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Àííîòàöèÿ. Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ çàäà÷à î ïðåäåëüíîì ñîñòîÿíèè öèëèíäðè÷å-
ñêèõ è ïðèçìàòè÷åñêèõ ñòåðæíåé ñ îòâåðñòèåì ïðè êðó÷åíèè. Ïðåäïîëàãàåòñÿ, ÷òî ñòåðæåíü
íàõîäèòñÿ ïîä äàâëåíèåì, ëèíåéíî ìåíÿþùèìñÿ âäîëü îáðàçóþùåé. Îïðåäåëåíî íàïðÿæåí-
íîå ñîñòîÿíèå ñòåðæíÿ, ïîñòðîåíî ïîëå õàðàêòåðèñòèê â ñëó÷àå, êîãäà âíóòðåííèé êîíòóð
ïîïåðå÷íîãî ñå÷åíèÿ îáðàçóåò ïðîèçâîëüíûé óãîë θ.

Êëþ÷åâûå ñëîâà: êðó÷åíèå, íàïðÿæåíèå, ïëàñòè÷íîñòü, óïðóãîñòü, ñòåðæåíü, õàðàêòåðè-
ñòèêè, îòâåðñòèå.

ÓÄÊ: 539.374

1. Ðàññìîòðèì ïðèçìàòè÷åñêèé ñòåðæåíü, îðèåíòèðîâàííûé â äåêàðòîâîé ñèñòåìå êîîð-
äèíàò xyz, ïðè÷åì îáðàçóþùèå ñòåðæíÿ íàïðàâëåíû ïàðàëëåëüíî îñè z. Ïðåäïîëîæèì, ÷òî
ñòåðæåíü çàêðó÷èâàåòñÿ âîêðóã îñè z.
Ïóñòü íàïðÿæåííîå ñîñòîÿíèå, âîçíèêàþùåå â ñòåðæíå, õàðàêòåðèçóåòñÿ óñëîâèåì ïëà-

ñòè÷íîñòè Ìèçåñà

(σx − σy)2 + (σy − σz)
2 + (σz − σx)2 + 6

(
τ2
xy + τ2

yz + τ2
xz

)
= 6. (1)

Ê ñîîòíîøåíèþ (1) ïðèñîåäèíèì òðè óðàâíåíèÿ ðàâíîâåñèÿ

∂σx

∂x + ∂τxy

∂y + ∂τxz

∂z = 0,
∂τxy

∂x + ∂σy

∂y + ∂τyz

∂z = 0,
∂τxz

∂x + ∂τyz

∂y + ∂σz

∂z = 0.
(2)

Ñèñòåìà ñîîòíîøåíèé (1), (2) ÿâëÿåòñÿ ñòàòè÷åñêè íåîïðåäåëèìîé. Ïðåäïîëîæèì

σx = σy = σz = −λz + c, τxy = 0, τxz = τxz (x, y) , τyz = τyz (x, y) , (3)

ãäå λ = const, ñ = const.
Ñîãëàñíî (3) èç (1) è (2) ïîëó÷èì

∂τxz

∂x
+
∂τyz

∂y
= λ, τ2

yz + τ2
xz = 1. (4)

Âòîðîìó óðàâíåíèþ (4) óäîâëåòâîðèì, ïîëàãàÿ

τxz = cosϕ, τyz = sinϕ. (5)

Ïîäñòàâëÿÿ âûðàæåíèÿ (5) â ïåðâîå óðàâíåíèå (4), èìååì
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− sinϕ
∂ϕ

∂x
+ cosϕ

∂ϕ

∂y
= λ. (6)

Ñèñòåìà óðàâíåíèé äëÿ îïðåäåëåíèÿ õàðàêòåðèñòèê (6) èìååò âèä

− dx

sinϕ
=

dy

cosϕ
=
dϕ

λ
. (7)

Èç ñèñòåìû (7) ñëåäóåò

λx = cosϕ+ c1, λy = sinϕ+ c2. (8)

Èñêëþ÷àÿ èç (8) ϕ, ïîëó÷èì óðàâíåíèÿ õàðàêòåðèñòèê ñîîòíîøåíèÿ (6)(
x− c1

λ

)2

+
(
y − c2

λ

)2

=
1
λ2
. (9)

Ðèñ. 1.

