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AnxHOoTanus. IlepBoe u3 mpocreiimux HeauHERHBIX TnddepeHnnaIbHbIX ypaBHeHUil Pukkarn,
PA3HOBHJIHOCTH CKAJSIPHOTO M MATPUYHOTO BUJIA, MUPOKO MTPUMEHSETCS B TEOPUHA ONTHMAJIBHBIX
dubTpoB Kanmvana—Boiocu st ckansiproro Buga. Matpuanoe auddepeHnuaibHoe ypaBHEHIE
WUrpaeT BayKHYI0 POJIb B TEOPUU TaMUJIBTOHOBBIX CHCTEM, B 3aJa4ax ONTUMAJIBLHOTO yIIPABJIEHUS,
skonomuku. Crieyromiee u3 9Tol Kareropuu — ypaHenue AbGesist — HAXOJAUT MPUJIOKEHUE B HEJIU-
HeIHO OnTHKe, HeJnHeiHoM nuddy3nn, HeInHENHOW BOJIHOBOM Teopun. K HUM ciieryeT 100aBUTD
ypasuenus [lensese, KOTOpble UMEIOT IPSIMOE OTHOINEHNE K TEOPUH IBOJIOIMOHHBIX 1TporieccoB. O6-
UM CBOWCTBOM, OOBEIUHSIONIM STU BHJIbI YPABHEHUI, SBJISETCS HAJUIHE TOJBHXKHDBIX OCOOBIX
TOYEK, KOTOPBIE OTHOCSIT 9T YpaBHEHHUsI K KJACCy, B OOIIEM Cjydae He pa3pellrMbIX B KBaJpa-
Typax. 9T0O 00CTOSITEJILCTBO U AKTYAJU3UPYET PASBUTHAE aHAJIUTUIECKOTO MTPUOJIMKEHHOTO METOA
pelnenuit 9Toit Kareropun ypasaenuii. PaccmarpuBaembrit B paboTe KJiacC ypaBHEHUN TaKXKe OTHO-
CUTCS K 9TOW KATErOPUU; TIPEJICTABIIEHO JTOKA3ATEIbCTBO TEOPEMBI CYIIECTBOBAHUS PEIICHUsT PAC-
CMaTPUBAEMOrO KJIACCa YPaBHEHNN B 00JIACTH AHAJIMTHIHOCTH, OCHOBAHHOTO HA METOJIe MasKOPAHT,
[IPUMEHSIEMOTO K PEIIeHNI0 NCKOMOI'O YPaBHEHUsI, [I03BOJIAIOINIEr0 IOCTPOUTh aHAJIUTHIECKOE IIPH-
OJIMYKEHHOe pellleHne U IMOJIyYUTh allPHOPHYIO OIEHKY IOIPENIHOCTH. leopeTndecKue pes3ysIbTaThl
IPOTECTAPOBAHBI YUCICHHBIM IKCIIEPUMEHTOM.
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1) B Teopun onrumanbubix dhuiabrpos Kanmvana—Berocu [1] u [2], B sxoHOMuKe [3], 11st
ypaBuenuii Pukkaru;

2) B HesmHeiiHOI BosiHOBOI Teopun [4]-[6], B 3amadax yupyrocru [7|, neamueiinoii mud-
dby3un (8], ypasuenun Abess;

3) uHTepec K ypaBHeHHIO [leHyieBe CBsI3aH ¢ BO3MOXKHOCTBIO DEIeHHs] SBOJIOIUOHHBIX
yPaBHEHHUI MeTO/I0M 0OpaTHOl 3a1aun paccesiiusi. B 9TOM cJiydae BCIOMOraTe/IbHOe ypaB-
HeHHe, MOJIyYeHHOe PeJLyKIHeil SBOIIOIMOHHOIO yPABHEHUsI, OTHOCUTCS K ypaBHEHUsIM 6e3
HOJIBUZKHBIX KPUTUIECKUX 0COOBIX TOUeK, K ypasHeHusiM [lensese [9]-[11].

Pertenne mocraBieHHON 3aaun Jisi paccMaTpUBaEMoOro Kjacca uddepeHuaibHbIX
yPaBHEHHI OCHOBAHO Ha HOJIXOJle, IPEeJIOZKeHHOM B paborax [12]-[18].

