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Abstract. Computer simulation of the rigid-plastic cylinder transverse compression by the dies
with smooth boundaries is presented using plane strain ideal plastic theory. Final stage of cylinder
plastic deformation by the dies with smooth concave-convex boundary and continuous velocity
field is considered. Filling of the die cavity on the concave boundary part takes place without
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*4565785. ! "#$%&’&()) *+,,&-&(& ) ./01%&,#/)2%&(& 1/&)3-&4,"-+ 4#-
"+’#2 *+5)% 1/)*#%6#",6 5"+*1&-.+ 1&.&-&. ,’&7%&2 8&/*9 %+ -9,&.& 1/&-
)3-&4)"#’:%9$ ./)-&5)1%9$ 1/#,,+$ 1’+,");#,.)* ,4+-’)-+%)#* 3+(&"&-.) -
5"+*1+$ [1,2]. </) 5"+*1&-.# 1&.&-&. ,’&7%&2 8&/*9 ),1&’:30=" 1/#4-+/)-
"#’:%9# 1#/#$&49 8&/*&&>/+3&-+%)6 %+;+’:%&2 8&/*9 3+(&"&-.) )3 ,"+%4+/"-
%&(& 1/&.+"+ - /0;:6$ 5"+*1+ )’) - .&-&;%9$ -+’:?+$ , ?#’:= &>#,1#;#%)6
(+/+%")/&-+%%&(& 3+1&’%#%)6 1&’&,") 5"+*1+ - ;),"&-&* /0;:#. </) @"&* -
0,’&-)6$ *+,,&-&(& 1/&)3-&4,"-+ -+7%&2 1/&>’#*&2 6-’6#",6 1&-95#%)# ,"&2-
.&,") 5"+*1&-, &(/+%);#%%&2 0,"+’&,"%&2 1/&;%&,":= ) )3%&,&* 1/) -9,&.)$
?).’);#,.)$ %+(/03.+$. A&4#’)/&-+%)# %#,"+?)&%+/%9$ 1/&?#,,&- 1’+,");#-
,.&(& 4#8&/*)/&-+%)6 - 5"+*1+$ %+ &,%&-# *+"#*+");#,.&2 "#&/)) )4#+’:%&2
1’+,");%&,") [3] /#5#%)#* 1&’%&2 ,),"#*9 0/+-%#%)2 4’6 %+1/67#%)2 ) ,.&-
/&,"#2 , )3*#%#%)#* 7#,".)$ ) 1’+,");#,.)$ 3&% 1/#4,"+-’6#" 1/+.");#,.)2
)%"#/#,. ! /+>&"+$ [4, 5] 1/)-#4#%& *&4#’)/&-+%)# %#,"+?)&%+/%9$ 1/&?#,,&-
1’&,.&(& ) &,#,)**#"/);%&(& 1’+,");#,.&(& "#;#%)6 1/) ,4+-’)-+%)) 7#,".&-
