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6:;<;=>;. !"#$%#&#$%#’() *"+,%-."’/-+ ’0#1’(0 23,’(-."’/-+ ("3 0
&,43-.%5+ (#./,+ 0540,%, &,43-.%5*- 2&-.-%,*-: %"#$%#&#$%#’()6 ’#’(,-
0,, %"#$%#&#$%5* 72&#.%"%-"* *,("&-,3,, 03-8%-"* 2#(#/#0 93"*"%(,&%5+
.,’(-:, 0#4$"1’(0-"* ("*2"&,(7&%5+ ;&,$-"%(#0 - (.2. <&7."%-" :-3-%$&--
."’/#;# ’("&=%8 ’ #$%#’084%5* 2#2"&".%5* ’"."%-"*, 0 2&"$2#3#="%--, .(#
2&"$"3 ("/7."’(- 8038"(’8 2&#-40#3)%#1 >7%/:-"1 /##&$-%,( x - y (#./-, -’-
’3"$#0,3,’) 0 [1]. ?#/,4,%#, .(#, /,/ - 0 ’37.," #$%#&#$%#’(- [2] # .-’(# 23,-
’(-."’/#* /&7."%-- ’0#$-(’8 / #$%#*7 $->>"&"%:-,3)%#*7 7&,0%"%-6 2"&-
0#;# 2#&8$/, 0 .,’(%5+ 2&#-40#$%5+. ?&- 9(#* +,&,/("&-’(-/-, 0##@A" ;#-
0#&8, %" 80386(’8 2&8*5*-. B38 ’37.,8, /#;$, 2&"$"3 ("/7."’(- *"%8"(’8
0$#3) /,/#;#-(# %,2&,03"%-8, %,1$"%5 -%(";&,35 -’’3"$7"*#;# ’##(%#C"%-8.
D &,@#(" [3] -’’3"$#0,%, 4,$,., # /&7."%-- /&7;3#;# 23,’(-."’/#;# ’("&=%8 ’
/7’#.%#-2#’(#8%%#1 %"#$%#&#$%#’()6. ?&"$2#3,;,"(’8, .(# 0 ’"."%-- ’("&=%8
"’() 3-%-8 &,4$"3, *,("&-,3, ’ &,43-.%5*- 2&"$"3,*- ("/7."’(-. ?#/,4,%#,
.(# 0 ’37.,", /#;$, 3-%-8 &,4$"3, 05+#$-( %, /#%(7& ’"."%-8 (# 9(# 2&-0#$-(
/ 2#803"%-6 $#2#3%-("3)%5+ 3-%-1 &,4&50, %,2&8="%-1 0 #@3,’(- ’ @#3""
05’#/-* 2&"$"3#* ("/7."’(-. !,1$"%5 +,&,/("&-’(-/-, 3-%-- &,4&50, %,2&8-
="%-1, #2&"$"3"% 2&"$"3)%51 *#*"%(. D [4] &,’’*#(&"%# 2&"$"3)%#" ’#’(#8%-"
%"#$%#&#$%5+ :-3-%$&-."’/-+ - 2&-4*,(-."’/-+ ’("&=%"1 2&- 3-%",&-4#0,%-
%#* 7’3#0-- 23,’(-.%#’(-. <&7."%-" -4#(&#2%5+ - ,%-4#(&#2%5+ ’("&=%"1
2&- $"1’(0-- $,03"%-8, 3-%"1%# *"%86A";#’8 0$#3) #@&,476A"1, -47."%# 0 [5]
- [6]. E2&"$"3"%5 +,&,/("&-’(-/- -’’3"$7"*5+ ’##(%#C"%-1 - %,1$"%5 ’##(%#-
C"%-8 0$#3) %-+. F,$,., # /&7."%-- ’("&=%"1 -4 72&#.%86A";#’8 *,("&-,3,
%" 8038"(’8 ’(,(-."’/- #2&"$"3-*#1. E($"3)%5" ’37.,- /&7."%-8 ’("&=%"1 -4
72&#.%86A";#’8 *,("&-,3,, %,+#$8A-+’8 2#$ $"1’(0-"* 2"&"*"%%#;# 0%"C%";#
$,03"%-8 0 3-%",&-4#0,%%#1 2#’(,%#0/" &,’’*#(&"%5 0 &,@#(,+ [7] - [8]. ?&"-
$"3)%#" ’#’(#8%-" %"#$%#&#$%5+ ’("&=%"1 -4 -$",3)%#;# ="’(/#23,’(-."’/#;#
*,("&-,3,, %,+#$8A-+’8 2#$ $"1’(0-"* 0%"C%";# $,03"%-8, -’’3"$#0,%# 0 [9].
D &,@#(" &,’’*#(&"%5 #@A-" ’##(%#C"%-8. !,1$"%5 -%(";&,35 -’’3"$7"*5+
’##(%#C"%-1 $38 &,43-.%5+ ’37.,"0 7’3#0-1 23,’(-.%#’(-.

