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39:;:<=:. ! "#$%&’ [1] $()* +%),-’.( #.#)*&*-’/0*’ "’1’.*2 .#-#)3.%-
0"#’4%5 6#7#-* % 7’8%"9*"%4#.** /+)%1.%:% 1#"#, +%74’";’..%:% 4%67’5-
/&4*< .’/&#=*%.#".%:% &’9+’"#&,".%:% +%)2 * +"%24)2<>’:% ,+",:*’, +)#-
/&*-’/0*’, ,+"%-.2<>*’/2 * 4260*’ /4%5/&4#. ?%6;’ 7#..(’ "’6,)3&#&( $()*
+%7&4’";7’.( 4 [2] +%/"’7/&4%9 +"%4’7’.*2 -*/)’..%:% 9%7’)*"%4#.*2 9’&%-
7%9 0%.’-.(@ A)’9’.&%4.

B7.#0% "’1’.*2 4 ,0#6#..(@ 4(1’ "#$%&#@ $()* +%),-’.( 4 +"’7+%)%;’-
.**, -&% 4(+%).2<&/2 ,/)%4*2 +"*9’.*9%/&* 8%"9,)( C"*.# [3, c. 123, 6#9’-
-#.*’ 2]. ! /4%< %-’"’73, A&% /426#.% / .’+"’"(4.%/&3< "’1’.*2 /% /4%*9*
-#/&.(9* +"%*64%7.(9* +’"4%:% +%"270# +% +"%/&"#./&4’..%5 0%%"7*.#&’ 4
6#90.,&%5 %$)#/&* r → [0, R], t ↑ 0 * .’+"’"(4.%/&3< -#/&.(@ +"%*64%7.(@
4&%"%:% +%"270# 4 *.&’"4#)’ r → (0, R). D7’/3 r E "#7*#)3.#2 0%%"7*.#&#,
R > 0 E "#7*,/ 1#"#, t E 4"’92.

F#0*9 %$"#6%9, .’%$@%7*9% +"%4’7’.*’ 7%+%).*&’)3.%:% *//)’7%4#.*2 /@%-
7*9%/&* +%),-’..(@ 8,.0=*%.#)3.(@ "27%4 / =’)3< +%7&4’";7’.*2 *@ /%%&-
4’&/&4*2 .#-#)3.%-0"#’4%5 6#7#-’.

$>?@A@B:CDEB9>. G"#4.’.*’ &’+)%+"%4%7.%/&* 49’/&’ / 0"#’4(9* ,/)%-
4*29* 7)2 "#//9#&"*4#’9%5 6#7#-* 4 /),-#’ /8’"*-’/0%5 /*99’&"** *9’’& 4*7

ωT (r, t)

ωt
= ε

(
2

r

ωT (r, t)

ωr
+

ω
2
T (r, t)

ωr2

)
,

T (r, 0) = T0,

T (R, t)↓ T0

Tm ↓ T0
= 1↓ e→xt

,

T (0, t) ↔= ↗.

(1)

D7’/3 T (r, t) E "#/+"’7’)’.*’ &’9+’"#&,"( 1#"# +% "#7*,/,; T0 E .#-#)3.#2
&’9+’"#&,"# &’)#; Tm E &’9+’"#&,"# %0",;#<>’5 /"’7(; ε > 0 E 0%A88*=*’.&
&’9+’"#&,"%+"%4%7.%/&*; x > 0 E /0%"%/&3 .#:"’4# +%4’"@.%/&*.

H%:)#/.% [1], "’1’.*’ .#-#)3.%-0"#’4%5 6#7#-* (1) 4 $’6"#69’".(@ +’"’9’.-
.(@ *9’’& 4*7

! (ϑ, t) =
T (ϑ, t)↓ T0

Tm ↓ T0
=

= 1↓ e
→xt +

↑∑

n=1

2(↓1)n
sin (ϖnϑ)

ϖnϑ

x

x↓ ε
ω2n2

R2

[
e
→ω

2
n
2

R2 εt ↓ e
→xt

]
,

(2)

:7’ ϑ = r/R E $’6"#69’".(5 "#7*,/.
I%0#;’9 "#4.%9’".,< /@%7*9%/&3 8,.0=*%.#)3.%:% "27# (2), 4%/+%)36%4#4-