1’+,");#,.&(& ?)’)%4/+ ) 5+/+ 1’&,.)*) 1’)"+*) , )3*#%#%)#* 1’+,");#,.&(&
"#;#%)6 1& </+%4"’= &" %+;+’:%&(& -94+-’)-+%)6 *#"+’’+ %+ 1&-#/$%&,": ?)-
’)%4/+ )’) ,8#/9 4& &>/+3&-+%)6 "&%.&2 1&’&,9 )’) "&%.&(& 4),.+ - .&%?#
1/&?#,,+ 4#8&/*)/&-+%)6. ! %+,"&6B#2 /+>&"# /+,,*+"/)-+#",6 1’&,.&# %#,"+-
?)&%+/%&# 1’+,");#,.&# "#;#%)# 1/) ,4+-’)-+%)) 7#,".&1’+,");#,.&(& ?)’)%-
4/+ 1& %&/*+’) . #(& &,) - 5"+*1# , (’+4.&2 -&(%0"&-910.’&2 (/+%)?#2, 1/)
.&"&/&2 1&’# ,.&/&,"#2 %+ .&%#;%&2 ,"+4)) 4#8&/*)/&-+%)6 %#1/#/9-%&, .&%-
"+."%&# 4+-’#%)# ) %#&4%&/&4%&,": 1’+,");#,.&(& "#;#%)6 ,%)7+=",6. !9;),-
’#%9 ./)-&’)%#2%9# 1/&8)’) 5"+*1&- , 4-0*6 1’&,.&,"6*) ,)**#"/)), 3+-)-
,6B)# &" 0(’+ %+.’&%+ .+,+"#’:%&2 - "&;.# 1#/#()>+, , /+,;#"+*) ’)%)2 ,.&’:-
7#%)6 , %#1/#/9-%9*) 1&’6*) ,.&/&,"#2 %+ .&%#;%&2 ,"+4)) ,4+-’)-+%)6,
/+,1/#4#’#%)6 .&%"+."%&(& 4+-’#%)6 ) ,)’9 4#8&/*)/&-+%)6 1/) 1&1#/#;%&*
,4+-’)-+%)) ?)’)%4/+. A&4#’)/&-+%)# %#,"+?)&%+/%&(& 1/&?#,,+ 1&1#/#;%&(&
,4+-’)-+%)6 ?)’)%4/+ - 5"+*1# , (’+4.&2 -&(%0"&-910.’&2 8&/*&2 (/+%)?9
1&.+39-+#", ;"& 3+1&’%#%)# 1&’&,") 5"+*1+ 4& "&;.) 1#/#()>+ 1/) 1#/#$&4#
&" -&(%0"&2 (/+%)?9 . -910.’&2 1/&),$&4)" >#3 ,.&’:7#%)6 1& (/+%)?# .&%-
"+."+ , 1’+,");#,.)* "#;#%)#* 1& ’)%)6* ,.&’:7#%)6 </+%4"’6 ) /+3/9-&*
,.&/&,"#2 -4&’: 7#,".&1’+,");#,.&2 (/+%)?9, 1& +%+’&()) , 1/&?#,,&* ,4+--
’)-+%)6 ?)’)%4/+ 1’&,.)*) 5"+*1+*) [4]. C+ .&%#;%&2 ,"+4)) ,4+-’)-+%)6
?)’)%4/+ 1’+,");#,.&# "#;#%)# %+;)%+#",6 1/) ,.&’:7#%)) 1& -910.’&2 (/+-
%)?# 5"+*1+, 7#,".+6 &>’+,": , -&(%0"&2 (/+%)?#2 .&%"+."+ 0*#%:5+#",6 4&
%0’6 , %#1/#/9-%9* 1’+,");#,.)* "#;#%)#* 1& -,#*0 ,#;#%)=.

