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IIPUMEPBI AHAJINTUYECKUX PEIIEHUN OBPATHO CUMMETPUYHO
KPAEBOW 3AJAYM TEOPUN YIIPYTOCTH B ITIOJIVIIOJIOCE

Yysawckut 2ocydapecmeernnoiti nedazozuveckut ynusepcumem um. U. 5. Hrxosaesa

Amnnorarusi. [Ipobieme perennsi GUTAPMOHUYIECKOTO YPABHEHNUS B KOHETHBIX KAHOHUIECKUX 00~
JIACTSIX C YTJIOBBIME TOYKAME I'DAHUINBI (Gurapmormveckas npobmema) nouaru 200 jer (cM. 0630p
[3]). B Teopum ynpyroctu oHa 06bIMHO (POPMYJIUPYETCST B MIPOCTERIIENT OCTAHOBKE CJIE LY FOTIIM 00-
pa3oM: HailTH pernieHre GUTapMOHIYIECKOIO YPABHEHNS B IPSIMOYTOIBHOII ITOIYIIOI0Ce, IPOLOIbHbIE
CTOPOHBI KOTOPOII He HArPYKEeHBI, a Ha TOPIle 3aJaHbl HOpMAaJIbHOE U KacaTe/IbHOE HAIPsI?KEeHUS.
Ecin pemrenne mj1st moJIynosIoCsl IOCTPOEHO, TO PelleHne I IPAMOYTOIbHUKA y2Ke He IPeJcTaB-
JISET TPY/a MOJyYuTh. B cepun myGamkanuii, OIBITOXKEHHBIX cTaTheli [13], Oblia passura obmas
TeopHs, JaHA CXeMa pelleHHUs 3aJadl B IOJIYIIOJIOCe W PACCMOTDPEHBI pa3imdHble npumMepsl. Ho
TOJIBKO JJIsl CHMMETPUYIHON JedopMalIuu IoIyIoIockl. B aToit paboTe 1aioTcs IPUMEPHI PEeIIeHUs
00paTHO-CHUMMETPUIHON 331a4X JJIsI MOIYIOIOCkl. IIpogoIbHbIe CTOPOHEBI HOJIYIIOIOCH! CBOOOJHEI,
a Ha TOpIle 3aJaHbl HOPMaJIbHbIe U KacaTeJbHble HaIpsKeHNd. PellleHne IpefCcTaBIseTcs B BUIE
SIBHBIX pazJokeHnil mo Gyukmuam Pams — Ilankosu4a, kosdPUIHEHTE! KOTOPEIX OIPEAEIIIOTCA
Kak uHTerpaJibl ypbe oT 3aJJaHHBIX HA TOPIlE HMOJIYIOJOCH TPaHNYHBbIX dyHKIuil. Pabora 6a3u-
pyercss Ha crathe [13] m Ha crarbe [18], B KOTOPBIX JAHBI COOTHONIEHUS GHOPTOrOHAJIBLHOCTH W
pasyoxenus Jlarpamzka 1js 0OpaTHO CHMMETPUIHON 33JatN.

KurroueBbre cjoBa: TOMyNooca, Kpaesas 3amaqda, Gyakmmn anna — [lankosuwa, TouHbIE aHa-
JINTUYICCKUE DEICHUAD, O6paTHO CHUMMETPpUYHAA 3aa4a.
VJIK: 539.3

MarepuaJj u MeToauKa HcciiemoBaHmUil. PaccMorpuM perienre nepBoil OCHOBHOM KpaeBoil
3amaam Teopun ynpyroctu B mosynosoce {11 : z > 0,]y| < 1}, y KOTOpOii MPOIOIBHBIE CTOPOHBI
y = £1 He HArpyXKEHBI, T. €. HaNpsKenus1 (puc.1)

oy(y,£1) = 7y (y, £1) = 0, (1)
a Ha TOPIAX 33JaHbl HOPMAJILHDBIE U KACATEILHbIC HAIPAXKCHUS

0.(0,y) = 0(y), Tay(0,y) = 7(y). (2)