Paccmorpum HesmHeltHoe ud depernuaabioe ypaBHEHIEe

y" = ao(2)y’ + ar(2)y* + az(2)y’ + as(2)y” + as(2)y + as(x), (1)
KOTOPOE C TIOMOIIBIO 3aMEHbI [IePEMEHHOT
y = G(z)u(z) + C(x) (2)
MIPUBOINTCS K HOPMAaJILHON opme
y" =y’ +r() (3)
IPU YCJIOBUSIX
A5 AQO 5 -
G(z) = A =const, C(z)= —?a4(az), ap(z) = 3125(14(3;) +C" (z),
(4)
Al 2410 24° 1
m(r) = Soad(n), ax(n) = Zgead(e), as(e) = “o-ad(e), as(e) = 4.
Paccmorpum 3amaay Ko
y" =y’ +r(x), (5)
y(x0) =vo, ¥'(z0) = w1, ¥ (20) = o (6)
Teopema 1. ITycmo
1) r(z) € C* 6 obaacmu
|z —x0| < p1, 0 < p1 = const; (7)

n
2) 3M,,: w < M, M, = const, n = 0,1,2, ...
n

Toeda cywecmeyem edurcmeennoe pewenue sadawu Kowu (5)-(6) 6 eude:
o0
y(@) = Culx —xo)" (8)
0

6 obaacmu |x — x| < p2, 2de

1

= min T e————
P2 {Pl M+ 1)

HdokazarenbcTBo. Ha ocHoBanmm ycaoBuii T€OPEMBI CJIELYET

I (@o)]|

;M =max 1 [yol, [y1], [y2], sup
n n!

}, n=0,1,2,...

r(z) = Z Ap(x —x0)".
0
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Torna ¢ yuerom (8) u3 ypasHenust (5) mosydaem

Zc (z — x0)"n(n —1)(n — 2) ZC*** —xo)"—i-iAn(m—xo)”,
0

rae
n n n
Crr=> GGy, Crr=> CiCr;, Ch=Y CiCni, n=0,12, ...
0 0 0

W3 mociteHEro COOTHOIIEHUST CJIEIYET PEKYPPEHTHOE BhIPayKeHNe JIjIsl OJHO3ZHAYHOIO OIpe-
nenenust Kospdunueraros C,:

n(n —1)(n—2)Cp = Ci*% + An_s, (9)
rae koaddurmenTsr C:

1 1
C3 =~ (Co+ Ag), Cy= ﬂ(5(1103 +Ap), C5= (50200 + 10C3C3 + Ay),

6l 60
AHauTUYecKue BBIPAXKEHUsI TOJyYeHbI ¢ TMOMOIIBI0 MPOrpaMMUpyeMbix cpeictB Maple.
Ha ocHoBe 11oJ1y4eHHbBIX BbIpasKeHUil CTPOUM IMIIOTE3Y JJIsi OlleHOK Ko3dduimenTos Cy:
M(M + 1)% 9 Copa] < M(M + 1)% 9
3kBk—1)(Bk—2) 0 PMUSgEBEk—DBk+1) o
M(M + 1)%
Capyal < = U3pp0.
ko] 3k(3k + 1)(3k +2) 2

CrpaBeJIMBOCTH OIEHOK OCHOBaHA HA METOJIE MaTeMaTHuIecKoil nuykiuu. [Ipousmoctpu-
pyem ciy4dait n = 3k:

|Cs| <

M(M 4 1)4k+4
Bk +3)(3k +2)(3k + 1)
U3 pekyppenTHOro coornomienus (9) ciemyer

(3k + 3)(3k + 2)(3k + 1)Capss = CL* + Asy,

|Csp43] <

nJjin
(3k + 3)(3k + 2)(3k + 1)Cpps =
3k+3 3k+3—1 3k+3—i—j

= ZCz' Z CiC3ky3—i—j Z CiC3ky3—i—j—1 + Azp,
' - 1=0

1 k M(M+ 1)4i
|Capps| < (3k +3)(3k + 2)(3k + 1) (; 3i* (30 +1)(3i + 2) 8

TOr A

e
L

M(M +1)4 "
Bk —i—j)@Bk—i—j)+ 1Bk —-i—j)+2)
M (M + 1)*k=i=7) y
Bk —i—7)+3)Bk—i—j)+2)3(k —i—j)+1)
M(M +1)%