1*/3 9#;%"#.&.(9 +"*6.#0%9 !’5’"1&"#//# [4, c. 86, &’%"’9# 4]. I)2 A&%:%
+"%4’7’9 %=’.0, /4’"@, ’:% -)’.%4 un (ϑ, t) (n ↑ 1) +% #$/%)<&.%5 4’)*-*.’
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|un (ϑ, t)| =

∣∣∣∣∣∣∣∣
2 (↓1)n · sin (ϖnϑ)

ϖnϑ
·
x ·

[
e→ε

ω
2
n
2

R2 t ↓ e→xt

]

x↓ ε
ω2n2

R2

∣∣∣∣∣∣∣∣
=

= 2xe→xt ·
∣∣∣∣
sin (ϖnϑ)

ϖnϑ

∣∣∣∣ ·

∣∣∣∣e
→
(
ε

ω
2
n
2

R2 →x

)
t ↓ 1

∣∣∣∣
∣∣εω2n2

R2 ↓ x
∣∣ .

(3)

J%;.% +%0#6#&3, -&%
e→xt ↘ 1,

∣∣∣∣
sin (ϖnϑ)

ϖnϑ

∣∣∣∣ ↘ 1.
(4)

F%:7# *6 (3) / ,-’&%9 (4) /)’7,’&, -&%

2xe→xt ·
∣∣∣∣
sin (ϖnϑ)

ϖnϑ

∣∣∣∣ ·

∣∣∣∣e
→
(
ε

ω
2
n
2

R2 →x

)
t ↓ 1

∣∣∣∣
∣∣εω2n2

R2 ↓ x
∣∣ ↘ 2x ·

∣∣∣∣e
→
(
ε

ω
2
n
2

R2 →x

)
t ↓ 1

∣∣∣∣
∣∣εω2n2

R2 ↓ x
∣∣ . (5)

K#//9%&"*9 +%/)’7.*5 9.%;*&’)3 4 +"#4%5 -#/&* (5). !4’7’9 6#9’., ϱ =

t ·
(
ε

ω
2
n
2

R2 ↓ x

)
* +"%4’"*9, 24)2’&/2 )* &%-0# ϱ = 0 &%-0%5 "#6"(4#.

lim
ϑ↓0

|e→ϑ ↓ 1|
|ϱ| · t = t. (6)

?%/0%)30, +"’7’) 4 (6) /,>’/&4,’& * 0%.’-’., &% &%-0# ϱ = 0 24)2’&/2 &%-0%5
,/&"#.*9%:% "#6"(4#.

I#)’’ %+"’7’)*9 +%4’7’.*’ "#//9#&"*4#’9%5 8,.0=** .# ),-’ ϱ > ↓x · t

d

dϱ

(
|e→ϑ ↓ 1|

|ϱ| · t
)

=
sgn (e→ϑ ↓ 1) (↓e→ϑ) |ϱ|↓ |e→ϑ ↓ 1| sgn (ϱ)

|ϱ|2
· t =

= t · 1↓ (ϱ+ 1) e→ϑ

ϱ2
· sgn (ϱ) · sgn

(
e→ϑ ↓ 1

)
=

=
t · e→ϑ

ϱ2
· [eϑ ↓ (ϱ+ 1)] ·

{
1 · (↓1), ϱ > 0

(↓1) · 1, ϱ < 0
=

t · e→ϑ

ϱ2
· [(ϱ+ 1)↓ eϑ] .

(7)

B-’4*7.%, -&% +’"4(5 9.%;*&’)3 4 +"#4%5 -#/&* (7) .’%&"*=#&’)’.. L"%9’
&%:%, 9%;.% +%0#6#&3, -&% [(ϱ+ 1)↓ eϑ] %$"#>#’&/2 4 .,)3 +"* ϱ = 0, 4%6"#/&#’&
+"* ϱ < 0 * ,$(4#’& +"* ϱ > 0, &.’. 7)2 )<$%:% ϱ /+"#4’7)*4% .’"#4’./&4%
[(ϱ+ 1)↓ eϑ] ↘ 0. F#0*9 %$"#6%9,

d

dϱ

(
|e→ϑ ↓ 1|

|ϱ| · t
)

↘ 0. (8)
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F%:7# 9#0/*9,9 8,.0=** |e→ε→1|
|ϑ| · t 7%/&*:#’&/2 .# )’4%9 0%.=’ *.&’"4#)#, .#