Tloctymmna 10.11.2014

PaGora Bemosaena npu nognepxke POOU (rpant 15-31-50033 Mo Hp).
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! cr_;.,[:c:l._.\ ol (z.1}) =10
I
o,(0.y) = oly).
e e = > .
'FE;[-Q ) = tly) 7

-d
Puec. 1

IIpu mocTpoeHUn perntenust GyJIeM MOJMB30BATHCS METOJOM Hada bHBIX (hyHKIHiT [2], B cooTBeT-
CTBUU C KOTOPBIM BCe IE€PEMEIEHNs] U HAIPSKEHUs B MOJIYIIOJIOCEHAXOAATCS 110 (DOPMYJIaM:

Ulz,y) = Luu (y)Uo(=) + Luv (y)Vo(z) + Luy (y)Yo(x) + Lux (y) Xo(z),

V(z,y) = Lvu(y)Uo(z) + Lyv (y)Vo(x) + Lvy (y)Yo(x) + Ly x (y) Xo (=),

Y(z,y) = Lyu(y)Uo(z) + Lyv (y)Vo(z) + Lyy (y)Yo(z) + Ly x () Xo(x), 3)
X(z,y) = Lxv(y)Uo(x) + Lxv (¥)Vo(z) + Lxv (y)Yo(x) + Lxx (y) Xo(x),

o2(,y) = Lxu(y)Uo(x) + Lxv(y)Vo(x) + Lxy (y)Yo(x) + Lx x (y) Xo(z),
B KOTOPBIX HCIIOJb3YIOTCA TPUHATHIE B METOJEe HAYAIBLHBIX (DYHKIHI Cremyromme 0603HaYeHUS:
Ulz,y) = Gu(z,y), V(z,y) = Gu(z,y), Y(z,y) = oy(z,y), X(z,9) = 7ay(z,y). 3necsr G — mo-
nynb casura, w(x,y) n v(x,y) — COOTBETCTBEHHO MPOJOIBHOE U TIOMEPETHOE NepeMemennsd. depes
Uo(z), Vo(z), ... obosHaueHb HagambHable DyHKIMHA, & 9epe3 Lyy(y), 1 T. 1. — OmepaTopsl METOA,
HAYATbHBIX (DYHKIMI:

v .
oy sin ay,

1+
Lyy(o,y) = Lxx(o,y) = cosay —

1
Lyv(a,y) = Lyx(a,y) = =5 [(1 = ¥)sinay + (1 + v)ay cosay],

1+v

Luy(a,y) = Ly x (e, y) = — ysin ay,

3—v

1
Lux(e,y) = § sinay + (1 +v)ycosay| ,

1 .
Lvy(e,y) = Lxy(a,y) = 5 [(1 — v)sinay — (1 + v)ay cos ay],
1 .
Lvy(ey) = Lyy(ay) = 5 (1 +v)aysinay + cos ay,
LYU(a7y) = LXU(a7y) = (1 + V)azySin ay, (4)

Lyv(e,y) = (1 + v)a(aycos ay — sin ay),

Lxvu(a,y) = —(1 4 v)a(sinay + aycos ay),



IIPUMEPHI AHAJIUTUYECKUX PEIIEHIAN OBPATHO 217

Ay (o, y) = (1 + v)a(2cos ay — oy sin ay),

Ay (o, y) = —(1 + v)a(sin oy + ay cos ay),
1 .

Ay (a,y) = veosay — 5(1 + v)ay sin oy,

AX(a7 y) =

B KOTOpBIX o = O/0z [2].

