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Abstract. Thermal stresses in a spherical ceramic shell mold are calculated during the process
of pouring and solidifying the metal. The corresponding problem of the theory of temperature
stresses in elastic materials is formulated and solved. The variable parameters of the problem are
the degree of heating (calcination) of the shell mold and the height of its seating in the support
filler (SF). The dependence of elastic moduli on temperature is neglected. As contact conditions at
the boundary of the contacting metal with the inner surface of the mold, the equality of stresses
normal and tangential to the boundary surface is taken. OH is assumed to be non-deformable, its
contact with the shell-shaped material is assumed to be rigid. There is a slight increase in the level
of stress in the mold due to the presence of the supporting filler and a noticeable influence on it
from its preliminary heating.
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1. ’;<=<>?< ! "#$%&’$()*’+ % *+,-%.+ /0)*$ ’)*#+/01*)2 (+*03% ’ ’%-
(+ )4+#5. 6$37/+-%+ 80#$’$9 &0:$*$’.% ) "$;$<=1 3%*=2 "$ ’5"30’32+;5;
;$(+32;, >.$-$;%/+).% ’5:$(-+9, /+; "#% $?#0?$*.+ ;+*0330 (0’3+-%+;. 6$-
>*$;7 ’ >*$9 $?30)*% "#$’+(+-$ ;-$:$ %))3+($’0-%9 [1–13], -0"#0’3+--5, -0
737/8+-%+ "#$@+))0 4$#;%#$’0-%2 $*3%’.%. ! #2(+ #0?$* %&7/03$)= ’3%2-
-%+ :+$;+*#%% $?$3$/.$9 4$#;5 -0 ++ -0"#2AB--$-(+4$#;%#$’0--$+ )$)*$2-
-%+ (CDE) [1–3], *$3<%-5 )*+-.% .+#0;%.% [4–9], ;0*+#%030 $*3%’$. [10, 11]
% ;0*+#%030 $?$3$/.$’$9 4$#;5 [12]. 6$).$3=.7 .+#0;%/+).02 $?$3$/.0 (+-
4$#;%#7+*)2 7"#7:$, *$ $ ++ )"$)$?-$)*% ’5(+#A0*= -0:#7&.7, %),$(2<71 $*
&03%’0+;$:$ ;+*0330, ;$A-$ )7(%*= "$ 7#$’-1 % ,0#0.*+#7 ’$&-%.01<%, -0-
"#2A+-%9, 7/%*5’02 "#% >*$;, /*$ )A%;01<%+ -0"#2A+-%2 "#+("$/*%*+3=-++
#0)*2:%’01<%,. ! (0--$9 #0?$*+ %))3+(7+*)2 ’3%2-%+, $.0&5’0+;$+ )$ )*$#$-
-5 FC, -0 -0"#2A+-%2, ’$&-%.01<%+ ’ "#$@+))+ &0*’+#(+’0-%2 ;+*0330 ’ )4+-
#%/+).$9 .+#0;%/+).$9 $?$3$/.$’$9 4$#;+. D32 >*$9 @+3% #0));0*#%’0+*)2
#0&3%/-59 7#$’+-= "$:#7A+-%2 $?$3$/.$9 4$#;5 ’ $"$#-59 -0"$3-%*+3=. C0-
#2(7 ) >*%; %&7/0+*)2 *0.A+ ’3%2-%+ "#+(’0#%*+3=-$:$ "$($:#+’0 ("#$.03.%)
4$#;5.

F?#0&7+;59 ’ ,$(+ #0)"#+(+3+-%2 *+;"+#0*7#5 % $,30A(+-%2 ;+*033 %
.+#0;%/+).71 4$#;7 )/%*0+; 7"#7:%;%, (+4$#;0@%1 ;03$9. E$$*-$8+-%+
D10;+32-C+9;0-0 $"%)5’0+* )’2&= ;+A(7 -0"#2A+-%+; 7"#7:$9 (+4$#;0@%+9
% *+;"+#0*7#$9

ωij = (εekk → 3ϑK (T → T0)) ϖij + 2µeij, (1)

ε, µ, K =
2

3
µ+ ε 7"#7:%+ ;$(73%, ϑ – .$>44%@%+-* 3%-+9-$:$ *+;"+#0*7#-$:$

#0)8%#+-%2.
6$30:0+;, /*$ *+;"+#0*7#0 -+ &0’%)%* $* ).$#$)*% (+4$#;0@%9, % #0)"#$-

)*#0-2+*)2 ?30:$(0#2 &0.$-7 G7#=+

cϱ
ςT

ςt
= div (εgradT ) (2)

ε – *+"3$"#$’$(-$)*= B/(!*→C), c – 7(+3=-02 *+"3$+;.$)*= DA/(.:→C), ϱ –
"3$*-$)*= .:/;3.

