1)µ2ε0
2µµ1

R2
0 + ηχ

2µ(c+2µ)

√
k2 − 1

3µ
2
1ε

2
0

(
2γγ̇

(
1− e−

c+2µ
η t
)

+ c+2µ
η γ2

)
,

χ = sign(q0 − gh).
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Óñëîâèÿ ñîâìåñòíîñòè íàïðÿæåíèé íà ãðàíèöå γ ðàçäåëà çîí óïðóãîãî è ïëàñòè÷åñêîãî
äåôîðìèðîâàíèÿ èìåþò âèä

[σr]|r=γ = 0. (23)

Çäåñü êâàäðàòíûå ñêîáêè îáîçíà÷àþò ðàçíîñòü çíà÷åíèé âûðàæåíèé, ñîîòâåòñòâóþùèõ
óïðóãîé è ïëàñòè÷åñêîé îáëàñòè íà ãðàíèöå γ.
Ðàäèóñ ðàçäåëà çîí óïðóãîãî è ïëàñòè÷åñêîãî äåôîðìèðîâàíèÿ ñ ó÷åòîì (21)�(23) îïðåäå-

ëèì â âèäå

gh− q0 − 4µχ
c+2µ

√
k2 − 1

3µ
2
1ε

2
0

(
e−

c+2µ
η t − 1

)(
1
2

(
1− γ2

R2
0

)
+ ln γ

R0

)
+

+ ηχ
R2

0(c+2µ)

√
k2 − 1

3µ
2
1ε

2
0

(
2γγ̇

(
1− e−

c+2µ
η t
)

+ c+2µ
η γ2

)
= 0.

. (24)

Äëÿ îïðåäåëåíèÿ îñíîâíîãî íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ýòîé çàäà÷è èñïîëüçî-
âàëèñü óðàâíåíèÿ ðàâíîâåñèÿ, óñëîâèå ïëàñòè÷íîñòè (11), ñîîòíîøåíèÿ àññîöèèðîâàííîãî çà-
êîíà ïëàñòè÷åñêîãî òå÷åíèÿ (10), ñîîòíîøåíèÿ, ñâÿçûâàþùèå ïîëíûå óïðóãèå è ïëàñòè÷åñêèå
äåôîðìàöèè (2), ñâÿçü ìåæäó íàïðÿæåíèÿìè è äåôîðìàöèÿìè â âèäå (2), (4), (5), ãðàíè÷íûå
óñëîâèÿ (15), (20), à òàêæå óñëîâèÿ ñîïðÿæåíèÿ ðåøåíèé â óïðóãîé è ïëàñòè÷åñêîé îáëàñòÿõ
(23).
Èññëåäîâàíèå óñòîé÷èâîñòè îñíîâíîãî ñîñòîÿíèÿ (21), (22) ãîðíîãî ìàññèâà ñî ñæàòûì ñêå-

ëåòîì âáëèçè êðóãîâîé öèëèíäðè÷åñêîé âûðàáîòêè ïðè ïðèíÿòèè îáîáùåííîé êîíöåïöèè ïðî-
äîëæàþùåãîñÿ íàãðóæåíèÿ [9] ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé
â âàðèàöèÿõ ïðè ñîîòâåòñòâóþùèõ ãðàíè÷íûõ óñëîâèÿõ [5].
Óðàâíåíèÿ ðàâíîâåñèÿ äëÿ îáëàñòåé ïëàñòè÷åñêîãî V p è óïðóãîãî V e äåôîðìèðîâàíèÿ

ìàññèâà ñî ñæàòûì ñêåëåòîì èìåþò âèä

∇i

(
σi

j +
0

σi
α∇αuj

)
− ρs2uj = 0, s = iω. (25)

Çäåñü è äàëåå ∇ � ñèìâîë êîâàðèàíòíîãî äèôôåðåíöèðîâàíèÿ, êðóæîê ââåðõó ñîîòâåòñòâó-
åò êîìïîíåíòàì îñíîâíîãî íåâîçìóùåííîãî ñîñòîÿíèÿ, îïðåäåëåííîãî ñîîòíîøåíèÿìè (21)�
(22).
Ãðàíè÷íûå óñëîâèÿ íà âíóòðåííåé ïîâåðõíîñòè âûðàáîòêè è óñëîâèÿ çàòóõàíèÿ âîçìóùå-

íèé íà âíåøíåé ïîâåðõíîñòè Så∞ ìàññèâà çàïèøåì â âèäå

Ni

(
σi

j +
0

σi
α∇αuj

)
= 0, uj |r→∞ → 0. (26)