B cuty obparHO cuMMeTpun 3ajadudeTHble HadanabHble dbyakmuu Uy(z) = Yy(z) = 0. Yio-
BJIETBOPSIs C MOMOIIBIO 3aBUCHMOCTEH (3) rpaHmaHBIM ycoBusM (1), mOTyduM cucTeMy W3 JBYX
OOBIKHOBEHHBIX /N depeHnnalbHbIX YPaBHEHN OECKOHEYHOTO ITOPSIKA OTHOCUTETHHO HAYAJIbHBIX

yrkumit Vo(x), Xo(z):

1 .
B [(1+ v)aycosay + (3 + v)sinay],

{ Lyv(l)Vo(ZIi) + Lyx(l)XQ(ZE) =0, (5)
va(l)%(iﬁ) + Lxx(l)XQ(ZE) =0.
Ecnm BBecTn paspemarontyto dbyukmmo F(z) mo dopmymam:

Vo =Lyx(1)F(z), Xo=—Lyv(1)F(x), (6)
TO TEM caMbIM TIepBoe ypasHerue (5) GyIer TOMXKIECTBEHHO yI0BICTBOPEHO, a U3 BTOPOTO, PACKDPHI-
Bast BBIpaKCHUs A MU DEPEHIMATBHBIX OIEPATOPOB, MOy IUM

—(14+v)a(a —sinacosa)l(z) = 0. (7)

Az

PasbickuBast permenne ero pemenue B Buje F(z) = **| moyInM TPAHCIEHIEHTHOE XapaKTepPH-

CTUYIECKOE ypaBHEHUE

—(I4+v)A(A—sinAcosA) =0, (8)
KOTOpOoenMeeT YeThbIpe Hy.J'IeBI)IX KOPHA " 6€CKOH€‘{HO€ MHOZKECTBO KOMIIJICKCHO-COIIPAZKEHHBIX KOD-
Heit {+\g, i)\_k}iozl = A. CaemoBaTebHO, HEBO3PACTAIONMAA Ha OECKOHEYHOCTH YACTh PEIICHUS
npeacraBuMa B BUJIE

>
Pz)=> k=1 (9)

(perenue COMPOTHUBIIEHNS] MATEPUAJIOB, OTBEYAOIIEE HYJIEBBIM KOPHSIM, MOXKHO CIATATH U3BECT-
HBIM ¥ OHO HE PACCMATPUBAIOTCS ).

Honcrasnss(9) B(6), Haiimem HauaabHbIe DyHKIMHA, & 3aTeM N0 hopmyam (3) Bee mepeMenienunst
U HaIIPAXKCHUA:

Ulz,y) = > axé i y) € + axE(i, y) M, @ < 0,
k=1

V(:E7y) = Z apX ()‘Im y) eAkm + a_kX()‘lw y) eAkm7
k=1

ou (2,9) = > akse (A, y) € +Tgs, (Mg, y) M7, (10)

0o
Ty (:E? y) = Z A Sy ()\Im y) eAkm + a_ksy()\_lm y) eAkm7
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0o
Tzy (1177 y) = Z aktmy ()\lw y) eAkm + a_ktmy ()‘_lw y) eAkm~
k=1

CDYHKHI/H/I 5 ()‘Im y) » X ()‘Im y) ) Sz ()‘Im y)? Sy ()‘Im y)7tmy ()‘Im y)? BXOJAIAE B ITH (bOPMYHHa Ha-
spiBatoTest yukmusvu Pannst — Ilankopwda. OHE TAKOBBI, 9TO IDAHUYHBIE YCJOBHS IO IPO-
JIOJIBHBIM CTOPOHAM TIOJIYTIOJIOCHI YIOBIETBOPSIIOTCST aBTOMATHIECKH, TOCKOJIBKY MJIsT BCeX k =
1,2,...0y (A, £1) = 7y (Mg, £1) = 0. Bxogamue ciona byuxuun Pagns — ITankoBr4da HMeOT BUL