1. 39:6;:< =>:78?: @A:BC: 8 98788 D;E9FG578<. D’+4.0= -&(%0-
"&-910.’0= (/+%)?0 5"+*1+ , %#1/#/9-%9*) 1&’6*) %+1/67#%)2 ) ,.&/&,"#2
1#/#*#B#%)2 1/) ,4+-’)-+%)) 7#,".&1’+,");#,.&(& ?)’)%4/+ 1/) 1’&,.&2 4#-
8&/*+?)) -9;),’6#* , ),1&’:3&-+%)#* 4)88#/#%?)+’:%9$ 0/+-%#%)2 ’)%)2
,.&’:7#%)6 ω ) ε
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dy

dx
= tgϑ 4’6 ω,

dy

dx
= → ctgϑ 4’6 ε (1)

, 0/+-%#%)6*) D#%.) 4’6 ,/#4%#(& %+1/67#%)6 ϖ, 0(’+ %+.’&%+ .+,+"#’:%&2
ϑ %+ ω, ) 0/+-%#%)6*) D#2()%(#/ 4’6 ,.&/&,"#2 Vω, Vε %+ ’)%)6$ ,.&’:7#%)6 ω
) ε

dϖ → dϑ = 0 %+ ω, dϖ + dϑ = 0 %+ ε (2)

dVω → Vεdϑ = 0 %+ ω, dVε + Vωdϑ = 0 %+ ε (3)
(4# %+1/67#%)6 1/)%)*+#* >#3/+3*#/%9*), &"%#,#%%9*) . 04-&#%%&2 1’+,")-
;#,.&2 1&,"&6%%&2 2k *+"#/)+’+ ?)’)%4/+. C+1/67#%)6 ) ,.&/&,") - 4#.+/"&-
-9$ .&&/4)%+"+$ x, y, ,-63+%9 , ϖ,ϑ, Vω, Vε ,&&"%&5#%)6*)

ϖx = ϖ +
1

2
sin 2ϑ, ϖy = ϖ → 1

2
sin 2ϑ, ϱxy =

1

2
cos 2ϑ, (4)

Vx = Vω cosϑ→ Vε sinϑ, Vy = Vω sinϑ+ Vε cosϑ. (5)
E&&"%&5#%)6 (5) ),1&’:30#* 4’6 &"&>/+7#%)6 ,#".) ’)%)2 ,.&’:7#%)6 %+

1’&,.&,": (&4&(/+8+ ,.&/&,"#2 Vx, Vy ) 4’6 &1/#4#’#%)6 (/+%);%9$ 0,’&-)2
4’6 ,.&/&,"#2 Vω, Vε %+ (/+%)?# 5"+*1+ ) %+ ’)%)6$ ,)**#"/)) 1’+,");#,.&2
&>’+,"). D’+4.+6 (/+%)?+ 5"+*1+ 1/) ,4+-’)-+%)) ?)’)%4/+ ,&-1+4+#" , (’+--
%9* %+1/67#%)#* ϖ1, ) ’)%)) ,.&’:7#%)6 %+.’&%#%9 . .+,+"#’:%&2 . @"&2
(/+%)?# 1&4 0(’+*) ±ς/4.

F)%)) ,.&’:7#%)6 1/) ,4+-’)-+%)) ?)’)%4/+ 5"+*1&* , (’+4.&2 -&(%0"&-
-910.’&2 (/+%)?#2 ) 4-0*6 1’&,.&,"6*) ,)**#"/)) 1&.+3+%9 %+ /),. 1 - 1#/-
-&* .-+4/+%"# 1’&,.&,") 1&1#/#;%&(& ,#;#%)6 x, y. C+;+’& .&&/4)%+" O %+-
$&4)",6 - ?#%"/# ,-&>&4%&2 (/+%)?9 OA %+ ’)%)) ,)**#"/)) x. G+ #4)%)?0
4’)%9 1/)%)*+#* 4’)%0 ,-&>&4%&2 (/+%)?9 OA. D/+%)?0 5"+*1+ ACD , 0(-
’&* %+.’&%+ .+,+"#’:%&2 - φC - "&;.# 1#/#()>+ C %+$&4)* )%"#(/)/&-+%)#*
0/+-%#%)6 dy/dx = →φ 1/) 0 ↭ φ ↭ φC 1/) -9;),’#%)) ’)%)2 ,.&’:7#%)6 1&
,’#40=B#*0 +’(&/)"*0.