Óñëîâèÿ íåïðåðûâíîñòè íà óïðóãîïëàñòè÷åñêîé ãðàíèöå γ èìåþò âèä[
Ni

(
σi

j +
0

σi
α∇αuj

)]
= 0, [uj ] = 0. (27)

Ñâÿçü ìåæäó àìïëèòóäíûìè çíà÷åíèÿìè íàïðÿæåíèé è ïåðåìåùåíèé äëÿ ñæàòîãî ñêåëåòà,
îáëàäàþùåãî óïðóãî-âÿçêî-ïëàñòè÷åñêèìè ñâîéñòâàìè è ñâîéñòâîì äàëüíåéøåé íåñæèìàåìî-
ñòè â ïëàñòè÷åñêîé è óïðóãîé îáëàñòÿõ, ïðåäñòàâèìà â ôîðìå

σβ
j = pδβ

j + 2µεβ
j − abfβ

j , (28)

ãäå a = 4µ2

k2(2µ+c+ηs) , f
β
j =

0

sβ
j −c

0p

εβ
j , b = fk

l ε
k
l

Â óïðóãîé îáëàñòè íàäî ïîëîæèòü a = 0.
Óñëîâèå íåñæèìàåìîñòè äëÿ ìàòåðèàëà ãîðíîãî ìàññèâà ñî ñæàòûì ñêåëåòîì ïðåäñòàâèìî

â ôîðìå

∇αuα = 0. (29)
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Óðàâíåíèÿ (25)�(28) ñ ó÷åòîì óñëîâèÿ íåñæèìàåìîñòè (29) â îáëàñòÿõ V p è V e ìàññè-
âà ïðåäñòàâëÿþò ñîáîé âçàèìîñâÿçàííóþ çàìêíóòóþ ñèñòåìó óðàâíåíèé äëÿ èññëåäîâàíèÿ
óñòîé÷èâîñòè îñíîâíîãî ñîñòîÿíèÿ âåðòèêàëüíîé öèëèíäðè÷åñêîé âûðàáîòêè, êîãäà èìååòñÿ
ãðàíèöà îáëàñòåé óïðóãîãî è ïëàñòè÷åñêîãî ïîâåäåíèÿ ìàòåðèàëà ïðè íàãðóæåíèè â ìàññèâå
ãîðíûõ ïîðîä ñî ñæàòûìè ïîðàìè. Ñèñòåìà óðàâíåíèé (25), (28), (29) ïðåäñòàâëÿåò ñîáîé
ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ îòíîñèòåëüíî àìïëèòóäíûõ
çíà÷åíèé âåêòîðîâ ïåðåìåùåíèé u, v, w è ãèäðîñòàòè÷åñêîãî äàâëåíèÿ ð äëÿ ïëàñòè÷åñêîé è
óïðóãîé çîí ìàññèâà. Íåòðèâèàëüíîå ðåøåíèå ýòîé çàäà÷è ñîîòâåòñòâóåò ïîòåðå óñòîé÷èâîñòè
îñíîâíîãî ñîñòîÿíèÿ. Äëÿ íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé ïåðåìåùåíèÿ è ãèäðîñòàòè÷å-
ñêèå äàâëåíèÿ â êàæäîé èç çîí óïðóãîãî è ïëàñòè÷åñêîãî äåôîðìèðîâàíèÿ ãîðíîãî ìàññèâà
àïïðîêñèìèðóåì äâîéíûìè òðèãîíîìåòðè÷åñêèìè ðÿäàìè

u =
∞∑
n

∞∑
m

Anm(r) cos(mθ) cos(nz), v =
∞∑
n

∞∑
m

Bnm(r) sin(mθ) cos(nz),

w =
∞∑
n

∞∑
m

Cnm(r) cos(mθ) sin(nz), p =
∞∑
n

∞∑
m

Dnm(r) cos(mθ) cos(nz), (30)

ãäå n,m � ïàðàìåòðû âîëíîîáðàçîâàíèÿ.
Ïîäñòàâëÿÿ u, v, w, p â ëèíåàðèçèðîâàííûå óðàâíåíèÿ óñòîé÷èâîñòè (25) è ó÷èòûâàÿ (28),

ïîñëå ðÿäà ïðåîáðàçîâàíèé ïîëó÷èì áåñêîíå÷íóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé îòíîñèòåëüíî ôóíêöèé A (r), B (r),C (r),D (r)

A
(
a2,r + 1

r

(
r2ρω2 − 0

σθ −a4

)
−
(
a5 + 1

r

0
σθ

)
m2 −

(
µr + r

0
σz

)
n2
)