1 1
EAp,y) = <sin AL — + V)\k cos )\k> sin Apy + —; V)\ky sin A cos Ay,
1-— 1 1
XAk, y) = — < 5 Y sin Ay + —; V)\k cos )\k> COS ARy — —; V)\kysin Ak COS ARy, (11)

82 (Akyy) = (14 ) A((28in A — Ag cos Ag) sin Ay + Ay sin Ak cos Ary),
sy (A, y) = (14 v)AZ(cos A sin Agy — ysin Ay, cos Ary),

Loy Ak, y) = (1 4+ )X ((sin Ay — Mg cos Ag) cos Apy — Apy sin g sin Agy).

y,ZLOB.HeTBOpI/IM TPaAHUIHBIM YCJIOBUAM Ha TOPILE ITOJJIYIIOJIOCHI (2)0 TTOMOIIIBIO COOTBETCTBYIOIINUX
BbIpaKCHUIT (3) B pe3yibTaTe NPUXOJUM K 3aj1a4€e OIpe/ie/IeHus K03 huUImenTon {ak7a_k}Z°:1 u3
Pa3JIozKeHnIA:

o0
O'(y) = Z a‘ksm()\]w y) +a‘_k8m()\k7 y) ’
T(y) = kzl aktmy ()\Iw y) + a_ktacy()\lw y) :

KosdbdurmenTs! a; u @ onpenessiorcs OTCIOAa B IBHOM BHJIE C ITOMOIIBIO CUCTEM (OYHKITHIT
{Xom(W)}o_, u {1 (y)}5o_,, buoproronanerex K Gyskimmam Panrsa — Hankosmaa {s, (Ak, ¥) 52,
i {tzy (Mg, 9) 152, coorBercrBenHO. DTH (YHKINM HAXOAATCS, KaK peEIIeHns (DYHKIMOHAIHHBIX
ypasHeHwmii (m > 1):

[ X = s [ Tt = e (13)

Baech sz(A,y) U tyy(A,y) — mopoxkparompe dyukinun. OHE HOLYYAIOTCA B3 COOTBETCTBYIONIIX
dbymxmmit Pagna — [Tankoeuwa (11) 3amenoit A, Ha HeKOTOpBI Mapamerp A € C. Oynkuus

L(A) = A —sinAcos A (14)
Tesiast, SKCIOHEHIMAIBHOTO THIA, paBHOro 2 [4]. JIis KOMIIEKCHBIX 3HAYEHWH A MPSMYIO WHTE-
rpupoBanus B gopmyaax (13) HyKHO 3aMeHHTDH 1-06pa3sHBIM KOHTYPOM, JIEZKAIMM B ILTOCKOCTH
Z = & + %y W COCTABJIEHHBIM M3 OTpe3Ka MHUMOI ocn y € [—1,1] m myua = € (—o0, 0][5].
Ipunanmas B dopmynax (13) A = Ag, mOTyIMM TaKue COOTHONIEHUs] GUOPTOTOHABHOCTH:

/ 82 (N ) Xom () dy = { 0L’<Am>/%ak<;k; imx

T

[rem={ {0 L350

T
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rne L'()\,,) — mpoussomnas dbyukmun L(A) mpu A = A,,. I3 dopmya (13) Takxke momyuaem ciremy-
TOTIe paBEHCTBA, CIIpaBeIMBbIe Tpu Beex m, k > 1:

/ 52O 9) X, () dy = / 5o (s ) Ko (@) dly = 0,

N

T
/tmy()\k7y)Tm(y)dy = /tmy()‘lwy)Tm(y)dy =0.
T T
Oyuxrmn X, (y) u T, (y) MOXKHO IPEJCTABATD B BUJIE CYMMBI (DUHUTHBIX Ly (4) U tpy, (Y), T. €. HE
paBHBIX Hyi0 Ha orpeske |y| < 1, u e durnTHBIX 9acreit.[Ipu pemennn KpaeBbIx 3a/1a9, KaK mpa-
BIJIO, UCTIONB3YIOTC (PUHUTHBIC YACTH OMOPTOrOHAJBHBIX (pyHKImi. OKOHYIAaTETbHBIE (DOPMYJTBI
JUUIsT HuX (OHU CTPOSITCSL TAK K€, KaK U JIJIsl CAMMETPUIHON 3aaum [2]) nMmeroT Takoi Bug