H0’%)%;$)*=1 7"#7:%, ;$(73+9 % *+"3$4%&%/+).%, ,0#0.*+#%)*%. "#+-+?#+-
:0+;. D$"$3-2+* )%)*+;7 7#0’-+-%9 (1, 2) 7#0’-+-%+ #0’-$’+)%2

ωij,j = 0. (3)

2. -@ABC>@;DC EC=CF?. ! )4+#%/+).71 .+#0;%/+).71 $?$3$/.$’71 4$#-
;7, #0&;+#0;% (R ↑ r ↑ Rs), "#$:#+*71 ($ *+;"+#0*7#5 T↑

→
C &03%’01* #0)-

"30’3+--71 )*03= *+;"+#0*7#$9 T = 1550→C. E3+(7+* -09*% #0)"#+(+3+-%+
-0"#2A+-%9 ’ *+/+-%% ’#+;+-% .#%)*033%&0@%% ;+*0330. !’+(+; )4+#%/+).71
)%)*+;7 .$$#(%-0*

(
r, φ, ↼

)
% )’2A+; ++ ) @+-*#$; 4$#;5, .$*$#02 ;$A+*
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?5*= .0. ’ )’$?$(-$; )$)*$2-%%, *0. % "$;+<+-0 ’ $"$#-59 -0"$3-%*+3= /0-
)*%/-$ %3% "$3-$)*=1 (#%). 1). 6#%;+; )4+#7 )"3$8-$9, "$30:02, /*$ -03%/%-
+; ’$#$-.% ’ ;0*+#%03+ $?$3$/.$’$9 4$#;5 ;$A-$ "#+-+?#+/=. I0)"#+(+3+-%+
*+;"+#0*7#5 T (r, t) (32 .0A($:$ ;$;+-*0 ’#+;+-% t $"#+(+32+*)2 %& #+8+-%2
7#0’-+-%2 *+"3$"#$’$(-$)*%

ςT (r, ↼, t)

ςt
=

ε

ϱc

(
1

r2

ς
2

ςr2

(
r
2
T (r, ↼, t)

)
+

1

r2 sin (↼)

ς

ς↼

(
sin (↼)

ς

ς↼
T (r, ↼, t)

))
(4)

)$’;+)*-$ ) -0/03=-5;%
T (r, 0) = 1550→C (32 r ↓

[
0 Rs

]
;T (r, ↼, 0) = T

→
↑C (32 r ↓

[
Rs R

]
(5)

% :#0-%/-5;% 7)3$’%2;%:

’ @+-*#+ )4+#5
ςT (r, ↼, t)

ςr
= 0 (32 r = 0

-0 "$’+#,-$)*% .$-*0.*0 ;+A(7 *’+#($9 40&$9 % .+#0;%/+).$9 $?$3$/.$9 r = R

{
→ε1

ςT
<1> (R, ↼, t)

ςr
= →ε2

ςT
<2> (R, ↼, t)

ςr
;

T
<1> (R, ↼, t) = T

<2> (R, ↼, t)
(6)

-0 :#0-%@+ A%(.$9 % *’+#($9 40&5 r = G (t)

{
→ε2

ςT
<2> (G, ↼, t)

ςr
= →ε3

ςT
<3> (G, ↼, t)

ςr
+

ς!

ςt
Lϱ↑;

T
<2> (G, ↼, t) = T

<3> (G, ↼, t)
(7)

’ )37/0+ $"$#-$:$ -0"$3-%*+32 ↽↑ ↑ ↼ ↑ ⇀

2

ςT (Rs, ↼, t)

ςr
= 0 (8)

(32 )’$?$(-$9 "$’+#,-$)*% 0 ↑ ↼ ↑ ↽↑

→ε2
ςT (Rs, ↼, t)

ςr
= k (T (Rs, ↼, t)→ T

e) (9)

-0 "3$).$)*% )%;;+*#%% ↼ = 0, ↼ =
⇀

2

ςT (r, ↼, t)

ς↼
= 0; (10)

! "#%’+(B--5, ’58+ )$$*-$8+-%2, ε1, ε2, ε3 – .$>44%@%+-*5 *+"3$"#$’$(-
-$)*%; k – .$>44%@%+-* *+"3$$?;+-0 .+#0;%/+).$9 $?$3$/.% ) $.#7A01<++
)#+($9; ↽ – 7:$3 "$:#7A+-%2 4$#;5 ’ FC; L- ).#5*02 7(+3=-02 *+"3$*0 .#%-
)*033%&0@%%; ϱ – "3$*-$)*= ;+*0330.