1. .?@AB=?:CB DB<BE>. G,’’*#(&-* %,2&8="%%#-$">#&*-&#0,%%#" ’#’-
(#8%-" %"#$%#&#$%#;# ’("&=%8 -4 -$",3)%#;# ="’(/#23,’(-."’/#;# *,("&-,3,.
?&"$2#3#=-*, .(# #@&,476A-" ’("&=%8 2,&,33"3)%5 #’- z. H("&="%) %,+#$-(-
’8 2#$ $"1’(0-"* 2"&"*"%%#;# 0%"C%";# $,03"%-8 3-%"1%# *"%86A";#’8 0$#3)
#@&,476A"1 ’("&=%8. ?&"$2#3#=-* (,/=", .(# ’("&="%) 4,/&7.-0,"(’8 0#/&7;
’0#"1 #’-. ?&- 9(#* @#/#0,8 2#0"&+%#’() ’("&=%8 ’0#@#$%, #( %,;&74#/.

2. .?@AF?;=>; F;G;=>H. <#*2#%"%(5 ("%4#&, %,2&8="%-1 ωij 0 ’("&=%"
#2&"$"386(’8 -4 ’##(%#C"%-1:

ωx = ωy = ωz = →εz + µ (ε, µ→ const)
ϑxy = 0, ϑxz = ϑxz (x, y) , ϑyz = ϑyz (x, y) ,

(1)
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7&,0%"%-8 &,0%#0"’-8
ϖϑxz

ϖx
+

ϖϑyz

ϖy
= ε (2)

7’3#0-8 23,’(-.%#’(-
f (ϑxz, ϑyz, x, y) = 0. (3)

<#*2#%"%(5 ("%4#&, ’/#&#’("1 $">#&*,:-1 ϱij 0 ’("&=%" #2&"$"386(’8 ’3"-
$76A-*- ’##(%#C"%-8*-

ϱx = ϱy = ϱz = ϱxy = 0 (4)

- ’##(%#C"%-"* ,’’#:--&#0,%%#;# 4,/#%, 23,’(-."’/#;# ("."%-8
ϱxz

ωf

ωεxz

=
ϱyz

ωf

ωεyz

(5)

I&,%-.%#" 7’3#0-" %, /#%(7&" 2#2"&".%#;# ’"."%-8 ’("&=%8 -*""( 0-$
dy

dx
=

ϑyz

ϑxz
, (6)

H#;3,’%# ’##(%#C"%-6 (6), %, /#%(7&" 2#2"&".%#;# ’"."%-8 0"/(#& ϑ =
(ϑxz, ϑyz) /,’,("3)%#;# %,2&8="%-8 %,2&,03"% 2# /,’,("3)%#1 / %"*7.