8 lz; 3k—i—J -0 GBh—i—j-D+1Bk—i—j—1)+2)

<.
Il
o

X

k—i—j
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M (M + 1)*F=i=i=0)

X(3(k—i—j—l)+3)(3(k—i—j—l)+2)(3(k—i—j—l)+1)+M> S

M(M + 1)t k 1
S GE+3)Bk+2)3k - 1) (Z 3i* (3 + 1)(3i + 2)

N

—1

1
3k—i— ) Bh—i- )+ )BE—i—j)+2)
1
Blh—i—)+3)Bk—i—))+ 2Bk —i-7)+1)

<.
Il
o

X

k—i—j

1
. ; Bk—i—j— 1) @h—i—j—D+DBh—i—j—1)+2)

1

X(S(k—i—j—l)+3)(3(k—i—j—l)+2)(3(k—i—j—l)+1)+M> S

3 M (M + 1)+
S (Bk+3)(Bk+2)(3k+1)°

AnanormaaeIM 06pa3zoM yOerKIaeMcs B CIPaBeIMBOCTH OIEHOK JJIs BapuaHToB n = 3k+1,
n = 3k + 2. Paccmorpum Mazkopupyiommuit psiz autst psga (9):

Z Un(x—20)" = Z Dap(z —20)** + Z Dspey1( — w0)* 1+ Z D3k2(z —20)* 2. (10)
0 k=1 k=1 k=1

Ha ocnosanuu npusnaka lanambepa nosydaem obaacts cxomumoctu psiaa (10):

1

CremroBaTenbHo, ¢ y9IeTOM IyHKTa 1 TeopeMbl moaydaeM 00IacTh

|z — x0| <

. 1
9 =min< p1, ———
P {’0 (M + 1)4}
JUIsl [IpeJiCTaBjIeHnst pelenus: ypasHenus (5) B uge (8).

Jlokazanmuast TeopeMa 1 O3BOJIIET TOCTPOUTH AHAJTUTHIECKOE TPUOINKEHHOE PeIlleHne

N
yn(z) = Cnla — z0)™ (11)
0

Teopema 2. IIycmov svinoanaomes nyrwkmoss 1 u 2 meopemot 1, mozda dan anasumure-
cK020 npubsusicentozo pewenus (11) sadavwu (5)-(6) 6 obaacmu |x —xg| < p2 cnpasedausa
OUEHKA NOZDEWHOCTU

Ayn(z) = [y(z) —yn(2)] < A,
xomopas 6 cayuae N + 1 = 3k umeem suo:

4(N+1)

M(M+1)" 5 |z — x|V !
1—M(M+1)|z— o

A<
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X

( 1 TR | Lo >
N(N-1)(N+1) NN+DLH(N+2) (N+1)(N+2)(N+3)
ona cayvwaa N +1 =3k + 1 noaywaem

M(M + 1) |z — 2| N+

A<
1— MM+ Dz — 2o

9 1 N |z — x| |z — 20)?
N(N-1)(N—-2) NN-1)(N+1) NIN+1)(N+2)
u oan N +1 =3k + 2 6ydem umemn
M(M + 1) 55 | — gV
— M(M + 1)z — x|
y 1 |33—330| |z — 2o|?
(N —1)(N —2)(N —3) N(N (N N(N —-1)(N+1)
1

= min ,
P2 {pl BT

_ r ")( o)l
M = max |y0| ’y1| |y2| Sup ; 7’L—O,1,2

A<

} 0 < pg = const,

HokazareabctBo. Ilo orpeenenuio

ZC’ (x —xo)"

\

219 (x — )"

Ayn(z) = |y(z) —yn(z

N+1 N+1
o
Z ﬁBk QZ - xO 3k Z 193k:+1 T — $0)3k+1 Z 793k+2(x - m0)3k+2 <
N+1 N+1 N+1
M (M + 1)* 3k M (M + 1)* k41
\Z |z — o +Z |z — o[ +
= 3k(3k —1)(3k — 2) o 3k(3k —1)(3k + 1)
M 1 4k
+Z +1) 2z — P <

3k(3k + 1)(3k + 2)