I+8+-%+ *+;"+#0*7#-$9 &0(0/% (4-10) "#$’$(%; /%)3+-$ ;+*$($; "#$:$-.%.
D+4$#;0@%% ’ )4+#%/+).$9 )%)*+;+ .$$#(%-0* &0’%)2* *$3=.$ $* "+#+;+<+-

-%9 ur (r, ↼, t) % uω (r, ↼, t) "$*$;7, /*$ "$ .$$#(%-0*+ φ )%;;+*#%/-$, 0 )3+($’0-
*+3=-$, "$ φ -+* "+#+;+<+-%9,



28 B. !. A@B(C!B, B.B. C!3A-)<CC!B

I%). 1 E,+;0 &0(0/%

err = ur,r, eωω =
1

r
(uω,ω + ur) , eεε = uω

1

r
ctg (↼) + ur

1

r
, (11)

erω = 0.5

(
uω,r →

1

r
uω +

1

r
ur,ω

)
, erε = eεω = 0.

6$()*0’322 (11) ’ (1) "+#+"%8+; )$$*-$8+-%2 D10;+32-C+9;0-0 ’ )4+#%/+-
).$9 )%)*+;+ .$$#(%-0* (32 -08+:$ )37/02

ωrr = (ε+ 2µ) ur,r + ε
1

r
(uω,ω + 2ur + uωctg (↼))→ 3Kϑ (T → T0) ;

ωωω = (ε+ 2µ)
1

r
(uω,ω + ur) + ε

(
ur,r +

1

r
ur +

1

r
uωctg (↼)

)
→ 3Kϑ (T → T0) ; (12)

ωεε = (ε+ 2µ)
1

r
(uωctg (↼) + ur) + ε

(
ur,r +

1

r
ur +

1

r
uω,ω

)
→ 3Kϑ (T → T0) ;

ωrω = µ

(
uω,r →

1

r
uω +

1

r
ur,ω

)
.

J#0’-+-%+ #0’-$’+)%2

ωr,r +
1

r
ωrω,ω +

1

r
(2ωrr → ωωω → ωεε → ωrωctg (↼)) = 0, (13)

ωrω,r +
1

r
ωω,ω +

1

r
((ωωω → ωεε) ctg (↼) + 3ωrω) = 0.

D32 #+8+-%2 7#0’-+-%2 #0’-$’+)%2 (13) &0"%8+; :#0-%/-5+ 7)3$’%2:
-0 :#0-%@+ A%(.$9 % *’+#($9 40&5 r = G (t)

{
ω
<1>
rr

= →p; p = ϱgh

ω
<1>
rω

= 0
(14)

-0 "$’+#,-$)*% .$-*0.*0 ;+A(7 *’+#($9 40&$9 % .+#0;%/+).$9 $?$3$/.$9 r = R
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ω
<1>
rr

= ω
<2>
rr

ω
<1>
rω

= ω
<2>
rω

u
<1>
r

= u
<2>
r

u
<1>
ω

= u
<2>
ω

(15)

(32 )’$?$(-$9 "$’+#,-$)*% 0 ↑ ↼ ↑ ↽↑

{
ω
<2>
rr

= 0;
ω
<2>
rω

= 0
(16)

’ )37/0+ $"$#-$:$ -0"$3-%*+32 ↽↑ ↑ ↼ ↑ ⇀

{
u
<2>
r

= 0
u
<2>
ω

= 0
(17)

-0 "3$).$)*% )%;;+*#%% ↼ = 0, ↼ = ⇀

J#0’-+-%2 (13-17) "#+()*0’32+; ’ "+#+;+<+-%2, % #+80+; "$37/+--71 )%-
)*+;7 3%-+9-5, 7#0’-+-%9 $(-%; %& ’$&;$A-5, /%)3+--5, ;+*$($’: "#$)*5,
%*+#0@%9 3%?$ K07))0.