?&#$->>"&"%:-&7"* ’##(%#C"%-" (3) 2# 2"&"*"%%#1 x- 2#37.-*
ϖf

ϖϑxz

ϖϑxz

ϖx
+

ϖf

ϖϑyz

ϖϑyz

ϖx
+

ϖf

ϖx
= 0. (7)

J4 7&,0%"%-8 &,0%#0"’-8 (2) - ’##(%#C"%-8 (7) -*""*

→ ϖf

ϖϑyz

ϖϑyz

ϖx
+

ϖf

ϖϑxz

ϖϑyz

ϖy
=

ϖf

ϖx
+ ε

ϖf

ϖϑxz
. (8)

H3"$#0,("3)%#, $38 #2&"$"3"%-8 +,&,/("&-’(-/ 7&,0%"%-8 (8) - ’##(%#C"%-1
0$#3) 9(-+ +,&,/("&-’(-/ 2#37.-* ’##(%#C"%-8

dx

→ ωf

ωεyz

=
dy

ωf

ωεxz

=
dϑyz

ωf

ωx
+ ε

ωf

ωεxz

(9)

D ’##(0"(’(0-- ’ (9) +,&,/("&-’(-/- 7&,0%"%-8 (8) #2&"$"386(’8 -4 ’##(%#-
C"%-8

ϖf

ϖϑxz
dx+

ϖf

ϖϑyz
dy = 0 (10)

- ’##(%#C"%-8 0$#3) +,&,/("&-’(-/ %,+#$-* -4 7&,0%"%-1
ϖf

ϖϑyz
dϑyz +

(
ϖf

ϖx
+ ε

ϖf

ϖϑxz

)
dx = 0,

ϖf

ϖϑxz
dϑyz →

(
ϖf

ϖx
+ ε

ϖf

ϖϑxz

)
dy = 0. (11)

K%,3#;-.%#, -4 ’##(%#C"%-8 (3), 2&#$->>"&"%:-&#0,%%#;# 2# 2"&"*"%%#1 y,
- 7&,0%"%-" &,0%#0"’-8 (2) 2#37.-*

ϖf

ϖϑyz

ϖϑxz

ϖx
→ ϖf

ϖϑxz

ϖϑxz

ϖy
=

ϖf

ϖy
+ ε

ϖf

ϖϑyz
. (12)
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dx

ωf

ωεyz

=
dy

→ ωf

ωεxz

=
dϑxz

ωf

ωy
+ ε

ωf

ωεyz

(13)

J 0 ’##(0"(’(0-- ’ ’##(%#C"%-8*- (13) -*""*, .(# 0$#3) +,&,/("&-’(-/ (10)
-*"6( *"’(# ’##(%#C"%-8

ϖf

ϖϑyz
dϑxz →

(
ϖf

ϖy
+ ε

ϖf

ϖϑyz

)
dx = 0,

ϖf

ϖϑxz
dϑxz +

(
ϖf

ϖy
+ ε

ϖf

ϖϑyz

)
dy = 0. (14)

J%(";&,35 ’##(%#C"%-1 (10), (11) - (14), 0 #@A"* ’37.,", 0#4*#=%# 2#37.-()
(#3)/# .-’3"%%#. D %"/#(#&5+ ’37.,8+, "’() 0#4*#=%#’() 2&#-%(";&-&#0,()
9(- 7&,0%"%-8.

G,’’*#(&-* ’37.,1, /#;$, 7’3#0-" 23,’(-.%#’(- (3) -*""( 0-$:
ϑ
2
xz

+ ϑ
2
yz

= k ( x, y) (15)

D ’##(0"(’(0-- ’ (15) 7&,0%"%-" +,&,/("&-’(-/ (10) 2&-*"( 0-$
dy

dx
= →ϑxz

ϑyz
, (16)

, ’##(%#C"%-8 (14) 4,2-C7(’8 0 0-$"

ϑyzdϑxz =

(
→k

ϖk

ϖy
+ εϑyz

)
dx, ϑxzdϑyz =

(
→k

ϖk

ϖx
+ εϑxz

)
dy. (17)

D .,’(%#’(-, 2&- k = k (y) -4 (17) 2#37.-*

ϑyz = εy + c1, ϑxz = ±
√
k2(y)→ (εy + c1)

2
. (18)

;$" c1 = const 0$#3) /,=$#1 +,&,/("&-’(-/-.
H#;3,’%# (18) -4 7&,0%"%-8 (16) 2#37.-*

x = ↑
∫

εy + c1√
k2(y)→ (εy + c1)