1 sin Ay 1 CoS Ay
m = A - 5 tm = - .
Zm(y) 21+ v)A2, < sin A, y> ) 21+ v)A,, sin Ay, (16)

Cxema onpegiesiennst k03O UIUEHTOB @) W3 pasyioxkenuit (12) nyst cAMMETPUYIHON 3a/1a49u T10-
JIpo6HO ormcana B ctaThe [18]. st 06paTHO cMMMETPHYIHOM 33/1a4u OHA OCcTaeTcs Toit xke. [losromy
npuBejieM cpasy HOPMYJIbI JJIsi HAIIPS2KEHU U IIePeMEIeHI B TTOJIYII0JIOCe, PA3/IesIsisl IBa CIIydasi:
a) KOrJia Ha TOPIE 3aJ[aHbl HEHYJIEBbIE HOPMAJIbHBIE HAIIDSIPKEHUS, 8 KACATEIbHBIE PABHBI HYJIIO U

b) Korma Ha TOpIE 3a/]aHBI HEHYJIEBBIE KACATEJHLHBIE HAIPSI?KEHUS, & HOPMAJbHBIE PABHBI HYJTIO
(e = ReXp < 0, b, = ImAyg).

> & (Mg —sinbyz . o
a)U(@y)-—ZZRe{ak )(\kMk))\ Ak bkk ek 5

k

Sz (Ak,9) < Sinbkx> }
op——— [ cosbpx — ¢ kT 5 17
k M, k k b (17)

> A inb
Vi(z,y) = ZQRe {ak—x (]\4]: v) <COS brr — ¢y, smb kx) ec"“}7

= Sy (A, ) Ak g sinbpr\ , .
ay(@y)_—ZQRe{aky(#;ikk <COSkaI§+Ck bkk >e"‘ }7

AL —sinb
Tey (Z,9Y) ZQRe{ )\(M ))\ )\ksm kxec"‘m}.

Hpyrast popma npemcrasiaenus popmysi(17) Gosee obImast, XOTst 1 MEHee HALJISIHAS:

e £ y) y —Im(=eM)
a) U(Ly)—ZQRe {ak My ApAk TmOw) }7

e {a X (M, ) Im(—A_kem)}
MM, Im() [

so Ay y) Im(=Dgets?)
2236{ e AL .

ZQRe y O, ) Mg Im(—=Ape™) 7
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toy Mk, ¥) . ~—Im(—e’r®)
2R UALEIPWYY .
Toy (2,9) Z e{ MMy T TmOw)

31ech yucia,
1
o = /a (y)zg (y) dy, My = sin® Ak Ak (19)
21
> A inb
= z_: 2Re {Tk —5)(%;743) <COS brr + ¢y, SlIlbkk$> efr? }7
ZzRe{ Xy )—SlnbkxeCM}
M, bk

Z2Re{ se Aery )Slnb’“xecw}7 (20)

My, by,

(A -
Z 2Re { )\2]\’} v) <20k cos bpx + %k o k sin bkx> ec"‘m} ,

(Mg, inb
Toy (2,9) ZQRe{ )\ Mk ) <COS bkx—ﬁ—cksmb kx> ecw}7

k

Th = /T(y)tk (y) dy (21)

njain

00 m e>\k90
b) U(z,y) = ZQRe{TkgA(iﬂi)I I(wi&k) )}7

= m(erk®
V(x7y)_22Re{TkX()\k7y)I( )}7
k=

> se N, y) Im(eM*®
oy (2,y) = ; 2Re {Tk (]\4’; v) IWE()\k)) } , (22)

