
Âåñòíèê ×ÃÏÓ èì. È. ß. ßêîâëåâà
Ñåðèÿ: Ìåõàíèêà ïðåäåëüíîãî ñîñòîÿíèÿ. 2010. �2(6). Ñ. 46�56

Ñ.Â. Èâàíîâà

ÓÏÐÓÃÎÏËÀÑÒÈ×ÅÑÊÎÅ ÑÎÑÒÎßÍÈÅ ÒÎËÑÒÎÉ ÏËÈÒÛ ÈÇ
ÀÍÈÇÎÒÐÎÏÍÎÃÎ ÑÆÈÌÀÅÌÎÃÎ ÌÀÒÅÐÈÀËÀ, ÎÑËÀÁËÅÍÍÎÉ
ÎÒÂÅÐÑÒÈÅÌ ÏÎÄ ÄÅÉÑÒÂÈÅÌ ÐÀÑÒßÃÈÂÀÞÙÈÕ ÓÑÈËÈÉ

×óâàøñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èì. È.ß. ßêîâëåâà

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ íàïðÿæåííîå óïðóãîïëàñòè÷åñêîå ñîñòîÿíèå òîëñòîé
ïëèòû ñ ýëëèïòè÷åñêèì îòâåðñòèåì èç àíèçîòðîïíîãî ñæèìàåìîãî ìàòåðèàëà ïðè äâóîñíîì
ðàñòÿæåíèè íà áåñêîíå÷íîñòè â ñëó÷àå ïëîñêîé äåôîðìàöèè. Ðåøåíèå çàäà÷è âûïîëíåíî ìå-
òîäîì ìàëîãî ïàðàìåòðà [2], â ïåðâîì ïðèáëèæåíèè îïðåäåëåíû êîìïîíåíòû íàïðÿæåíèÿ è
ïåðåìåùåíèÿ â óïðóãîé è ïëàñòè÷åñêîé îáëàñòÿõ, îïðåäåëåíà ãðàíèöà ïëàñòè÷åñêîé çîíû.

Êëþ÷åâûå ñëîâà: íàïðÿæåíèå, äåôîðìàöèÿ, óïðóãîñòü, ïëàñòè÷íîñòü, àíèçîòðîïèÿ, ðàñ-
òÿæåíèå, ïëèòà, îòâåðñòèå.

ÓÄÊ: 539.374

Ðàññìîòðèì àíèçîòðîïíóþ èäåàëüíîïëàñòè÷åñêóþ ïëèòó, îñëàáëåííóþ ýëëèïòè÷åñêèì îò-
âåðñòèåì ñ ïîëóîñÿìè a(1−ñ), a(1+ñ). Â ïëîñêîñòè xy ïëèòà ðàñòÿãèâàåòñÿ íà áåñêîíå÷íîñòè
âçàèìíî ïåðïåíäèêóëÿðíûìè óñèëèÿìè p1 è p2.
Ïîëîæèì

ñ = δd1,
p1 − p2

2k
= δd2, k, p1, p2 − const, (1)

ãäå k � ïðåäåë òåêó÷åñòè ïðè ñäâèãå, δ, d1, d2 � áåçðàçìåðíûå ïîñòîÿííûå, ïðèíèìàþùèå
çíà÷åíèå â ïðåäåëàõ: 0 ≤ δ ≤ 1, 0 ≤ di ≤ 1.
Î÷åâèäíî, ÷òî ïðè d1 = 0, d2 = 1 èìååò ìåñòî äâóîñíîå ðàñòÿæåíèå ïëèòû ñ êðóãîâûì

îòâåðñòèåì, ïðè d1 = 1, d2 = 0 èìååò ìåñòî ïëèòà ñ ýëëèïòè÷åñêèì îòâåðñòèåì, ðàâíîìåðíî
ðàñòÿãèâàåìàÿ íà áåñêîíå÷íîñòè. Â íóëåâîì ïðèáëèæåíèè (ïðè δ = 0) èìååò ìåñòî îñåñèì-
ìåòðè÷íîå ñîñòîÿíèå ïëîñêîñòè ñ êðóãîâûì îòâåðñòèåì.
Óðàâíåíèå êîíòóðà ýëëèïòè÷åñêîãî îòâåðñòèÿ çàïèøåì â âèäå

x2

a2(1 + c)2
+

y2

a2(1− c)2
= 1, (2)

ïðè c = 0 ñîãëàñíî (2) èìååò ìåñòî êðóãîâîå îòâåðñòèå ðàäèóñà a.
Â äàëüíåéøåì îòíåñåì âñå âåëè÷èíû, èìåþùèå ðàçìåðíîñòü äëèíû ê âåëè÷èíå r0s - ðàäèóñó

óïðóãîïëàñòè÷åñêîé çîíû â èñõîäíîì íóëåâîì ïðèáëèæåíèè.
Â äàëüíåéøåì ïåðåéäåì ê ïîëÿðíîé ñèñòåìå êîîðäèíàò ρ, θ

x = ρ cos θ, y = ρ sin θ, ρ =
√
x2 + y2, tgθ =

y

x
. (3)

Ñîãëàñíî (3), óðàâíåíèå (2) çàïèøåì â âèäå
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ρ =
α(1− δ2d2

1)√
1− 2δd1 cos 2θ + δ2d2

1

= α

[
−1 + δd1 cos 2θ − 3

4
δ2d2

1(1− cos 4θ)+ (4)

+
5
8
δ3d3

1(cos 2θ + cos 6θ)
]

+ ... ,

ãäå α = a
r0

s
, ρ = r

r0
s
.