! &>’+,") AOB ,& ,-&>&4%&2 (/+%)?#2 OA 1/) 1#/#*#B#%)) (/+%)?9 5"+*-
1+ 1& %+1/+-’#%)= &,) - y )*##" *#,"& &4%&/&4%&# 1’+,");#,.&# ,7+")# 1/)
ϖ1 = 0, ϖ2 = →1, ϖ = →0.5, ϑ = →ς/4, &(/+%);#%%&# 1/6*&2 ’)%)#2 ,.&’:7#%)6
ε(AB), %+ .&"&/&2 3+4+#* N "&;#. , 5+(&* !x = !y = →1/N . C+ (’+4.&2
-910.’&2 (/+%)?# AC 1/6*9# ’)%)) ,.&’:7#%)6 ε %+.’&%#%9 . .+,+"#’:%&2
1&4 0(’&* ς/4 ) ϑ = →(ς/4 + φ). E#".0 ’)%)2 ,.&’:7#%)6 -9;),’6#* 1/)
1&,"&6%%&* 1/)/+B#%)) 0(’+ 1&-&/&"+ .+,+"#’:%&2 !ϑ . ./)-&’)%#2%9* ’)-
%)6* ,.&’:7#%)6 ω, ) -,’#4,"-)# &/"&(&%+’:%&,") ω ) ε ’)%)2 ,.&’:7#%)6 %+
(/+%)?# AC )*##* !ϑ = !φ = φC/N . ! 1#/-&2 "&;.# (/+%)?9 AC &.&’& "&;-
.) A, - .&"&/&2 φ = 0, )3 ,&&"%&5#%)6 (2) %+ ’)%)) ,.&’:7#%)6 ω %+$&4)*
ϑ = →(ς/4 +!φ) ) ϖ = →(0.5 +!ϑ). H&&/4)%+"9 "&;.) (/+%)?9 AC %+$&4)*
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!"#. 1. $"%"" #&’()*+%", " -(./&., -0.%"1. 23.45. # 6-(’4 %.&(’%. &.#.3+()%’7
ωc = 0.5236 8 3’9&+ 5+0+-":. C %. &’%+9%’7 #3./"" #/.8("8.%", 1"("%/0..

%+ 1#/#,#;#%)) 1/6*9$ 1/) .&%#;%&-/+3%&,"%&2 +11/&.,)*+?)) 4)88#/#%?)-
+’:%9$ 0/+-%#%)2 (/+%)?9 AC ) ’)%)) ,.&’:7#%)6 ω &.&’& "&;.) A

y = yA → (x→ xA)tgφ̃, φ̃ = 0.5(φA + φ), (6)

y = y1 + (x→ x1)tgϑ̃, ϑ̃ = 0.5(ϑ+ ϑ1), ϑ = →(ς/4 + φ), (7)
(4# %)7%)* )%4#.,&* 1 &>&3%+;#%9 .&&/4)%+"9 ) 0(&’ ϑ - "&;.# 1#/#,#;#%)6
’)%)2 ,.&’:7#%)6 ε ) ω ->’)3) (/+%)?9 AC. G+"#* &" %+24#%%&2 "&;.) %+ (/+-
%)?# AC ) %+;+’:%&2 ε ’)%)) ,.&’:7#%)6 AB -9;),’6#* ’)%)= ,.&’:7#%)6 ε,
1/&$&46B0= ;#/#3 "&;.0 %+ (/+%)?# AC, 4& 1#/-&2 "&;.) ω ’)%)) ,.&’:7#%)6
BC &.&’& "&;.) B ?).’);#,.&2 1/&?#40/&2 /+,;#"+ /#(0’6/%9$ "&;#. ’)%)2
,.&’:7#%)6 1/) 1’&,.&2 4#8&/*+?)) [6]. I" %+24#%%&2 "&;.) %+ (/+%)?# AC
) 1/&$&46B#2 ;#/#3 %## ’)%)) ,.&’:7#%)6 ε )3 0/+-%#%)2 (6) ) (7) %+$&4)*
.&&/4)%+"9 ) 3%+;#%)6 ϑ ) ϖ = →(0.5 + φ) %+ (/+%)?# AC ) ’)%)) ,.&’:7#%)6
- &>’+,") ABC, ),1&’:306 )3-#,"%9# 4+%%9# , )%4#.,&* A - 0/+-%#%)6$ (6) -
%+24#%%9$ "&;.+$ (/+%)?9 AC.