2
dy + c2 (19)

;$" c2 = const 0$#3) /,=$#1 +,&,/("&-’(-/-.
K%,3#;-.%#, 2&- k = k (x) -4 ’##(%#C"%-8 (17) -*""*

ϑxz = εx+ c3, ϑyz = ±
√
k2(x)→ (εx+ c3)

2
. (20)

;$" c3 = const 0$#3) /,=$#1 +,&,/("&-’(-/-.
D ’##(0"(’(0-- ’ (20) -4 (16) ’3"$7"(

y = ↑
∫

εx+ c3√
k2(x)→ (εx+ c3)

2
dy + c4 (21)

;$" c4 = const 0$#3) /,=$#1 +,&,/("&-’(-/-.
G,’’*#(&-* 2&-4*,(-."’/-1 ’("&="%) ’ 2&8*#7;#3)%5* ’"."%-"* ABCD ’#

’(#&#%,*- 2a- 2b (&-’. 1). ?&"$2#3#=-*, .(# 7’3#0-" 23,’(-.%#’(- (15) -*""(
0-$

ϑ
2
xz

+ ϑ
2
yz

= (k0signϑyz + εy)2. (22)
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?&- 9(#* -4 (18) 2#37.-* ’##(%#C"%-8 $38 /#*2#%"%( %,2&8="%-8

ϑyz = εy + c1, ϑxz = ±
√
(k0 → c1)(2εy + k0 + c1). (23)

L&,0%"%-8 +,&,/("&-’(-/ (19) 2&-*7( 0-$

x = ↑
↓
2εy + k0 + c1

3ε
↓
k0 → c1

(εy → k0 + 2c1) + c2 (24)

D$#3) #(&"4/, AB x = a, ϑxz = 0, ϑyz = k0 + εy D #@3,’(-, 2&-*5/,6A"1 /
#(&"4/7 AB, /#*2#%"%(5 ("%4#&, %,2&8="%-1 (,/=" -*"6( 0-$

ϑxz = 0, ϑyz = k0 + εy (25)

M,&,/("&-’(-/,*- 80386(’8 2&8*5" 2,&,33"3)%5" #’- x.
D$#3) #(&"4/, BC y = →b, ϑxz = k0 → εb, ϑyz =0 D #@3,’(-, 2&-*5/,6A"1 /

#(&"4/7 BC, /#*2#%"%(5 ("%4#&, %,2&8="%-1 -*"6( 0-$

ϑxz =
√

(k0 → εb)(2εy + k0 + εb), ϑyz = ε(y + b). (26)

M,&,/("&-’(-/,*- 80386(’8 3-%--, 7&,0%"%-8 /#(#&5+ -*"6( 0-$
√

2εy + k0 + εb (εy → k0 + 2εb) = →3ε
√

k0 → εbx+ c21, (27)

;$" c21 = const 0$#3) /,=$#1 +,&,/("&-’(-/-.
N-%-8 &,4&50, %,2&8="%-1, 05+#$8A,8 -4 0"&C-%5 B 2#2"&".%#;# ’"."%-8

’("&=%8, #2&"$"38"(’8 7&,0%"%-"*

(2εy + k0 + εb)3 = (k0 → εb)(k0 → εb→ 3ε(x→ a))2 (28)

!"#. 1. !$#%&’&()*") ’"*"+ ,$-,./$ *$%,0()*"+ *$ %&%),)1*&2 #)1)*"" #3),(*0

D$#3) #(&"4/, CD x = →a, ϑxz = 0, ϑyz = →k0+εy D #@3,’(-, 2&-*5/,6A"1
/ #(&"4/7 CD, /#*2#%"%(5 ("%4#&, %,2&8="%-1 (,/=" -*"6( 0-$

ϑxz = 0, ϑyz = →k0 + εy (29)

M,&,/("&-’(-/,*- 80386(’8 2&8*5" 2,&,33"3)%5" #’- x
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N-%-8 &,4&50, %,2&8="%-1, 05+#$8A,8 -4 0"&C-%5 C 2#2"&".%#;# ’"."%-8
’("&=%8, #2&"$"38"(’8 7&,0%"%-"*