Ïðèïèøåì êîìïîíåíòàì íàïðÿæåíèÿ â ïëàñòè÷åñêîé çîíå èíäåêñ ¾p¾¿ íàâåðõó, à óïðóãîé
� èíäåêñ ¾å¿ íàâåðõó.
Óñëîâèå ïëàñòè÷íîñòè ïðèìåì â âèäå

A(σ(p)
x − σ(p)

y )2 + 4Bτ (p)2
xy = (2k + µσ)2, σ = 1/2(σx + σy), A,B, µ− const, (5)

ãäå σx, σy, τxy � êîìïîíåíòû íàïðÿæåíèÿ â äåêàðòîâîé ñèñòåìå êîîðäèíàò, µ � êîýôôèöèåíò
ñæèìàåìîñòè.
Â äàëüíåéøåì îòíåñåì êîìïîíåíòû íàïðÿæåíèÿ σij ê âåëè÷èíå ïðåäåëà òåêó÷åñòè íà ñäâèã

k, ïðè ýòîì äëÿ áåçðàçìåðíûõ âåëè÷èí ñîõðàíèì îáîçíà÷åíèÿ.
Óñëîâèå ïëàñòè÷íîñòè (5) îïðåäåëÿåò ñâîéñòâà àíèçîòðîïíîãî èäåàëüíîïëàñòè÷åñêîãî ìà-

òåðèàëà. Êîýôôèöèåíòû A,B õàðàêòåðèçóþò àíèçîòðîïèþ ìàòåðèàëà. Ïðè A = B = C = 1,
ñîãëàñíî (5), èìååò ìåñòî èçîòðîïíûé ìàòåðèàë.
Ñîãëàñíî (5), àíèçîòðîïèÿ ìàòåðèàëà îðèåíòèðîâàíà â äåêàðòîâîé ñèñòåìå êîîðäèíàò x, y.
Ñâÿçü ìåæäó íàïðÿæåíèÿìè â äåêàðòîâîé ñèñòåì êîîðäèíàò x, y è íàïðÿæåíèÿìè â ïîëÿð-

íîé ñèñòåìå êîîðäèíàò ρ, θ èìååò âèä

σx =
σρ + σθ

2
+
σρ − σθ

2
cos 2θ + τρθ sin 2θ,

σy =
σρ + σθ

2
− σρ − σθ

2
cos 2θ − τρθ sin 2θ, (6)

τxy = −σρ − σθ

2
sin 2θ + τρθ cos 2θ.

Èç (5), (6) ïîëó÷èì óñëîâèå ïëàñòè÷íîñòè â ïîëÿðíûõ êîîðäèíàòàõ

(σ(p)
ρ − σ

(p)
θ )2[

A+B

2
+
A−B

2
cos 4θ] + 4τ (p)2

ρθ [
A+B

2
+
A−B

2
cos 4θ]+ (7)

+(σ(p)
ρ − σ

(p)
θ )τ (p)

ρθ [A−B] sin 4θ = (2 + µσ)2,

ãäå σ = 1
2 (σρ + σθ).

Ðåøåíèå áóäåì èñêàòü â âèäå

σij = σ
(0)
ij + δσ

(I)
ij + δ2σ

(0)
ij + ...,

A = 1 + aδ,B = 1 + bδ, µ = µ̄δ; a, b, µ̄− const, (8)

δ =
p1 − p2

2
, p1, p2 − const,

ãäå èíäåêñ ¾0¿ íàâåðõó ïðèïèñàí êîìïîíåíòàì â íóëåâîì èñõîäíîì ñîñòîÿíèè ïðè δ = 0. Â
äàëüíåéøåì ÷åðòó íàä µ îïóñòèì.
Â èñõîäíîì íóëåâîì ïðèáëèæåíèè èìååò ìåñòî îñåñèììåòðè÷åñêîå ñîñòîÿíèå

τ
(0)
ρθ = 0. (9)

Èç (7), (8) ñëåäóåò
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((
σ(0)p

ρ − σ
(0)p
θ

)
+ δ

(
σ(I)p

ρ − σ
(I)p
θ

))2
(

1 + δ
a+ b

2
+ δ

a− b

2
cos 4θ

)
+

+
((
σ(0)p

ρ − σ
(0)p
θ

)
+ δ

(
σ(I)p

ρ − σ
(I)p
θ

))(
τ

(0)p
ρθ + δτ

(I)p
ρθ

)
(2δ (a− b) sin 4θ) + (10)

+4
(
τ

(0)
ρθ + δτ

(I)
ρθ

)2
(

1 + δ
a+ b

2
+ δ

a− b

2
cos 4θ

)
= (2 + µδσ)2 .