F)%)) ,.&’:7#%)6 - &>’+,") BCE %+$&4)* /#5#%)#* 3+4+;) ,*#5+%%&(&
")1+ 1& )3-#,"%9* 3%+;#%)6* ϖ ) ϑ %+ ω ’)%)) ,.&’:7#%)6 BC , (/+%);%9*
0,’&-)#* ϑ = →ς/4, y = 0 %+ ’)%)) ,)**#"/)) x. </) @"&* ?).’);#,.)*)
1/&?#40/+*) &1/#4#’6=",6 .&&/4)%+"9 x ) 3%+;#%)6 ϖ - "&;.+$ ,#".) ’)%)2
,.&’:7#%)6 %+ &,) x ) ω ’)%)) ,.&’:7#%)6 &" BC 4& "&;.) E , )3-#,"%9*)
3%+;#%)6*) ϖ ) ϑ %+ ε ’)%)) ,.&’:7#%)6 CE. F)%)) ,.&’:7#%)6 ω - &>’+,")
CDE - 1/6*9# &/"&(&%+’:%9# . ε ’)%)) ,.&’:7#%)6 CE, &(/+%);#%%9# -&(%0-
"&2 (/+%)?#2 5"+*1+. J&;.) @"&2 (/+%)?9 %+$&4)* %+ 1#/#,#;#%)) 1/6*9$ ω
’)%)2 ,.&’:7#%)6 , 0(’+*) %+.’&%+ ϑ = →(ς/4 + φ) ) 1/6*9$, &1/#4#’6#*9$
0/+-%#%)#* (6), %+;)%+6 &" "&;.) 1#/#()>+ C 1/) φ = φC , ) 0*#%:5#%)) 0(’+ φ
, 5+(&* !φ 4& %0’6 - "&;.# D. F)%)) ,.&’:7#%)6 ε, &/"&(&%+’:%9# . 1/6*9*
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’)%)6* ,.&’:7#%)6 ω - &>’+,") CDE, %+$&4)* ?).’);#,.)*) -9;),’#%)6*)
/#(0’6/%9$ "&;#. ’)%)2 ,.&’:7#%)6 %+;)%+6 &" ε ’)%)) ,.&’:7#%)6 CE 4&
"&;.) D.

</)-#4#%%92 +’(&/)"* &1/#4#’6#" (’+4.0= -&(%0"&--910.’0= (/+%)?0
5"+*1+ ACD ) ,&&"-#","-0=B)# ’)%)) ,.&’:7#%)6 - 3+-),)*&,") &" &4%&-
(& 1+/+*#"/+ - 0(’+ %+.’&%+ .+,+"#’:%&2 φC - "&;.# 1#/#()>+ C. ! -9;),’)-
"#’:%&2 1/&(/+**# --&4)",6 -"&/&2 1+/+*#"/ 0 ↑ cl ↑ 1, .&"&/92 )3*#%6#"
./)-)3%0 -910.’&(& 0;+,".+ (/+%)?9 5"+*1+ %+ -9$&4# )3 1’+,");#,.&2 &>-
’+,"). </) cl < 1 %+;+’:%9# "&;.) ./)-9$ ’)%)2 ,.&’:7#%)6 ω 3+4+#* %+
;+,") (/+%)?9 AB , 5+(&* !y = →cl/N . ! @"&* ,’0;+# %+ (/+%)?# 5"+*1+
1&6-’6#",6 ’)%#2%92 &"/#3&. , 0(’&* %+.’&%+ φC , ,&#4)%6=B)2 -&(%0"92 )
-910.’92 0;+,".). </) cl ↓ 0 -910.’+6 (/+%)?+ ,"6()-+#",6 - ,)%(0’6/%0=
0(’&-0= "&;.0 A , 1/6*&2 %+.’&%%&2 (/+%)?9 AC, 4’)%+ .&"&/&2 /+-%+ 4-0*,
) (/+%)?+ ACD ,&-1+4+#" , )4#+’:%9* 1/&8)’#* 4’6 1/#,,&-+%)6 1/) 1’&,.&2
4#8&/*+?)) [6]. </) cl = 1 1&’0;+#* )4#+’:%0= (/+%)?0 5"+*1+, 1&.+3+%%0=
%+ /),.1, , *)%)*+’:%&2 ./)-)3%&2 -910.’&2 (/+%)?9 AC.