0%&%"%9 %+"’7’)’.% ϱ, &.’. +"* n = 1.
F#0*9 %$"#6%9, *6 (6)–(8) /)’7,’&, -&% 4/’ 9.%;*&’)* 4 +"#4%5 -#/&* (5)

+"*.#7)’;#& 9.%;’/&4, R+ \ {+↗}. I#)’’ $’6 %:"#.*-’.*2 %$>.%/&* $,7’9
"#//9#&"*4#&3 -)’.( "27#, .#-*.#2 / &#0%:% n0, -&% ε

ω
2
n
2

R2 ↓ x > 0. ?"* A&%9
/,99# +’"4(@ n0 ↓ 1 -)’.%4 $,7’& 0%.’-.(9 -*/)%9. F%:7# 9%;.% %=’.*&3
+"#4,< -#/&3 4 (5)

2x ·

∣∣∣∣e
→
(
ε

ω
2
n
2

R2 →x

)
t ↓ 1

∣∣∣∣
∣∣εω2n2

R2 ↓ x
∣∣ ↘ 2x

ε
ω2n2

R2 ↓ x
=

2 · x

ε
· R

2

ω2

n2 ↓ x

ε
· R2

ω2

. (9)

M6 4(1’ *6)%;’..%:% /)’7,’&, -&% -)’.( */@%7.%:% 8,.0=*%.#)3.%:% "27#,
.#-*.#2 / .’0%&%"%:% n0 9%:,& $(&3 +"%9#;%"*"%4#.( -*/)%4(9 "27%9

|un (ϑ, t)| ↘
2 · x

ε
· R

2

ω2

n2 ↓ x

ε
· R2

ω2

= an. (10)

!%/+%)36,’9/2 *.&’:"#)3.(9 +"*6.#0%9 L%1*-J#0)%"’.# [4, c. 26, &’%-
"’9# 10] 7)2 7%0#6#&’)3/&4# /@%7*9%/&* "27#, /%/&#4)’..%:% *6 +"#4(@ -#-
/&’5 (10). !4’7’9 6#9’., 4*7# ς = R

ω

√
x

ε
* 4(-*/)*9 .’/%$/&4’..(5 *.&’:"#)

I =

+↑∫

n0

2ς 2

n2 ↓ ς 2
dn = ς · ln

(
n0 + ς

n0 ↓ ς

)
. (11)

?%/0%)30, n0 4($*"#)/2 &#0*9 %$"#6%9, -&% n0 ↓ ς > 0, a ς → R+ \ {+↗},
&% * I → R+ \ {+↗}, &.’. .’/%$/&4’..(5 *.&’:"#) I /@%7*&/2. H)’7%4#&’)3.%,
9#;%"#.&.(5 -*/)%4%5 "27 &#0;’ /@%7*&/2 /%:)#/.% *.&’:"#)3.%9, +"*6.#0,
L%1*-J#0)%"’.#, # */@%7.(5 8,.0=*%.#)3.(5 "27 /@%7*&/2 "#4.%9’".% /%-
:)#/.% 9#;%"#.&.%9, +"*6.#0, !’5’"1&"#//#. L"%9’ &%:%, 9%;.% ,&4’";7#&3,
-&% 7#..(5 8,.0=*%.#)3.(5 "27 7%/&#&%-.%’ 0%)*-’/&4% "#6 7*88’"’.=*",’9
* *.&’:"*",’9 /%:)#/.% [4, c. 99, &’%"’9# 9] * [4, c. 102, &’%"’9# 10] /%%&4’&/&4’.-
.%.