Â èñõîäíîì íóëåâîì ïðèáëèæåíèè ñîãëàñíî (9), (10) èìååò ìåñòî

σ(0)p
ρ − σ

(0)p
θ = ±2. (11)

Ñîãëàñíî [2] â íóëåâîì ïðèáëèæåíèè ñ ãðàíè÷íûì óñëîâèåì σ
(0)p
ρ = 0 ïðè ρ = α ïîëó÷èì

σ(0)p
ρ = 2 ln(ρ/α), σ(0)p

θ = 2(1 + ln ρ/α), τ (0)p
ρθ = 0. (12)

Èç (10) â ïåðâîì ïðèáëèæåíèè èìååò ìåñòî

2(σ(0)p
ρ − σ

(0)p
θ )(σ(I)p

ρ − σ
(I)p
θ ) + (σ(0)p

ρ − σ
(0)p
θ )2

(
a+ b

2
+
a− b

2
cos 4θ

)
= (13)

= 2µ(σ(0)p
ρ + σ

(0)p
θ ).

Óðàâíåíèå ðàâíîâåñèÿ â ïîëÿðíîé ñèñòåìå êîîðäèíàò èìååò âèä

∂σ
(I)
ρ

∂ρ
+

1
ρ

∂τ
(I)
ρθ

∂θ
+
σ

(I)
ρ − σ

(I)
θ

ρ
= 0, (14)

∂τ
(I)
ρθ

∂ρ
+

1
ρ

∂σ
(I)
θ

∂θ
+

2τ (I)
ρθ

ρ
= 0.

Óðàâíåíèÿì ðàâíîâåñèÿ óäîâëåòâîðèì, ïîëàãàÿ
σ

(I)
ρ = 1

ρ
∂Φ(I)

∂ρ + 1
ρ2

∂2Φ(I)

∂2θ2 ,

σ
(I)
θ = ∂2Φ(I)

∂ρ2 ,

τ
(I)
ρθ = − ∂

∂ρ

(
1
ρ

∂Φ(I)

∂θ

)
.

(15)

Äëÿ îïðåäåëåíèÿ ïåðâîãî ïðèáëèæåíèÿ ñîãëàñíî (12), (13) èìååò ìåñòî óðàâíåíèå

(σ(I)
ρ − σ

(I)
θ ) = µ(2 ln ρ+ 1)−

(
a+ b

2
+
a− b

2
cos 4θ

)
. (16)

Èç (15), (16) íàéäåì óðàâíåíèå äëÿ îïðåäåëåíèÿ ôóíêöèè íàïðÿæåíèÿ Φ(I)p:

ρ2 · ∂
2Φ(I)p

∂ρ2
− ρ

∂Φ(I)p

∂ρ
− ∂2Φ(I)p

∂θ2
= ρ2 ·

[
µ(2 ln ρ+ 1)−

(
a+ b

2
+
a− b

2
cos 4θ

)]
. (17)

Ôóíêöèþ íàïðÿæåíèÿ ïðåäñòàâèì â âèäå Φ(I)p = Φ(I)p
îäíîð + Φ(I)p

íåîäíîð

Φ(I)p
îäíîð = Ñ00 + Ñ01ρ

2 +
(
Ñ21ρ cos(

√
3 ln ρ) + Ñ22ρ sin(

√
3 ln ρ)

)
cos 2θ+

+
(
Ñ41ρ cos

(√
15 ln ρ

)
+ Ñ42ρ sin

(√
15 ln ρ

))
cos 4θ, (18)

Φ(I)p
íåîäíîð =

1
2
µρ2

(
ln2 ρ− ln ρ+ 1/2

)
+

µ

2ρ
ln ρ− a+ b

4
ln ρ− a− b

32
ρ2 cos 4θ.
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Îáùåå ðåøåíèå â ïåðâîì ïðèáëèæåíèè ñîãëàñíî [2], (18) çàïèøåì â âèäå

σ(I)p
ρ = Ñ00 +

1
ρ

((√
3Ñ22 − 3Ñ21

)
cos(

√
3 ln ρ)−

(
3Ñ22 +

√
3Ñ21

)
sin(

√
3 ln ρ)

)
cos 2θ+

+
1
ρ

((√
15Ñ42 − 15Ñ41

)
cos(

√
15 ln ρ)−

(
15Ñ42 +

√
15Ñ41

)
sin(

√
15 ln ρ)− a− b

16

)
cos 4θ+

+µ(ln2 ρ

α
+ ln

ρ

α
− 1

2
) +

µ

2ρ
(ln ρ+ 1)− (a+ b)

4ρ2
,

σ
(I)p
θ = σ(I)p

ρ − µ(2 ln ρ+ 1)−
(
a+ b

2
+
a− b

2
cos 4θ

)
, (19)

τ
(I)p
ρθ =

2
√

3
ρ

(
Ñ22 cos(

√
3 ln ρ)− Ñ21 sin(

√
3 ln ρ)

)
sin 2θ+

+
4
√

15
ρ

(
Ñ42 cos(

√
15 ln ρ)− Ñ41 sin(

√
15 ln ρ) +

(a− b)
8

)
sin 4θ.