+

+A′
(
a1 + a2 − a3 + ra1,r + r

0
σr,r +

0
σr

)
+A′′

(
ra1 + r

0
σr

)
+

+B
(
−1
r
a4 − a5 + a2,r −

2
r

0
σθ

)
m+B′ (a2 + ra5)m+ C ′rµn+D′r = 0,

−A
(

1
ra4 + 2a5 + ra5,r + 2

r

0
σθ

)
m−A′ (a3 + ra5)m−

−B
(
2a5 + ra5,r − 1

r

(
r2ρω2 − 0

σθ

)
+ 1

r

(
a4 +

0
σθ

)
m2 + r

(
µ+

0
σz

)
n2
)

+

+B′
(
2ra5 + r2a5,r + r

0
σr,r +

0
σr

)
+B′′

(
r2a5 + r

0
σr

)
+ Cµmn+mD = 0,

−Aµn−A′rµn−Bµnm+ C
(
rρω2 − 1

r

(
µ+

0
σθ

)
m2 − r

(
2µ+

0
σz

)
n2
)

+

+C ′
(
µ+ r

0
σr,r +

0
σr

)
+ C ′′r

(
µ+ σ0

r

)
−Drn = 0,

(31)

ãäå ai (i=1,2,. . . ,5) ñîãëàñíî (28) è (21), (22) îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè

a1 = −af2
r + 2µ, a2 = −afrfθ, a3 = −afrfθ, a4 = −(af2

θ − 2µ), a5 =
µ

r
.

Â ãîðíîì ìàññèâå â ïëàñòè÷åñêîé îáëàñòè V p äîêðèòè÷åñêîå ñîñòîÿíèå îïðåäåëÿåòñÿ ïî
ôîðìóëàì (22), à â óïðóãîé îáëàñòè V e � ïî ôîðìóëàì (21). Äëÿ óïðîùåíèÿ çàïèñè çäåñü â
(30) è äàëåå èíäåêñû n,m ó âåëè÷èí À, Â, Ñ, D îïóùåíû. Îòìåòèì, ÷òî åñëè óñòîé÷èâîñòü
îñíîâíîãî ñîñòîÿíèÿ èññëåäîâàòü ïî ïðåäåëüíîé [5] ñèñòåìå óðàâíåíèé, òî â ñîîòíîøåíèÿõ
(21), (22), îïðåäåëÿþùèõ äîêðèòè÷åñêîå ñîñòîÿíèå, ñëåäóåò t→∞.
Ãðàíè÷íûå óñëîâèÿ (26) íà âíóòðåííåé ïîâåðõíîñòè âûðàáîòêè ïðè r = R0 ñ ó÷åòîì (28)

è (30) ïðèíèìàþò âèä

Apa2 +A′pR0

(
ap
1 +

0

σp
r

)
+Bpmap

2 +DpR0 = 0,

Apm+Bp −B′p

R0 +

0
σp

r

ap
9

 = 0, Apnµ− C ′p(µ+
0

σp
r ) = 0. (32)
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Óñëîâèå íåñæèìàåìîñòè (29) ïðè ó÷åòå (28), (30) çàïèøåòñÿ â ôîðìå

A+A′r +Bm+ Cnr = 0. (33)

Àíàëîãè÷íûì îáðàçîì ìîãóò áûòü âûïèñàíû â òåðìèíàõ ôóíêöèé A (r), B (r), C (r), D (r)
è óñëîâèÿ íåïðåðûâíîñòè (27) íà ïîâåðõíîñòè, ðàçäåëÿþùåé çîíû óïðóãîãî è ïëàñòè÷åñêîãî
äåôîðìèðîâàíèÿ.
Èç óñëîâèÿ ëîêàëüíîñòè âîçìóùåíèé uj → 0 ïðè r →∞ (j=1, 2, 3) ñ ó÷åòîì (30) ïîëó÷èì

(A′)e = 0, (B′)e = 0 (C ′)e = 0. (34)