Îáîçíà÷èì ÷åðåç L âíóòðåííèé êîíòóð ïîïåðå÷íîãî ñå÷åíèÿ ñòåðæíÿ â ïëîñêîñòè õó
(z=const).
Ïóñòü (x0, y0) ∈ L è ϕ (x0, y0) = ϕ0. Òîãäà èç (8) ñëåäóåò

λx0 = cosϕ0 + c1, λy0 = sinϕ0 + c2. (10)

Ñ ó÷åòîì (10) èç (9) ïîëó÷èì(
x−

(
x0 −

cosϕ0

λ

))2

+
(
y −

(
y0 −

sinϕ0

λ

))2

=
1
λ2
. (11)

Ïóñòü τ = τxzi+τyzj � âåêòîð êàñàòåëüíîãî íàïðÿæåíèÿ, ãäå i, j � åäèíè÷íûå âåêòîðû âäîëü
îñåé x è y. Ñîãëàñíî (5)

τyz

τxz
= tgϕ, (12)

òî åñòü ϕ � óãîë íàêëîíà êàñàòåëüíîãî íàïðÿæåíèÿ τ ê îñè x. Èç (7) ñëåäóåò, ÷òî âäîëü
õàðàêòåðèñòèê (11)

dy

dx
= −ctgϕ. (13)

Ñëåäîâàòåëüíî, âåêòîð êàñàòåëüíîãî íàïðÿæåíèÿ τ âñåãäà íàïðàâëåí îðòîãîíàëüíî ê õà-
ðàêòåðèñòèêå.
Ïðåäïîëîæèì, ÷òî âíóòðåííÿÿ áîêîâàÿ ïîâåðõíîñòü ñòåðæíÿ ñâîáîäíà îò êàñàòåëüíûõ óñè-

ëèé. Ñëåäîâàòåëüíî, âåêòîð êàñàòåëüíîãî íàïðÿæåíèÿ τ âî âñåõ òî÷êàõ êîíòóðà L íàïðàâëåí
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ïî êàñàòåëüíîé ê íåé. Îòñþäà ñëåäóåò, ÷òî õàðàêòåðèñòèêè åñòü îêðóæíîñòè, íîðìàëüíûå ê
êîíòóðó.
Òàêèì îáðàçîì, õàðàêòåðèñòèêè óðàâíåíèÿ (6) â ïëîñêîñòè xy åñòü îêðóæíîñòè ðàäèóñà

1
|λ| , ïðè÷åì öåíòðû ýòèõ îêðóæíîñòåé ðàñïîëîæåíû íà êàñàòåëüíûõ ê êîíòóðó L è ðàññòîÿíèè
1
|λ| îò òî÷êè êàñàíèÿ.

Ñîãëàñíî (8) è (10) èç (7) èìååì

τxz = cosϕ0 + λ (x− x0) , τyz = sinϕ0 + λ (y − y0) , (14)

ãäå ϕ0 � óãîë, îáðàçîâàííûé êàñàòåëüíîé ê âíóòðåííåìó êîíòóðó L â òî÷êå (õî, óî) è îñüþ x.
2. Ðàññìîòðèì êðó÷åíèå öèëèíäðè÷åñêîãî ñòåðæíÿ ñ êðóãîâûì îòâåðñòèåì. Êîíòóð ïî-

ïåðå÷íîãî ñå÷åíèÿ L îòâåðñòèÿ ñòåðæíÿ åñòü îêðóæíîñòü ïðîèçâîëüíîãî ðàäèóñà R, öåíòð
êîòîðîé ñîâïàäàåò ñ öåíòðîì âíåøíåãî êîíòóðà ïîïåðå÷íîãî ñå÷åíèÿ ñòåðæíÿ. Ðàñïîëîæåíèå
õàðàêòåðèñòèê è îãèáàþùåé õàðàêòåðèñòèê ïðèâåäåíî íà ðèñ. 2.

Ðèñ. 2.