Êîýôèöèåíòû C00, C21, C22, C41, C42 îïðåäåëèì èç (19) è ãðàíè÷íûõ óñëîâèé ïðè ρ = α. Â
ïåðâîì ïðèáëèæåíèè ãðàíè÷íûå óñëîâèÿ ïðè ρ = α ñîãëàñíî [2] èìåþò âèä

σ
(I) p
ρ = −d1 cos 2θ,
τ

(I) p
ρθ = −2d1 sin 2θ.

(20)

Èç (19) è (20) ïîëó÷èì

C00 =
µ

2

(
1− 1

α
(lnα+ 1)

)
+
a+ b

4α2
,

C21 = d1α
sin(

√
3 lnα)√
3

,

C22 = −d1α
cos

√
3 lnα√
3

, (21)

C41 = −a− b

120

(
1
2

cos(
√

15 lnα)−
√

15 cos(
√

15 lnα) + 15 sin(
√

15 lnα)
)
,

C42 = −a− b

120

(
15 cos(

√
15 lnα)−

√
15 sin(

√
15 lnα) +

1
2

sin(
√

15 lnα)
)
.

Ñîãëàñíî (19), (21) êîìïîíåíòû íàïðÿæåííîãî ñîñòîÿíèÿ â ïëàñòè÷åñêîé îáëàñòè âáëèçè
ýëëèïòè÷åñêîãî îòâåðñòèÿ â ïåðâîì ïðèáëèæåíèè èìåþò âèä

σ(I)p
ρ = µ

(
ln2 ρ

α
+ ln

ρ

α

)
+
µ

2
(α ln ρ− ρ lnα) + (α− ρ)

αρ
+

(a+ b)
(
ρ2 − α2

)
α2ρ2

+

+
d1α√

3ρ

((√
3 cos

√
3 ln ρ− 3 sin

√
3 ln ρ

)
cos

√
3 lnα−

−
(
3 cos

√
3 ln ρ+

√
3 sin

√
3 ln ρ

)
sin
√

3 lnα
)

cos 2θ+

−a− b

120ρ

((√
15 cos

√
15 ln ρ− 15 sin

√
15 ln ρ

)(
15 cos(

√
15 lnα)−

√
15 sin(

√
15 lnα)+
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+
1
2

sin(
√

15 lnα)
)
−
(
15 cos

√
15 ln ρ+

√
15 sin

√
15 ln ρ

)(1
2

cos(
√

15 lnα)−
√

15 cos(
√

15 lnα) +

15 sin(
√

15 lnα)
)

+ 15(a− b)
)

cos 4θ,

σ
(I)p
θ = µ

(
ln2 ρ

α
+ ln

ρ

α
− 2 ln ρ− 1

)
+
µ

2
(α ln ρ− ρ lnα) + (α− ρ)

αρ
+

(a+ b)
(
2
(
ρ2 − α2

)
+ α2ρ2

)
2α2ρ2

+

+
d1α√

3ρ

((√
3 cos

√
3 ln ρ− 3 sin

√
3 ln ρ

)
cos

√
3 lnα−

−
(
3 cos

√
3 ln ρ+

√
3 sin

√
3 ln ρ

)
sin
√

3 lnα
)

cos 2θ+ (22)

−a− b

120ρ

((√
15 cos

√
15 ln ρ− 15 sin

√
15 ln ρ

)(
15 cos(

√
15 lnα)−

√
15 sin(

√
15 lnα)+

+
1
2

sin(
√

15 lnα)
)
−
(
15 cos

√
15 ln ρ+

√
15 sin

√
15 ln ρ

)(1
2

cos(
√

15 lnα)−
√

15 cos(
√

15 lnα)+

+15 sin(
√

15 lnα)
)
− 45(a− b)

)
cos 4θ,

τ
(I)p
ρθ = −2d1α

ρ

(
cos

√
3 lnα cos

√
3 ln ρ+ sin(

√
3 lnα) sin(

√
3 ln ρ)

)
sin 2θ+

−
√

15
ρ

(a− b)
30

(
cos(

√
15 ln ρ)

(
15 cos(

√
15 lnα)−

√
15 sin(

√
15 lnα) +

1
2

sin(
√

15 lnα)
)

+

+
(

1
2

cos(
√

15 lnα)−
√

15 cos(
√

15 lnα) + 15 sin(
√

15 lnα)
)

sin(
√

15 ln ρ) + 15 (a− b)
)

sin 4θ.