> sy (A, y) Im(A2e )
Oy (:E7y) = Z 2Re {Tk y)\iMk Iml(v)\k) b

> tay Ak, y) Im(Ape*®)
=>» 2R v :
Txy (1177 y) ‘ € {Tk )\kMk Im()\k)

PaCCNIOTpI/IM npuMep, KOTrZa Ha TOPIE ITOJIYIIOJIOCHI 33/I1aHbl CAMOYPAaBHOBEUICHHBIC KacaTe/IbHbIC
HaIIPAZKCHU A

7(y) = sign(y) sin(27y). (23)
ITo dopmyse (21) naiizem

2m(cos A, — 1)
(v + DA sin A (A2 — 4n2)’

(24)
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TMoxcrasiusis uucaa (24) B dopmyist (20), mosyduM perienue 3aga4au. Ha puc.2 nokaszaHo pac-
npejiesienne HanpsokeHuit B cedenun © = (.02, rjae KpuBble pacrpesiesieHus HOPMaJbHBIX W Ka-
CaTeJIbHBIX HAPsKeHuil 0003HadeHbl KaK 04 (%,Yy), 0y(2,y) u T,y (,y) Ha TOpIE MOJIYIOIOCH,
obosHaueHHble Kak St(z,y), sy(x,y) n txy(r,y) COOTBETCTBEHHO.

2]

txyix, v)

sx(X,y)

IIpuBenem eme opuH npuMep, KOrja Ha TOPIE MOJIYIOJOCH B Ha4YaJe KOODJIUHAT IMPUIIOKEHA
n3rubHATONIAsT COCPETOTOUCHHAS CUJTa MHTEHCUBHOCTH, paBHas 1. Cujia mpuIokeHa Mo KacaTeIbHOM
K TOpPILy U HampasseHa BHU3. Hmxke n3obpaken rpaduk s gansoro ciydas B cedenun ¢ = 0.02.

sx(x,¥)

mvix, v)

=06
syi(x,v)

Pesynprarbl uccienoBaHuii m nx obcyxkaeHue. [losyuenbl mHTErpagbHble COOTHOIIEHU S
JJis ompeiesienusi cucteM MyHKINH, GnopToronanbHbix K GyuKiuaM Panis — [lankopnya, BOZHH-
KAOMUX B 00paTHO-CHUMMETPUIHON 3a1a9e.
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1. A. Semenova

EXAMPLES OF ANALYTICAL SOLUTIONS IS INVERSELY SYMMETRIC
BOUNDARY-VALUE PROBLEM OF ELASTICITY THEORY IN POLOPOLO

Yakovlev Chuvash State Pedagogical University

Abstract. The problem of solving the biharmonic equation in a finite canonical domains with
corner points of the boundary (biharmonic problem) exists almost 200 years (see the review [3]).
In the theory of elasticity it is usually formulated as the problem of finding the solution of the
biharmonic equation in rectangular half-strip, the longitudinal sides of which are not loaded, and at
the end the normal and tangential stresses are set. If the decision to half-strip is built, the decision
for a rectangle is not difficult already. In the series of publications, summarized the articles [13],
the general theory was developed, the scheme of the solution of the problem in half-strip was
given and various examples were considered (looked through). But it was done only for symmetric
deformation of half-strip. In this work the examples of solutions the back-symmetric problem for
half-stripare provided. The longitudinal sides of half-strip are free, and at the end the normal
and shear stresses are set. The solution is appeared in the form of explicit expansions for Fadle-
Papkovich functions which coefficients are defined as Fourier integrals given at the end of half-strip
boundary functions. The work is based on the article [13] and the article [18], in which the ratio
of biorthogonality and decomposition Lagrangian for backward symmetric tasks are given.

Keywords: semistrip, boundary-value problem, Fadle-Papkovich functions, analytical solutions,
antisymmetric boundary-value problem.
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