M(M + )4kx—:c03k ]
S 3(k(3k - 1)(’3k - 2£ D+ MM + 1)z — 2o *) +
k=1
M (M + 1)*|z — 231 S

3k(3k — 1)(3k + 1) D1+ MM + 1)z — zo**) +

k=1
M (M + 1)*|z — zo|*F*2 i 4k 3k
(1+ MM+ 1)z —x0]”") =
B(3k + )3k +2) &

MM +1)*|z — x| 1 |z — 0| N
N 3k(

MM+ 1)z — a0 \3kGBk —1)(3k —2) | 3k(3k —1)(3k + 1)
L lemml N MM )T e -V
3k(Bk+1)(3k+2)) 1 —M(M+1)|z—x03

X
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x( 1 N |z — x| N |z — 20|? >
N(N—-1)(N+1) NN+1)(N+2) (N+1)(N+2)(N+3))
AnasornanpeiM 06pa3oM HOJIydaeM CTPYKTYDBI OIeHOK st BapuantoB N + 1 = 3k + 1,
N +1 = 3k + 2 B obnactu

. 1
= min I
" {pl Y (M+1>4}

e
™) (o))
0 < p1 = const, M =max< |yol,|y1] ]yg\,supi' , n=20,1,2,....
n .
" 5 / 1 " 1
IIpumep. v = y°(x) + z, y(0) =1, ' (0) = Y (0) = 7 [TpubnuzkeHHoe perreHne B

00J1aCTH aHAJIUTUIHOCTH:

r1 | ya(xn) | A Ag
0,351 1,157 | 0,011 | 0,0002

rie ya(x1) — npubmmkennoe perienne (11); A; — anpuopnasi orneHka, TeopeMa 2; Ag —
arocrepuopHast orenka. g Ao = 0,0002 mo Teopeme 2 onpenensiem N = 12. Ciarae-
Mble ¢ N = 5 1o 12 B obmieil cyMMe He IpeBbINIAOT Tpebyenmoil TognocT € = 2 - 1074,
CJIeJI0BATEJIbHO, TIPUOJINKEeHHOe perterne Y4 (x) umeer norpemsocts € = 0, 0002.

3aksrodenne. lIpeyioxkeHHBII METO, MAayKOPAHT B JIOKA3ATEILCTBE TEOPEMBI CYIIe-
CTBOBAHUSI IMTO3BOJISIET MOCTPOUTDH AHAJIUTHYECKOEe HMPUOJIMKEHHOE pelleHne, OIEHUTh ero
MOTPENTHOCTDH U ONITUMHU3UPOBATH C TIOMOIIBIO AllOCTEPUOPHOIT OIEHKH TIOT'PEITHOCTH.
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V. N. Orlov, Yu. G. Zheglova

AN EXISTENCE THEOREM FOR THE SOLUTION OF A CLASS
OF A THIRD-ORDER NONLINEAR DIFFERENTIAL EQUATION WITH
POLYNOMIAL RIGHT-HAND SIDE OF THE FIFTH DEGREE
IN THE DOMAIN OF ANALYTICITY

National Research Moscow State University of Civil Engineering, Moscow

Abstract. The first of Riccati’s simplest nonlinear differential equations, is a kind of scalar and
matrix form, is widely used in the theory of optimal Kalman—Bucy filters for the scalar form.
The matrix differential equation plays an important role in the theory of Hamiltonian systems,
in problems of optimal control, of economics. The following Abel equation from this category
finds application in nonlinear optics, nonlinear diffusion, nonlinear wave theory. They should be
supplemented by the Painleve equations, which are directly related to the theory of evolutionary
processes. A common property that unites these types of equations is the presence of movable
singular points that classify these equations in a general case that are not solvable in quadratures.
This circumstance also actualizes the development of an analytic approximate method of solutions
of this category of equations. The class of equations considered in this paper also belongs to this
category. In this paper we prove the existence theorem for the solution of the class of equations
under consideration in the analyticity region based on the majorant method applied to the solution
of the desired equation, which allows us to construct an analytical approximate solution and obtain
an a priori estimate of the error. Theoretical results are tested by the numerical experiment.

Keywords: nonlinear differential equation, Cauchy problem, majorant method, neighborhood of
a movable singular point, analytic approximate solution, priori error estimate.
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