Óðàâíåíèÿ óïðóãîïëàñòè÷åñêîé ãðàíèöû ïðåäñòàâèì â âèäå

ρs = 1 + δρ(I)
s + δ2ρ(II)

s + ... (23)

Óñëîâèÿ ñîïðÿæåíèÿ íà óïðóãîïëàñòè÷åñêîé ãðàíèöå èìåþò âèä

σp
ρ

∣∣
ρs

= σe
ρ

∣∣
ρs

; σp
θ |ρs

= σe
θ |ρs

; τp
ρθ

∣∣∣
ρs

= τe
ρθ

∣∣
ρs
. (24)

Ãðàíè÷íûå óñëîâèÿ íà áåñêîíå÷íîñòè â óïðóãîé çîíå çàïèøåì â âèäå

σe
ρ

∣∣
ρ=∞ = q − δ cos 2θ, σe

θ |ρ=∞ = q + δ cos 2θ, τe
ρθ

∣∣
ρ=∞ = δ sin 2θ, (25)

ãäå

δ =
p1 − p2

2k
, q =

p1 + p2

2k
.

Â óïðóãîé çîíå (1 < ρ < ∞) ðàñïðåäåëåíèå íàïðÿæåíèé îïðåäåëÿåòñÿ ñîãëàñíî [1]. Óäî-
âëåòâîðÿÿ ãðàíè÷íîìó óñëîâèþ σρ = q ïðè ρ = ∞ è óñëîâèþ ñîïðÿæåíèÿ (24), èç ôîðìóë
ðàñïðåäåëåíèÿ íàïðÿæåíèé è (10) ïîëó÷èì

σ(0)e
ρ = q − 1

ρ2
, σ

(0)e
θ = q +

1
ρ2
, τ

(0)e
ρθ = 0. (26)

Óñëîâèÿ ñîïðÿæåíèÿ äëÿ íóëåâûõ êîìïîíåíòîâ ñîãëàñíî (24) èìåþò âèä
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σ(0)p
ρ

∣∣∣
ρ=1

= σ(0)e
ρ

∣∣∣
ρ=1

; σ(0)p
θ

∣∣∣
ρ=1

= σ
(0)e
θ

∣∣∣
ρ=1

. (27)

Èç (12), (26), (27) ñëåäóåò

2 ln 1
α = q − 1,

2
(
1 + ln 1

α

)
= q + 1. (28)

Èç äâóõ ñîîòíîøåíèé (28) ñ ó÷åòîì α = a
r0

s
ïîëó÷èì

r(0)s = a exp
1
2

( q
k
− 1
)
. (29)

Â ïåðâîì ïðèáëèæåíèè óñëîâèÿ ñîïðÿæåíèÿ (24) ñîãëàñíî (23) ïðèìóò âèä

σ(I)p
ρ

∣∣∣
ρ=1

= σ(I)e
ρ

∣∣∣
ρ=1

, σ
(I)p
θ +

∂σ
(0)p
θ

∂ρ

∣∣∣∣∣
ρ=1

= σ
(I)e
θ +

∂σ
(0)e
θ

∂ρ

∣∣∣∣∣
ρ=1

, τ (I)p
ρθ

= τ (I)e
ρθ

. (30)

Êîìïîíåíòû íàïðÿæåíèÿ íà ãðàíèöå ïëàñòè÷åñêîé çîíû ρ = α â ïåðâîì ïðèáëèæåíèè
ñîãëàñíî (19)�(22) ïðåäñòàâèì â âèäå

σ(I)p
ρ = A0 +A2 cos 2θ +A4 cos 4θ,

σ
(I)p
θ = A∗

0
+A∗2 cos 2θ +A∗4 cos 4θ, (31)

τ
(I)p
ρθ = B2 sin 2θ +B4 sin 4θ,

ãäå

A0 = µ

(
ln2 1

α
+ ln

1
α

)
+
µ

2
(α− 1)− ln a

α
+

(a+ b)
(
1− α2

)
α2

,

A2 =
d1α√

3

(√
3 cos

√
3 lnα− 3 sin

√
3 lnα

)
,

A4 = −a− b

120

(√
15
(

15 cos(
√

15 lnα)−
√

15 sin(
√

15 lnα) +
1
2

sin(
√

15 lnα)
)
−

−15
(

1
2

cos(
√

15 lnα)−
√

15 cos(
√

15 lnα) + 15 sin(
√

15 lnα)
)

+ 15(a− b)
)
,

A∗0 = µ

(
ln2 1

α
+ ln

1
α
− 1
)

+
µ

2
(α− 1)− lnα

α
+

(a+ b)
(
2
(
1− α2

)
+ α2

)
2α2

,

A∗2 =
d1α√

3

(√
3 cos

√
3 lnα− 3 sin

√
3 lnα

)
,

A∗4 = −a− b

120

(√
15
(

15 cos(
√

15 lnα)−
√

15 sin(
√

15 lnα) +
1
2

sin(
√

15 lnα)
)
−

−15
(

1
2

cos(
√

15 lnα)−
√

15 cos(
√

15 lnα) + 15 sin(
√

15 lnα)
)
− 45(a− b)