(k0 → εb) (2εy + k0 + εb)3 =
(
(k0 → εb)2 + 3ε (k0 + εb) (x+ a)

)2 (30)
D$#3) #(&"4/, DA y = b, ϑxz = →k0 + εb, ϑyz =0 D #@3,’(-, 2&-*5/,6A"1 /

#(&"4/7 DA, /#*2#%"%(5 ("%4#&, %,2&8="%-1 -*"6( 0-$

ϑxz = →
√

(k0 → εb)(→2εy + k0 + εb), ϑyz = ε(y → b). (31)
M,&,/("&-’(-/,*- 80386(’8 3-%--, 7&,0%"%-8 /#(#&5+ -*"6( 0-$

√
→2εy + k0 + εb (→εy → k0 + 2εb) = 3ε

√
k0 → εbx+ c22, (32)

;$" c22 = const 0$#3) /,=$#1 +,&,/("&-’(-/-.
N-%-8 &,4&50, %,2&8="%-1, 05+#$8A,8 -4 0"&C-%5 D 2#2"&".%#;# ’"."%-8

’("&=%8, #2&"$"38"(’8 7&,0%"%-"*

(→2εy + k0 + εb)3 = (k0 → εb)(k0 → εb→ 3ε(x+ a))2 (33)
K 3-%-8 &,4&50, %,2&8="%-1, 05+#$8A,8 -4 0"&C-%5 A 2#2"&".%#;# ’"."-

%-8 ’("&=%8, #2&"$"38"(’8 7&,0%"%-"*

(k0 → εb) (→2εy + k0 + εb)3 =
(
(k0 → εb)2 + 3ε (k0 + εb) (x→ a)

)2 (34)

3. /BCIJE;=>;. O,/-* #@&,4#* 0 &,@#("
(1) -’’3"$#0,%5 #’%#0%5" ’##(%#C"%-8, #2-’50,6A-" 2&"$"3)%#" ’#’(#8-

%-" %"#$%#&#$%5+ ’("&=%"1, %,+#$8A-+’8 2#$ $"1’(0-"* 3-%"1%# *"%8-
6A";#’8 0$#3) #@&,476A"1 0%"C%";# $,03"%-8;

(2) #2&"$"3"%5 +,&,/("&-’(-/- -’’3"$7"*5+ ’##(%#C"%-1 - -%(";&,35 #’-
%#0%5+ ’##(%#C"%-1 2&- &,43-.%5+ 7’3#0-8+ 2&"$"3)%#;# ’#’(#8%-8
’("&=%8;

(3) -47."%, 4,$,., # 2&"$"3)%#* ’#’(#8%-- %"#$%#&#$%#;# 2&-4*,(-."’/#;#
’("&=%8 ’ 2&8*#7;#3)%5* ’"."%-"*, %,+#$8A";#’8 2#$ 0%"C%-* $,03"-
%-"*, 0 2&"$2#3#="%--, .(# 2&"$"3 ("/7."’(- 3-%"1%# 4,0-’-( #( #&$--
%,(5 (#./-;

(4) #2&"$"3"%# 2#3" +,&,/("&-’(-/ -’’3"$7"*#1 4,$,.-, %,1$"%5 3-%-- &,4-
&50, %,2&8="%-1 - /#*2#%"%(5 ("%4#&, %,2&8="%-1.

!"#"$%&’($)%"

*+,-. -/0121/. 100%.
3145,6+0 64072781/. 4/3&,. 5)6’$,",783 &3#73#3/") 0/*.9 " %&3)*:"$’;*.9
6&*<’"63&/ "*3),)#&/, #/0-$**.9 # %7=’"6$:")+ *$#3&0>)+ #3$3;".
&801946+ 564-48621/-46:. 4/3&,. -$0/’083 &= &3#73#3/"" /*)?*)@& <"*$*#"-
,&/$*"0 %," %,&/)5)*"" "##’)5&/$*"0.
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