?"%4’7’9 %=’.0, %/&#&%-.%:% -)’.# 8,.0=*%.#)3.%:% "27#. ?,/&3 rn E %/&#-
&%0 9#;%"#.&.%:% -*/)%4%:% "27#, sn E %/&#&%0 */@%7.%:% 8,.0=*%.#)3.%:%
"27#. F%:7#

|un (ϑ, t)| ↘ an =≃ rn =
+↑∑

n=n0

an ↑
+↑∑

n=n0

|un (ϑ, t)| ↑

∣∣∣∣∣

+↑∑

n=n0

un (ϑ, t)

∣∣∣∣∣ = |sn| . (12)

H)’7/&4*’9 +"*6.#0# *.&’:"#)3.%5 /@%7*9%/&* L%1*-J#0)%"’.# [4,
c. 26, &’%"’9# 10] 24)2’&/2 %=’.0# %/&#&0# "27#

rn ↘ I ↘ φ, (13)
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:7’ φ > 0 E &"’$,’9#2 &%-.%/&3.
?%7$’"’9 &#0%’ n0, -&%$( 4(+%).2)%/3 ,/)%4*’ (13):

ς · ln
(
n0 + ς

n0 ↓ ς

)
↘ φ =≃ n0 ↑




R

ϖ


x

ε
· e

ϑ

R
ω

⇐
x

ϖ + 1

e
ϑ

R
ω

⇐
x

ϖ ↓ 1




. (14)

N’&",7.% 4*7’&3, -&% %=’.0# (14) .’ +"%&*4%"’-*& */@%7.%9, +"’7+%)%;’.*<
0#/#&’)3.% 4($%"# +%"270%4%:% .%9’"# -)’.# "27# n0.

F#0*9 %$"#6%9, 7%0#6#.# "#4.%9’".#2 /@%7*9%/&3 +%),-’..%:% 8,.0=*%-
.#)3.%:% "27# &’9+’"#&,"( *, 0#0 /)’7/&4*’, +"*9’.*9%/&3 8%"9,)( C"*.#
7)2 6#7#-* &’+)%+"%4%7.%/&*.

H)’7,2 [1], 9%;.% +%0#6#&3, -&% 4("#;’.*2 7)2 .#+"2;’.*5, +’"’9’>’.*5
* 7’8%"9#=*5 4 "#6)*-.(@ %$)#/&2@ 1#"# 4 %$>’9 4*7’ 24)2<&/2 )*.’5.(9*
0%9$*.#=*29* 4’)*-*.

!
(
r

R
, t

)
,

1

r2
3

∫
r2

r1

r
2 ·!

(
r

R
, t

)
dr,

∫
r2

r1

!
(
r

R
, t
)

r
dr, (15)

:7’ r1 * r2 E .’0%&%"(’ 0%%"7*.#&( .# %&"’60’ r → [0, R].
B=’.*9 8,.0=*%.#)3.(’ "27(, 4@%72>*’ 4% 4&%"%’ * &"’&3’ 4("#;’.*2,

+%/)’7%4#&’)3.% +"*9’.22 &’%"’9, % +%-)’..%9 *.&’:"*"%4#.** "27%4 [4,
c. 99, &’%"’9# 9] * &’%"’9, % /"’7.’9 [5, c. 604, &’%"’9# 1].

∣∣∣∣∣∣
1

r2
3

r2∫

r1

r
2 ·

↑∑

n=1

un

(
r

R
, t

)
dr

∣∣∣∣∣∣
=

1

r2
3

∣∣∣∣∣∣

↑∑

n=1

r2∫

r1

r
2 · un

(
r

R
, t

)
dr

∣∣∣∣∣∣
↘

↘ 1

r2
3

↑∑

n=1

∣∣∣∣∣∣

r2∫

r1

r
2 · un

(
r

R
, t

)
dr

∣∣∣∣∣∣
=

1

r2
3

↑∑

n=1

∣∣∣rc2 · un

(
rc

R
, t

)
· (r2 ↓ r1)

∣∣∣ =

=
rc

2 · (r2 ↓ r1)

r2
3

·
↑∑

n=1

∣∣∣un

(
rc

R
, t

)∣∣∣ ↘
r2

2 · r2
r2

3
·

↑∑

n=1

an =
↑∑

n=1

an,

(16)

∣∣∣∣∣∣

r2∫

r1

1

r
·

↑∑

n=1

un

(
r

R
, t

)
, dr

∣∣∣∣∣∣
=

∣∣∣∣∣∣

↑∑

n=1

r2∫

r1

un

(
r

R
, t
)

r
dr

∣∣∣∣∣∣
↘

↑∑

n=1

∣∣∣∣∣∣

r2∫

r1

un

(
r

R
, t
)

r
dr

∣∣∣∣∣∣
=

=
↑∑

n=1

∣∣∣∣∣
un

(
rc

R
, t
)

rc
· (r2 ↓ r1)

∣∣∣∣∣ =
r2 ↓ r1

rc
·

↑∑

n=1

∣∣∣un

(
rc

R
, t

)∣∣∣ ↘
r2

r1

↑∑

n=1

an.