)
,

B2 = −2d1α

ρ

(
cos

√
3 lnα

)
,

B4 = −
√

15(a− b)
30

((
15 cos(

√
15 lnα)−

√
15 sin(

√
15 lnα) +

1
2

sin(
√

15 lnα)
)

+ 15 (a− b)
)
.
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Èç (25), (30), (31) ñîãëàñíî [1] ïîëó÷èì

σ(I)e
ρ = −A0

ρ2
+
[(
−1 +

4
ρ2
− 3
ρ4

)
+
(
− 1
ρ4

+
2
ρ2

)
A2

]
cos 2θ +

(
− 2
ρ6

+
3
ρ4

)
A4 cos 4θ,

σ
(I)e
θ = −A0 + 4

ρ2
+
[(
−1− 3

ρ4

)
+
A2

ρ4

]
cos 2θ +

(
2
ρ6
− 1
ρ4

)
A∗4 cos 4θ, (32)

τ
(I)e
ρθ =

(
−1− 3

ρ2
+

5
ρ4

)
B2 sin 2θ +

(
3
ρ6
− 2
ρ4

)
B4 sin 4θ.

Äëÿ îïðåäåëåíèÿ ðàäèóñà óïðóãîïëàñòè÷åñêîé îáëàñòè â ïåðâîì ïðèáëèæåíèè ïîëó÷èì

ρ(I)
s =

σ
(I)p
θ − σ

(I)e
θ

dσ
(0)e
θ

dρ − dσ
(0)p
θ

dρ

, ρ = 1. (33)

Èç (12), (26) áóäåì èìåòü

dσ
(0)p
θ

dρ

∣∣∣∣∣
ρ=1

= 2,
dσ

(0)e
θ

dρ

∣∣∣∣∣
ρ=1

= −2, (34)

îòêóäà ñîãëàñíî (31) � (34) íàéäåì

ρ(I)
s =

1
4

(
σ

(I)p
θ − σ

(I)e
θ

)
=

1
4

[−A∗0 +A0 + 4 + (A∗2 − 4A2) cos 2θ + (A4 −A∗4) cos 4θ] .

Îïðåäåëèì ïåðåìåùåíèå â ïëàñòè÷åñêîé è óïðóãîé îáëàñòÿõ. Õàðàêòåð èçìåíåíèÿ äåôîð-
ìèðîâàííîãî ñîñòîÿíèÿ â íåêîòîðîé òî÷êå P â ïðîöåññå íàãðóæåíèÿ â ðàññìàòðèâàåìîì ñëó-
÷àå ïðåäñòàâëÿåòñÿ ñëåäóþùèì îáðàçîì: ñíà÷àëà âîçðàñòàþò óïðóãèå äåôîðìàöèè; çàòåì,
êîãäà ãðàíèöà óïðóãîïëàñòè÷åñêîãî ñîñòîÿíèÿ ìàòåðèàëà äîñòèãàåò òî÷êè P , ïðîöåññ èçìå-
íåíèÿ óïðóãèõ äåôîðìàöèé ïðåêðàùàåòñÿ, òàê êàê èçìåíåíèå íàïðÿæåíèé â ïëàñòè÷åñêîé
çîíå â ðàññìàòðèâàåìîì ñëó÷àå íå ïðîèñõîäèò. Ïðè äàëüíåéøåì âîçðàñòàíèè íàãðóçîê âîç-
íèêàþò ïëàñòè÷åñêèå äåôîðìàöèè.
Â èñõîäíîì íóëåâîì ïðèáëèæåíèè â óïðóãèõ è ïëàñòè÷åñêèõ îáëàñòÿõ èìååò ìåñòî óñëîâèå

íåñæèìàåìîñòè

e(0)ρ + e
(0)
θ = 0. (35)

Ñîãëàñíî (35) ïåðåìåùåíèÿ è äåôîðìàöèè â óïðóãîé è ïëàñòè÷åñêîé îáëàñòÿõ ïðèìóò âèä

u(0) =
1

2Gρ
, v(0) = 0, e(0)ρ = − 2

Gρ
, e

(0)
θ =

2
Gρ2

, e
(0)
ρθ = 0. (36)

Â óïðóãîé îáëàñòè ñîãëàñíî [1] è (31), ïîëó÷èì

u(I)e = −1 + µ

ρE

[
µ

(
ln2 1

α
+ ln

1
α

)
+
µ

2
(α− 1)− ln a

α
+

(a+ b)
(
1− α2

)
α2

]
−

− 1
E

[
(1 + µ)

3ρ3
(A2 − 2B2)−

2
ρ

(A2 −B2) + (1 + µ)
(
ρ− 1

ρ3

)
+

4
ρ3

]
cos 2θ+

+
1
E

(
1 + µ

5ρ5
(2A4 − 3B4)−

3 + µ

3ρ3
(A4 −B4)

)
cos 4θ

]
, (37)

v(I)e =
1
E

[
(1 + µ)

3ρ3
(A2 − 2B2)−

µ− 1
ρ

(A2 −B2)− (1 + µ)
(
ρ+

1
ρ3

)
+

2− µ

ρ

]
sin 2θ+
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+
(

1
5ρ5

(1 + µ) (2A4 − 3B4)−
2µ
3ρ3

(A4 −B4)
)

sin 4θ
]
.