2. !E95 D;E>EDA5H. E.&/&,") Vω, Vε %+$&4)* )%"#(/)/&-+%)#* 0/+-%#%)2
(3) 1&,’# -9;),’#%)6 ’)%)2 ,.&’:7#%)6 ) (’+4.&2 (/+%)?9 ACD, 1/) 1#/#*#-
B#%)) (/+%)?9 ACD 1& &,) y ,& ,.&/&,":= V = →1 &"%&,)"#’:%& %#1&4-)7%&2
(&/)3&%"+’:%&2 ’)%)) ,)**#"/)) x. <&’# ,.&/&,"#2 %+ 1’&,.&,") (&4&(/+8+ Vx,
Vy %+$&4)* 1& 0/+-%#%)6* (5).

! &>’+,") DEO1 , 1/6*9*) ’)%)6*) ,.&’:7#%)6 ω ) ε 1/) ϑ = ς/4 )*#-
#" *#,"& &4%&/&4%&# 4#8&/*)/&-+%%&# ,&,"&6%)# , 1&,"&6%%9*) ,.&/&,"6*)
4#8&/*+?)) ↼x = →↼y = 1/H 1/) ’)%#2%&* )3*#%#%)) ,.&/&,"#2 Vx, Vy - 3+-)-
,)*&,") &" .&&/4)%+" x, y

Vx =
L+ x

H
, Vy = → y

H
, →L ↑ x ↑ →L+H, 0 ↑ y ↑ H (8)

(4# 4’)%+ L 1/&#.?)) (/+%)?9 ACD %+ &,: x ) -9,&"+ H 1& &,) y &1/#4#’6=",6
.&&/4)%+"+*) "&;.) D: L = →xD, H = yD. D/+%);%9# 0,’&-)6 4’6 ,.&/&,"#2
Vω, Vε %+ ’)%)) ,.&’:7#%)6 DE 1/) ϑ = →ς/4 %+$&4)* )3 0/+-%#%)2 (5) ) (8)

Vω =
Vx → Vy↔

2
, Vε =

Vx + Vy↔
2

(9)

C+ (’+4.&2 (/+%)?# ACD 1/) ϑ = →(ς/4 + φ) -91&’%6#",6 0,’&-)# %#1/#-
/9-%&,") ,.&/&,") 1& %&/*+’) . (/+%)?#

cos φ +
Vε → Vω↔

2
= 0 (10)

) %+ ’)%)) ,)**#"/)) x 1/) ϑ = →ς/4 ) Vy = 0 )3 -"&/&(& 0/+-%#%)6 (5)
,’#40#" Vω = Vε.
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! -9;),’)"#’:%&2 1/&(/+**# 1&,’# /+,;#"+ ’)%)2 ,.&’:7#%)6 ) (/+%)?9
ACD ,&$/+%6#* *+,,)-9 3%+;#%)2 ϖ ) ϑ %+ (/+%)?# ACD ) %+ ω ’)%)) ,.&’:-
7#%)6 DE. E.&/&,") 1#/#*#B#%)2 - "&;.+$ ,#".) ’)%)2 ,.&’:7#%)6 %+$&4)*
1/) &>/+"%&* /+,;#"# ’)%)2 ,.&’:7#%)6 &" (/+%)?9 DE . (/+%)?# AB, "+.
.+. 0/+-%#%)6 (3) ,&4#/7+" 0(&’ ϑ.