Íàéòè òî÷íîå àíàëèòè÷åñêîå ðåøåíèå êðàåâîé çàäà÷è (31)�(34) ñ ó÷åòîì (27) íå ïðåä-
ñòàâëÿåòñÿ âîçìîæíûì. Áóäåì èñêàòü ïðèáëèæåííîå ðåøåíèå ìåòîäîì êîíå÷íûõ ðàçíîñòåé.
Â ðåçóëüòàòå ïîëó÷èì áåñêîíå÷íóþ ñèñòåìó îäíîðîäíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ëèíåé-
íûõ îòíîñèòåëüíî ïàðàìåòðîâ Anm, Bnm, Cnm, Dnm. Ñëåäîâàòåëüíî, îïðåäåëåíèå âåëè÷èíû
êðèòè÷åñêîé íàãðóçêè q0, ñîîòâåòñòâóþùåé ëîêàëüíîé ïîòåðå óñòîé÷èâîñòè ìàññèâà ãîðíûõ
ïîðîä ñî ñõëîïíóòûìè ïîðàìè îêîëî êðóãîâîé öèëèíäðè÷åñêîé âûðàáîòêè, ñâîäèòñÿ ê ðàç-
ðåøèìîñòè ìàòðè÷íîãî óðàâíåíèÿ. Ïðè âû÷èñëåíèè îïðåäåëèòåëÿ íàðÿäó ñ íàõîæäåíèåì îñ-
íîâíîãî íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ äëÿ êàæäîé îáëàñòè V ð, V å ìàññèâà (22),
(21) íåîáõîäèìî ó÷èòûâàòü óðàâíåíèå (23), îïðåäåëÿþùåå ïîëîæåíèå óïðóãîïëàñòè÷åñêîé
ãðàíèöû γ â ãîðíîì ìàññèâå. Ìèíèìèçàöèÿ äîëæíà ïðîèçâîäèòüñÿ ïî øàãó ðàçíîñòíîé ñåò-
êè, ïàðàìåòðàì âîëíîîáðàçîâàíèÿ ïî êîíòóðó m è îáðàçóþùåé n, ïàðàìåòðàì ìàòåðèàëà è
êîíñòðóêöèè λj . Òàêèì îáðàçîì, ïîëó÷àåì çàäà÷ó ìíîãîìåðíîé îïòèìèçàöèè âåëè÷èíû q0 â
çàâèñèìîñòè îò m, n ïðè óñëîâèè ðàâåíñòâà íóëþ îïðåäåëèòåëÿ ïîëó÷åííîé àëãåáðàè÷åñêîé
ñèñòåìû: det (q0,m, n, λj)=0.
Íà ðèñ. 2 è 3 ïðåäñòàâëåíà çàâèñèìîñòü êðèòè÷åñêîãî äàâëåíèÿ íà êîíòóðå âûðàáîòêè îò

âåëè÷èíû ãèäðîñòàòè÷åñêîãî äàâëåíèÿ gh. Ïðè ýòîì R0 = 0.4, µ1 = 1, µ2 = 0.6, c = 0.3,
λ1 = 0.1, η = 0.01, èì ñîîòâåòñòâóþò çíà÷åíèÿ ïàðàìåòðîâ âîëíîîáðàçîâàíèÿ n = m = 2. Íà
ðèñ. 2 êðèâûå 1, 2, 3 ñîîòâåòñòâóþò ε0 ·10−3 = 0.2, 0.5, 0.7. Ïðè ýòîì λ1 = 0.1. Íà ðèñ. 3 êðèâûå
1, 2, 3 ñîîòâåòñòâóþò λ1 =0.1, 0.2, 0.3. Ïðè ýòîì ε0 · 10−3 = 0.1.
Àíàëèç ÷èñëåííîãî ýêñïåðèìåíòà ïîêàçàë, ÷òî ïðè óâåëè÷åíèè ãëóáèíû çàëîæåíèÿ âûðà-

áîòêè âåëè÷èíà êðèòè÷åñêîãî äàâëåíèÿ íà êîíòóðå âûðàáîòêè óâåëè÷èâàåòñÿ (ðèñ. 2 è 3); ñ
ðîñòîì êîýôôèöèåíòà Ëàìå λ1 îáëàñòü óñòîé÷èâîñòè óâåëè÷èâàåòñÿ (ðèñ. 3). Êðèòè÷åñêàÿ
íàãðóçêà íà êîíòóðå âûðàáîòêè ïðè óâåëè÷åíèè âåëè÷èíû íà÷àëüíîãî óäåëüíîãî îáúåìà ïîð
óìåíüøàåòñÿ (ðèñ. 2).
Åñëè â ñîîòíîøåíèÿõ (21), (22) ïîëîæèòü ε0 = 0, òî ïðèäåì ê ðåçóëüòàòàì ðàáîòû [5] äëÿ

ñëó÷àÿ êðóãîâîé öèëèíäðè÷åñêîé âûðàáîòêè.
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THE STEADINESS OF CYLINDRICAL MINES IN POROUS MASSIFS WITH
COMPLEX RHEOLOGY OF COMPRESSED STRUCTURE
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Abstract. The mathematical model of undercritical stressedly-deformed condition of massif
near cylindrical mine with taking into consideration porous material structure and viscoelastic
characteristics of compressed structure is built. The steadiness of massif ground state with
compressed pores near round cylindrical mines is researched within the framework of exact three-
dimensional equations of steadiness. The estimation of in�uence of massif parameters on the amount
of critical pressure is given in the work.

Keywords: porous materials with complex rheology of compressed structure, cylindrical mines,
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