Óñëîâèÿ ñîïðÿæåíèÿ íà óïðóãîïëàñòè÷åñêîé ãðàíèöå èìåþò âèä

up
ρ

∣∣
ρ=1

= ue
ρ

∣∣
ρ=1

; vp
ρθ

∣∣∣
ρ=1

= ve
ρθ

∣∣
ρ=1

. (38)

Â ïëàñòè÷åñêîé çîíå ñîãëàñíî (7) è àññîöèèðîâàííîìó çàêîíó òå÷åíèÿ èìåþò ìåñòî ñëåäó-
þùèå ñîîòíîøåíèÿ

eρ = ep
ρ = λ

∂f

∂σρ
= λ

[
2
(
σ(p)

ρ − σ
(p)
θ

)[A+B

2
+
A−B

2
cos 4θ

]
+

+τρθ (A−B) sin 4θ − µ (2 + µσ)] ,

eθ = ep
θ = λ

∂f

∂σθ
= λ

[
−2
(
σ(p)

ρ − σ
(p)
θ

)[A+B

2
+
A−B

2
cos 4θ

]
− (39)

−τρθ (A−B) sin 4θ − µ (2 + µσ)] ,

eρθ = ep
ρθ = λ

∂f

∂τρθ
= 4τ (p)

ρθ

[
A+B

2
+
A−B

2
cos 4θ

]
+

+
(
σ(p)

ρ − σ
(p)
θ

)[A−B

2
sin 4θ

]
.

Èç (39) ñëåäóåò

ep
ρ

∂f/dσρ
=

ep
θ

∂f/dσθ
=

ep
ρθ

∂f/dτρθ
. (40)

Â ñîîòíîøåíèÿõ (40) ïðèñóòñòâóþò êîìïîíåíòû ïëàñòè÷åñêîé äåôîðìàöèè, òàê êàê òîëüêî
îíè èñïûòûâàþò ïðèðàùåíèÿ â ïëàñòè÷åñêîé çîíå ïðè âîçðàñòàíèè íàãðóçêè, ïðè÷åì ïðè
t = 0 èìåþò ìåñòî ðàâåíñòâà ep

ρ = ep
θ = ep

ρθ = 0. Ìîìåíò âðåìåíè t = 0 äëÿ êàæäîé òî÷êè À
îòñ÷èòûâàåòñÿ îò ìîìåíòà ïðîõîæäåíèÿ ÷åðåç íåå óïðóãîïëàñòè÷åñêîé ãðàíèöû.
Ïîëíûå äåôîðìàöèè ïðè t = 0, ò. å. â ìîìåíò âîçíèêíîâåíèÿ ïëàñòè÷åñêèõ äåôîðìàöèé,

îòëè÷íû îò íóëÿ è ñîâïàäàþò ñ óïðóãèìè äåôîðìàöèÿìè, íàêîïëåííûìè ýëåìåíòîì òåëà ê
ìîìåíòó äîñòèæåíèÿ èì ïðåäåëà òåêó÷åñòè. Ïåðåïèøåì ñîîòíîøåíèÿ (40) â âèäå

eρ − ee
ρ

∂f/dσρ
=
eθ − ee

θ

∂f/dσθ
=

2
(
eρθ − ee

ρθ

)
∂f/dτρθ

. (41)

Ñ ó÷åòîì (40) ñîîòíîøåíèÿ (41) ïåðåïèøåì â âèäå

eρ − ee
ρ

2
(
σ

(p)
ρ − σ

(p)
θ

) [
A+B

2 + A−B
2 cos 4θ

]
+ τρθ (A−B) sin 4θ − µ (2 + µσ)

=

=
eθ − ee

θ

−2
(
σ

(p)
ρ − σ

(p)
θ

) [
A+B

2 + A−B
2 cos 4θ

]
+ τρθ (A−B) sin 4θ − µ (2 + µσ)

= (42)

=
2
(
eρθ − ee

ρθ

)
4τ (p)

ρθ

[
A+B

2 + A−B
2 cos 4θ

]
+
(
σ

(p)
ρ − σ

(p)
θ

) [
A−B

2 sin 4θ
] = λ.

Óïðóãèå äåôîðìàöèè ïðè µ = 1
2 ïðèìóò âèä
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ee
ρ = 1

4G (σρ − σθ) , ee
θ = 1

4G (σθ − σρ) , ee
ρθ = τρθ

2G ,

ee
ρ + ee

θ = 0.
(43)

Èç (39) ñëåäóåò

e(I)
ρ + e

(I)
θ = −4λ0µ, (44)

ãäå λ(0) = − 1
8G

(
1− 1

ρ2

)
.