! &>’+,") DEC ,.&/&,") %+$&4)* ;),’#%%9* /#5#%)#* ,*#5+%%&2 3+4+;)
4’6 0/+-%#%)2 (2), (3) , (/+%);%9*) 0,’&-)6*) 4’6 ,.&/&,"#2 (8)-(10). </)
@"&* ,.&/&,") Vω, Vε - "&;.+$ (/+%)?9 DC %+$&4)* 1& )3-#,"%9* 3%+;#%)6*
Vω2, Vε2 ) ϑ2 - "&;.+$ %+ ε ’)%)6$ ,.&’:7#%)6 >’)7+25)$ . (/+%)?# DC, %+-
;)%+6 &" &./#,"%&,") "&;.) D, 1/) .&%#;%&/+3%&,"%&2 +11/&.,)*+?)) -"&/&(&
0/+-%#%)6 (3) 1/) (/+%);%&* 0,’&-)) (10)

Vε =
Vω2→ϑ(Vε2+

↑
2 cos ϖ)

1+ϑ
, Vω = Vε +

↔
2 cos φ,

↽ = 0.5(ϑ→ ϑ2), ϑ = →(ς/4 + φ),
(11)

, 1&,’#40=B)*) -9;),’#%)6*) Vω, Vε - /#(0’6/%9$ "&;.+$ ,#".) ’)%)2 ,.&’:-
7#%)6 &" (/+%)?9 DC 4& ε ’)%)) ,.&’:7#%)6 EC 1& )3-#,"%9* 3%+;#%)6*
Vω1, Vε1, ϑ1 ) Vω2, Vε2, ϑ2 - "&;.+$ ω ) ε ’)%)2 ,.&’:7#%)6 ) 0(’+ ϑ - "&;.#
1#/#,#;#%)6 ’)%)2 ,.&’:7#%)6

Vω =
Vω1 + ↽1(Vε1 + Vε2)→ ↽1↽2Vω2

1 + ↽1↽2
, ↽1 = 0.5(ϑ→ ϑ1), (12)

Vε =
Vε2 → ↽2(Vω1 + Vω2)→ ↽1↽2Vε1

1 + ↽1↽2
, ↽2 = 0.5(ϑ→ ϑ2). (13)

! &>’+,") BCE ,.&/&,") %+$&4)* /#5#%)#* ,*#5+%%&2 3+4+;), -9;),’66
,.&/&,") %+ &,) x 1& )3-#,"%9* 3%+;#%)6* Vω1, Vε1, ϑ1 - >’)7+25)$ . &,) x
"&;.+$ ε ’)%)2 ,.&’:7#%)6, %+;)%+6 &" ’)%)) EC, , ),1&’:3&-+%)#* .&%#;%&-
/+3%&,"%&2 +11/&.,)*+?)) 1#/-&(& 0/+-%#%)6 (3)

Vω = Vε =
Vε1 + ↽1Vε1

1→ ↽1
, ↽1 = 0.5(ϑ→ ϑ1), ϑ = →ς/4. (14)

G+"#* -9;),’6#* ,.&/&,") - /#(0’6/%9$ "&;.+$ ,#".) ’)%)2 ,.&’:7#%)6 1&
0/+-%#%)6* (12), (13). ! &>’+,") ABC /#5+#* ,*#5+%%0= 3+4+;0 , )3-#,"%9*)
3%+;#%)6*) Vω2, Vε2 ) ϑ2 %+ ’)%)) ,.&’:7#%)6 CB, -9;),’66 1& 0/+-%#%)6*
(11) ,.&/&,") %+ (/+%)?# AC ) 1& (12), (13) - /#(0’6/%9$ "&;.+$ 4& ’)%))
,.&’:7#%)6 AB. <& 0,’&-)= 1’+,");#,.&2 %#,7)*+#*&,") >#3/+3*#/%+6 (&/)-
3&%"+’:%+6 ,.&/&,": V0 %+ (/+%)?# OA /+-%+ L. ! &>’+,") OAB )*##" *#,"&
’)%#2%&# )3*#%#%)# ,.&/&,"#2 1& &,6* x, y