(17)

D7’/3 rc → [r1; r2] E .’0%&%"#2 &%-0#, /%:)#/.% &’%"’9’ % /"’7.’9.
F#0*9 %$"#6%9, 8,.0=*%.#)3.(’ "27(, 4@%72>*’ 4 4("#;’.*2 (15), 9#;%"*-

",<&/2 /@%72>*9*/2 -*/)%4(9* "27#9* *, 0#0 /)’7/&4*’, /@%72&/2, # *@ %/&#-
&%-.(’ -)’.( .’ +"’4(1#<& +% 9%7,)< 4’)*-*. rn, rn * r2

r1
· rn /%%&4’&/&4’..%.



H 3IH?-6H3J- K+<@L-H<CMN<OI P.?H!... 57

L#0 $()% %&9’-’.% "#.’’, 4("#;’.*2 7)2 .#+"2;’.*5, +’"’9’>’.*5 * 7’-
8%"9#=*5 24)2<&/2 )*.’5.(9* 0%9$*.#=*29* 4’)*-*. (15). ?%A&%9, *@ %/&#-
&%-.(’ -)’.( +% #$/%)<&.%5 4’)*-*.’ $,7,& .’ +"’4%/@%7*&3 )*.’5.%5 0%9-
$*.#=** %/&#&%-.(@ -)’.%4 ,0#6#..(@ "27%4 / 0%A88*=*’.&#9*, 462&(9* +%
9%7,)<. ! 0"#&0%5 8%"9’ 7#..(5 8#0& 6#+*1’&/2 4 4*7’

A · rn +B · rn + C · rn ↘ φ. (18)

D7’/3 A, B, C E .’%&"*=#&’)3.(’ -*/)#, 24)2<>*’/2 /,99#9* #$/%)<&.(@
6.#-’.*5 0%A88*=*’.&%4 )*.’5.%:% "#6)%;’.*2 %&.%/*&’)3.% 4’)*-*. 4*-
7# (15) /%%&4’&/&4’..%.

H ,-’&%9 %=’.0* %/&#&%-.%:% -)’.# "27# rn (13) +%7$’"’9 &#0%’ n0, -&%$(
4(+%).2)%/3 ,/)%4*’ (18):

D · ς · ln
(
n0 + ς

n0 ↓ ς

)
↘ φ =≃ n0 ↑




R

ϖ


x

ε
· e

ϑ

D
R
ω

⇐
x

ϖ + 1

e
ϑ

D
R
ω

⇐
x

ϖ ↓ 1




, (19)

:7’ D = A+B + C E /,99#".(5 +’"’7#&%-.(5 0%A88*=*’.&.
N# "*/. 1 +"’7/&#4)’.# 6#4*/*9%/&3 %=’.0* 4*7# (19) %/&#&0# 8,.0=*%.#)3-

.(@ "27%4, %+*/(4#<>*@ .#+"2;’.*2, +’"’9’>’.*2 * 7’8%"9#=** 4 &’)’, %&
4($"#..%:% 0%)*-’/&4# *@ -)’.%4 7)2 "#6)*-.(@ 6.#-’.*5 0%9+)’0/# ς * +’"’-
7#&%-.%:% 0%A88*=*’.&# D 4 74%5.(@ )%:#"*89*-’/0*@ 0%%"7*.#&#@. N’&",7-
.% 4*7’&3, -&% +"* ,4’)*-’.** 0#;7%5 *6 A&*@ @#"#0&’"*/&*0, 6#4*/2>*@ %&
8*6*0%-9’@#.*-’/0*@ /4%5/&4 9#&’"*#)# 1#"#, ’:% :’%9’&"*-’/0*@ "#69’"%4 *
+#"#9’&"%4 .#:"’4# (%@)#;7’.*2), 7)2 7%/&*;’.*2 %7.%5 * &%5 ;’ &%-.%/&*
&"’$,’&/2 4(-*/)’.*’ $%)31’:% 0%)*-’/&4# -)’.%4.