Èç (44) ïîëó÷èì

e(I)
ρ + e

(I)
θ = e(I)e

ρ + e
(I)e
θ + e(I)p

ρ + e
(I)p
θ =

µ

2G

(
1− 1

ρ2

)
. (45)

Ñîãëàñíî [2] çàïèøåì ñîîòíîøåíèÿ äëÿ äåôîðìàöèé

eρ =
∂u(n)

∂ρ
, eθ =

1
ρ

∂v(n)

∂θ
+
u(n)

ρ
, eρθ =

1
2

[
∂v(n)

∂ρ
− v(n)

ρ
+

1
ρ

∂u(n)

∂θ

]
. (46)

Èç ñîîòíîøåíèÿ (42) íàéäåì

e
(I)
ρθ =

τ
(I)p
ρθ

2G

(
2− 1

ρ2

)
. (47)

Ñîãëàñíî (45)�(47), ñ ó÷åòîì e
(I)e
ρ +e(I)e

θ =0 äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ îïðåäåëåíèÿ
ïåðåìåùåíèÿ â ïëàñòè÷åñêîé îáëàñòè â ïåðâîì ïðèáëèæåíèè ïðèìóò âèä

∂u(I)

∂ρ
+

1
ρ

∂v(I)

∂θ
+
u(I)

ρ
= − µ

2G

(
1
ρ
− 1
)
, (48)

∂v

∂ρ
− v

ρ
+

1
ρ

∂u

∂θ
= −

τ
(I)p
ρθ

2G

(
1
ρ2
− 2
)
. (49)

Èç óðàâíåíèé (48), (49) ïîëó÷èì

u(I)p =
Ñ∗00
ρ

+
µ

2Gρ
(ρ2 − 2 ln ρ)− 2

(
Ñ∗21 cos(

√
3 ln ρ) + Ñ∗22 sin(

√
3 ln ρ)

)
cos 2θ+

−4
(
Ñ∗41 cos(

√
15 ln ρ) + Ñ∗42 sin(

√
15 ln ρ)

)
cos 4θ,

v(I)p =
3τ (I)p

ρθ

4Gρ
+
((√

3Ñ∗22 + Ñ21

)
cos(

√
3 ln ρ) +

(
Ñ∗22 −

√
3Ñ21

)
sin(

√
3 ln ρ)

)
sin 2θ+

+
((√

15Ñ∗42 + Ñ∗41

)
cos(

√
15 ln ρ) +

(
Ñ∗42 +

√
15Ñ∗41

)
sin(

√
15 ln ρ)

)
sin 4θ.

Èç (32) è óñëîâèé ñîïðÿæåíèÿ (26) íàéäåì êîýôôèöèåíòû C∗00, C
∗
21, C

∗
22, C

∗
41, C

∗
42.

C∗00 = − µ

2G
− 1 + µ

E

[
µ

(
ln2 1/α+ ln 1/α+

α− 1
4

)
− (a+ b) (1− α)

α2

]
,

C∗21 =
√

3M cos(ln
√

3ρ) + (M + 2M ′) sin(ln
√

3ρ)
2
√

3
,

C∗22 =
√

3M sin(ln
√

3ρ)− (M + 2M ′) cos(ln
√

3ρ)
2
√

3
,
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C∗41 =
√

15N cos(ln
√

15ρ) + (N + 4N ′) sin(ln
√

3ρ)
−4
√

15
,

C∗42 =
√

15N sin(ln
√

15ρ)− (N + 4N ′) cos(ln
√

3ρ)
−4
√

15
,

ãäå

M = − 1
E

[
(1 + µ)

3
(A2 − 2B2)− 2 (A2 −B2) + 4

]
,

M ′ =
1
E

(
1 + µ

5
(2A4 − 3B4)−

3 + µ

3
(A4 −B4)

)
,

N =
1
E

[
(1 + µ)

3
(A2 − 2B2)− (µ− 1) (A2 −B2)− 3µ

]
,

N ′ =
(

1
5

(1 + µ) (2A4 − 3B4)−
2µ
3

(A4 −B4)
)
.
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S. V. Ivanova

ELASTOPLASTIC CONDITION OF A THICK SLAB FROM ANYSOTROPIC
MATERIAL BEING COMPRESSED WEAKENED BY AN APERTURE UNDER

THE STRETCHING STRESS

I.Yakovlev Chuvash State Pedagogical University

Abstract. Stressed elastoplastic state of a thick slab from anisotropic material being compressed
with an elliptic aperture in biaxial tension at in�nity is considered in the work. The solution of this
task is made with the help of perturbation theory [2], the tension and shift components in elastic
and plastic stability are found at �rst approximation, the limit of plastic area is determined.

Keywords: tension, deformation, elasticity, plasticity, anisotropy, an aperture.
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