Íàïðÿæåííîå ñîñòîÿíèå îïðåäåëÿåòñÿ òîëüêî â êîëüöå, îãðàíè÷åííîì îêðóæíîñòÿìè L è
L1, ãäå L1 � îãèáàþùàÿ õàðàêòåðèñòèê. Õàðàêòåðèñòèêè óðàâíåíèÿ (6) îðòîãîíàëüíû ê êîí-
òóðó L è êàñàþòñÿ îãèáàþùåé L1. Âåêòîð êàñàòåëüíîãî íàïðÿæåíèÿ τ âî âñåõ òî÷êàõ L1

íàïðàâëåí ê íåé îðòîãîíàëüíî âäîëü îáðàçóþùåé ñòåðæíÿ. Ðåøåíèå çàäà÷è íå ìîæåò áûòü
ïðîäîëæåíî çà êðóã, îãðàíè÷åííûé îãèáàþùåé L1.
Ðàññìîòðèì ñëó÷àé, êîãäà êîíòóð ïîïåðå÷íîãî ñå÷åíèÿ L îòâåðñòèÿ ñòåðæíÿ îáðàçóåò ïðî-

èçâîëüíûé óãîë θ, îäíà èç ñòîðîí êîòîðîãî ñîâïàäàåò ñ ïîëîæèòåëüíîé ïîëóîñüþ OX, ñ âåð-
øèíîé â íà÷àëå êîîðäèíàò.
Â âåðøèíå óãëà θ èìååò ìåñòî ñåìåéñòâî õàðàêòåðèñòèê, óðàâíåíèå êîòîðîãî èìååò âèä:{

a2 + b2 = 1
λ2 ,

(x− a)2 + (y − b)2 = 1
λ2 .

(15)

Óðàâíåíèå îãèáàþùåé äàííîãî ñåìåéñòâà õàðàêòåðèñòèê èìååò âèä:

x2 + y2 =
(

2
λ

)2

. (16)
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Ðèñ. 3.

Íà ðèñ. 3 ïîñòðîåíî ïîëå õàðàêòåðèñòèê äëÿ ðàññìàòðèâàåìîãî óãëà θ.
Íà îòðåçêå ÂÑ êàñàòåëüíîå íàïðÿæåíèå íå ñîïðÿãàåòñÿ. Ñëåäîâàòåëüíî, âäîëü îòðåçêà ÂÑ

íåîáõîäèìî ïðåäïîëîæèòü íàëè÷èå ùåëè. Âåêòîð êàñàòåëüíîãî íàïðÿæåíèÿ τ íàïðàâëåí îð-
òîãîíàëüíî ê ëåâîìó áåðåãó ùåëè ïî îáðàçóþùåé ñòåðæíÿ. Àíàëîãè÷íî íîðìàëüíàÿ ñîñòàâ-
ëÿþùàÿ âåêòîðà êàñàòåëüíîãî íàïðÿæåíèÿ τ ê ïðàâîìó áåðåãó ùåëè íàïðàâëåíà ïî îáðàçóþ-
ùåé ñòåðæíÿ âãëóáü ùåëè. Ðåøåíèå íå ìîæåò áûòü ïðîäîëæåíî çà îãèáàþùèå õàðàêòåðèñòèê
EBADF, âäîëü ýòèõ ëèíèé äåéñòâóþò êàñàòåëüíûå íàïðÿæåíèÿ, íàïðàâëåííûå âäîëü îñè z,
óðàâíîâåøèâàþùèå ïåðåïàä äàâëåíèÿ σz.
Íà ðèñóíêàõ 4 è 5 ïîñòðîåíî ïîëå õàðàêòåðèñòèê, â ñëó÷àå êîãäà âíóòðåííåå îòâåðñòèå

êîíòóðà åñòü ïðàâèëüíûé òðåóãîëüíèê è êâàäðàò.

Ðèñ. 4.
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L. S.Kozlova

LIMITING CONDITION OF CYLINDRICAL AND PRISMATIC RODS WITH
APERTURE AT TORSION

I.Yakovlev Chuvash State Pedagogical University

Abstract. The problem of limiting condition of cylindrical and prismatic rods with aperture at
torsion is investigated in the given work. It is supposed that the rod is under the linearly varying
along the forming pressure. The rod tension is found, the �eld of characteristics in the case when
the internal contour of a cross section forms an angle θ is constructed.

Keywords: torsion, pressure, plasticity, elasticity, rod, characteristics, an aperture.
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