!"#. 1. $%&"#"’(#)* (+,-." (#)%)(/-(0( /1,-% 234% () .(1"/,#)&% ,0( /1,-(&
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H)’7,’& &#0;’ 6#9’&*&3, -&% +%),-’..(’ %=’.0* 7%/&#&%-.%:% 0%)*-’/&4#
-)’.%4 "27# (14) * (19) 9%:,& $(&3 ,&%-.’.( * /,>’/&4’..% 6#4*/2& %& &’0,>’:%
9%9’.&# 4"’9’.*. N#+"*9’", +"* 9#)(@ t 8,.0*%.#)3.(’ "27( (15) /@%72&/2
9’7)’..%. ! A&%9 /),-#’ "’1’.*’ (2) 9%;’& $(&3 +"’%$"#6%4#.% / */+%)36%-
4#.*’9 /4%5/&4 &A&#-8,.0=** O0%$* [6], 8%"9,)( /,99*"%4#.*2 ?,#//%.# [7]
*)* %+’"#&%".(9 9’&%7%9 [3, :)#4# IV]. B7.#0%, .#-*.#2 / .’0%&%"%:% 9%9’.&#
4"’9’.* t

↔, "27( (15) /&#.%42&/2 .#/&%)30% $(/&"%/@%72>*9*/2, -&% *@ +’"4(5
-)’. +"’%$)#7#’& .#7 /,99%5 4/’@ %/&#)3.(@ -)’.%4. ! &#0%9 /),-#’ 9%;.%
,&4’";7#&3, -&% n0 = 1.

7@?CFG:<=:. ! @%7’ 4(+%).’.*2 *//)’7%4#.*2 $()# 7%0#6#.# "#4.%-
9’".#2 /@%7*9%/&3 8,.0=*%.#)3.(@ "27%4, +"*9’.2’9(@ +"* %+"’7’)’.**
.#+"2;’..%-7’8%"9*"%4#..%:% 4 6#7#-’ &’"9%7’8%"9*"%4#.*2 /+)%1.%:% 1#-
"#, 4(+%).’..%:% *6 ,+"%-.2<>’:%/2 ,+",:%4260%+)#/&*-’/0%:% 9#&’"*#)#,
49’/&’ / *@ -#/&.(9* +"%*64%7.(9*, -&% +%7&4’";7#’& 4(+%).’.*2 ,/)%4*5
+"*9’.*9%/&* 8%"9,)( C"*.# *, 0#0 /)’7/&4*’, 0%""’0&.%/&3 +%),-’..%:% "’-
1’.*2. L"%9’ &%:%, +"%4’7’.# %=’.0# %/&#&%-.(@ -)’.%4 ,0#6#..(@ "27%4 /
,-’&%9 *@ 6#4*/*9%/&* %& 0%9+)’0/# R

ω

√
x

ε
* +’"’7#&%-.%:% 0%A88*=*’.&#,

4%6.*0#<>’:% +"* +’"’@%7’ %& "27#, %+*/(4#<>’:% &’9+’"#&,", &’)#, 0 "2-
7#9 7)2 .#+"2;’.*5, +’"’9’>’.*5 * 7’8%"9#=*5, * +%),-’.% 4("#;’.*’ 7)2
%+"’7’)’.*2 0%)*-’/&4# -)’.%4 "27#, 7%/&#&%-.%:% 7)2 4(-*/)’.*5 / 6#7#..%5
&%-.%/&3<.

!"#"$%&’($)%"
*+,-. -/0121/. 5. 6. 7,2-89(& -%:"#%-", ),.#)% 2;.(:"#", 6. <. =(-4%2,& (>?(2
1"),2%);28 :( ),’, #)%)*", 2,4%.)"2(&%-", ),.#)% 2;.(:"#", 6. @. A(&%1,& #(01%#(-
&%-", B"-%1*-(C &,2#"" 2;.(:"#"
3145,6+0 64072781/. 6&)(28 4,.1%2"2;D) ()#;)#)&", 3&-8E " :(),-+"%1*-8E
.(-B1".)(& "-),2,#(&, #&3?%--8E # :;>1".%+",C -%#)(3F,C #)%)*".
&801946+ 564-48621/-46:. 6&)(28 ?%3&13D) (> ()#;)#)&"" &-,9-,0( B"-%-#"-
2(&%-"3 :2" :2(&,4,-"" "##1,4(&%-"3.
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