3. !GAHI=<>?< J<EHKLBCB@; 6#%-2*5+ 4%&%.$-;+,0-%/+).%+ ,0#0.*+-
#%)*%.% )#+(:
!"# $%!&’(’ )*+,"", "3$*-$)*= 7800 .:/;3, *+"3$+;.$)*= 900 DA/(.:→C),
).#5*02 7(+3=-02 *+"3$*0 .#%)*033%&0@%% 270·103 DA/.:, .$>44%@%+-* *+"-
3$"#$’$(-$)*% 2,98 !*/(;→

C)
!"# +-*.!’(’ )*+,"", "3$*-$)*= 7860 .:/;3, *+"3$+;.$)*= 460 DA/(.:→C), .$-
>44%@%+-* *+"3$"#$’$(-$)*% 29 !*/(;→

C), .$>44%@%+-* 3%-+9-$:$ #0)8%#+-
-%2 11,0·10-6 1/→C, "0#0;+*#5 L0;+ ε=121,1 K60, µ=80,7 K60
!"# ’/’"’0&’-’1 2’.)3 "3$*-$)*= 2000 .:/;3, *+"3$+;.$)*= 840 DA/(.:→C),
.$>44%@%+-* *+"3$"#$’$(-$)*% 0,812 !*/(;→

C), .$>44%@%+-* 3%-+9-$:$ #0)-
8%#+-%2 0,51·10-6 1/→C, "0#0;+*#5 L0;+ ε = 172, 6K60, µ=259,0 K60.
I0));$*#%; "#$@+)) (+4$#;%#$’0-%+ .+#0;%/+).$9 4$#;5 ’ *+/+-%+ ’#+;+-
-% &0*’+#(+’0-%2 &03%*$:$ A%(.$:$ ;+*0330. 6#% #0&;+#0, ’-+8-+:$ #0(%7)0
0,05 ; *$3<%-$9 0,005 ; >*$ &09;+* -+ ?$3++ (’7, ;%-7*. I0&?%’02 ’#+;+--$9
%-*+#’03 -0 ;035+ ’#+;+--5+ "#$;+A7*.%, "#$%&’+(+; #0)/+* "$)*0’3+--$9
&0(0/%.

I0));$*#%; )37/09, .$:(0 $?$3$/.0 "+#+( &03%’.$9 ;+*0330 #0&$:#+*0 ($
*+;"+#0*7#5 800 →

C. C0 #%). 2 "$.0&0-$ (’%A+-%+ :#0-%@5, #0&(+321<+9 A%(-
.71 40&7 $* *’+#($9, .0. ’%(-$ >*$ -+ 3%-+9-$+ (’%A+-%+ ) &0"0&(5’0-%+; -0
:#0-%@+ .$-*0.*0 ) .+#0;%/+).$9 4$#;$9. EA%;01<%+ -0"#2A+-%2 ’5)$.%+
-0 ’-7*#+--+9 "$’+#,-$)*% 4$#;5 #%). 3, .0. A+ ) ’#+;+-+; 7;+-=801* )’$%
&-0/+-%2.

! )37/0+ )’$?$(-$9 ’-+8-+9 "$’+#,-$)*% &0(0/0 )*0-$’%*)2 )%;;+*#%/-0 $*-
-$)%*+3=-$ φ % ↼, "$ >*$9 "#%/%-+ -0"#2A+-%2 ωε % ωω -0 #%). 3 #0’-5.
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I%). 2 D’%A+-%+ :#0-%@5
#0&(+321<+9 *’+#(71 % A%(.71

40&5

I%). 3 I0)"#+(+3+-%+ )A%;01<%,
-0"#2A+-%9 -0 "$’+#,-$)*% .$-*0.*0

;+*033 - FG. 6#2;$9 $?$&-0/+-$
#0(%03=-$+ -0"#2A+-%+,

"7-.*%#-$9ωε % ωω.

C0 #%). 4 "#%’+(+-5 -0"#2A+-%2 -0 ’-+8-+9 "$’+#,-$)*% .+#0;%/+).$9 $?$-
3$/.% (32 #0&-5, )37/0+’ "$:#7A+-%2 ’ $"$--59 -0"$3-%*+3=, 7:$3 ↽ "#%-
-%;03)2 #0’-5; ⇀/4, ⇀/2 % 3⇀/4. F"$#-59 -0"$3-%*+3= )$&(0+* )A%;01<%+
-0"#2A+-%2 -0 ’-+8-+9 "$’+#,-$)*% 4$#;5, "#% >*$; .$-*0.*-$+ -0"#2A+-%2
-0 ’-7*#+--+9 "$’+#,-$)*% -+ ’$&#0)*0+*.



GH GIC<@C !J-.<-. 3AC*C<- GK!BAB ... 31

D32 ?$3++ (+*03=-$:$ %&7/+-%2 ’$"#$)0 #0));$*#%; *+;"+#0*7#7 "#$.03%’0-
-%2 .+#0;%/+).$9 4$#;5. C0 #%). 5 "#$(+;$-)*#%#$’0-0 &0’%)%;$)*= ;0.)%-
;03=-$:$ -0"#2A+-%2 ’ .+#0;%/+).$9 4$#;+ $* *+;"+#0*7#5 "#$.03%’0-%2 ’
"+#’59 ’#+;+--$9 %-*+#’03. M+; ’58+ *+;"+#0*7#0 "#$.03%’0-%2, *+; ;+-=8+
;0.)%;03=-5+ -0"#2A+-%2 &0#$A(01*)2 ’ .+#0;%/+).$9 4$#;+ "#% .#%)*03-
3%&0@%% $*3%’.%.

I%). 4. I0)"#+(+3+-%+ -0"#2A+-%9 -0
’-+8-+9 "$’+#,-$)*% 4$#;5

"$:#7A+--$9 -0 7:$3 ↽: 0)⇀/4; ?) ⇀/2,
)) 3⇀/4

:CDKMF<>?<. ! "+#’5+ )+.7-(5 &03%’.% ;+*0330 ’ )4+#%/+).71 .+#0;%-
/+).71 4$#;7 $"$#-59 -0"$3-%*+3= $.0&5’0+* -+:0*%’-$+ ’3%2-%+ -0 $?#0&$-
’0-%+ $*#%@0*+3=-5, -0"#2A+-%9 -0 ’-+8-+9 "$’+#,-$)*% $?$3$/.%. E*+"+-=
"$:#7A+-%2 ’ $"$#-59 -0"$3-%*+3= -+ 7’+3%/%’0+* -0"#2A+-%2 -0 )’$?$(-$9
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I%). 5. H0’%)%;$)*= ;0.)%;03=-$:$
-0"#2A+-%2 ’ .+#0;%/+).$9 4$#;+ $*

*+;"+#0*7#5 "#$.03%’0-%2

’-+8-+9 "$’+#,-$)*% 4$#;5. E ;$;+-*0 -0/030 &03%’.% ($ .#%)*033%&0@%%
)*03=-$9 &0:$*$’.% ’ ;0*+#%03+ 4$#;5 $?#0&71*)2 )A%;01<%+ -0"#2A+-%2,
&-0/+-%2 .$*$#5, )$ ’#+;+-+; "$-%A01*)2.

N0.)%;03=-$+ -0"#2A+--$+ )$)*$2-%+ .+#0;%/+).02 4$#;0 %)"5*5’0+* ’
"+#’5+ ($3% )+.7-( &03%’.%, "#% >*$; )0;5+ ’5)$.%+ )A%;01<%+ -0"#2A+-%2
$?#0&71*)2 -0 ’-7*#+--+9 "$’+#,-$)*% 4$#;5. C0 %, &-0/+-%2 $"$#-59 -0"$3-
-%*+3= "#0.*%/+).% -+ $.0&5’0+* ’3%2-%2, /+:$ -+3=&2 ).0&0*= $ *+;"+#0*7#+
"#+(’0#%*+3=-$:$ "$($:#+’0 $?$3$/.%. M+; ’58+ *+;"+#0*7#0 "#$.03.%, *+;
;+-=8+ -0"#2A+-%2 % ’+#$2*-$)*= #0)*#+).%’0-%2 4$#;5.

!"#"$%&’($)%"
*+,-. -/0121/. !. ". #$%&’(% )%*+,%)+’ -’$,-% ./$0*+,+, *0,-.0’)+’ 1%-’1%-
-+&’,$02 103’4+ + *04/&’)+’ .’5’)+6, ,074%,0(%)+’ 8+)%49)02 (’.,++ ./$0*+,+,
!. !. :(,-+7)’’(% 0;<0. 4+-’.%-/.= *0 -’1’ ,-%-9+, *0,-%)0($% <%3%&+, .’3%$-+.0-
(%)+’ -’$,-% ./$0*+,+.
3145,6+0 64072781/. !(-0.= 3’$4%.+./>- 0-,/-,-(+’ 6()=? + *0-’)@+%49)=?
$0)84+$-0( +)-’.’,0(, ,(6<%))=? , */;4+$%@+’2 )%,-06A’2 ,-%-9+.
&801946+ 564-48621/-46:. B,,4’30(%)+’ (=*04)’)0 <% ,&’- 7.%)-% C0,,+2,$070
)%/&)070 80)3% D24-29-00214, https://rscf.ru/project/24-29-00214/
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