Vx = L+ x→ 1 ↑ x ↑ 0, Vy = →y, 0 ↑ y ↑ 1. (15)
J+. .+. ’)%)) ,.&’:7#%)6 ) ,.&/&,") %+$&4)* ;),’#%%9* )%"#(/)/&-+%)#*

0/+-%#%)2 (1) - (3), "& 1&,’# &1/#4#’#%)6 ,.&/&,"#2 - &>’+,") OAB /+-#%,"-&
V0 = L ),1&’:30#* 4’6 &?#%.) %+.&1’#%%&2 1&(/#5%&,") -9;),’#%)2 1&’6
,.&/&,"#2.
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C+ /),. 1 ) 2 1&.+3+%9 ’)%)) ,.&’:7#%)6 ) (&4&(/+8 ,.&/&,"#2 4’6 ./)-
-&’)%#2%&(& 1/&8)’6 ACD , 0(’&* %+.’&%+ .+,+"#’:%&2 - "&;.# 1#/#()>+
φC = 0.5236, 1/) H = 2.85, L = 7.38. K+,1/#4#’#%)# 4+-’#%)6 p %+ (/+%)?#
.&%"+."+ 1/)-#4#%& - "+>’. 1. E/#4%## 4+-’#%)# q ) ,)’+ F %+ #4)%)?0 4’)%9
1& %&/*+’) . 1’&,.&,") x, y, 1/)’&7#%%9# . 5"+*10 , 0;#"&* -#/").+’:%&2 &,)
,)**#"/)) /+-%9 q = 1.67, F = 24.65. C+.&1’#%%+6 1&(/#5%&,": &1/#4#’#%)6
,.&/&,") Vx %+ (/+%)?# OA 1/) -9;),’#%)) ’)%)2 ,.&’:7#%)6 ) (&4&(/+8+
,.&/&,"#2 /+-%+ VxA/L = →0.078. !#."&/ ,.&/&,") 1& %+1/+-’#%)= (’+-%&(&
%+1/67#%)6 ϖ1 -&3/+,"+#" -4&’: -&(%0"&2 ) -910.’&2 ;+,"#2 (/+%)?9 DCA )
- 1’+,");#,.&2 &>’+,") 1/) 1&’&7)"#’:%&* 3%+;#%)) 4),,)1+")-%&2 80%.?)).
<&’# ,.&/&,"#2 - 1’+,");#,.&2 &>’+,") %#1/#/9-%&. E/#4%## 4+-’#%)# q ) ,)’+
F ,0B#,"-#%%& ,%)7+=",6 1& ,/+-%#%)= , 1’+,");#,.)* "#;#%)#* - 5"+*1+$
%+ .&%#;%&2 ,"+4)) 3+1&’%#%)6 1&’&,"), , 0(’&-&2 "&;.&2 (/+%)?9 .&%"+."+ )
/+3/9-&* ,.&/&,") 1& 7#,".&1’+,");#,.&2 (/+%)?# [6].

!"#. 2. ;’/’-0.< #&’0’#3+7 8 5(.#3"9+#&’7 ’:(.#3" # ("%",4" #&’()*+%", %. 0"#. 1.

C+ /),. 3 1&.+3+%9 ./)-&’)%#2%9# 1/&8)’) (’+4.&2 (/+%)?9 5"+*1+ - 1#/-
-&* .-+4/+%"# 1’&,.&,") x, y, -9;),’#%%9# 4’6 0(’&- %+.’&%+ .+,+"#’:%&2 -
"&;.# 1#/#()>+ - )%"#/-+’# 0.0873 ↑ φC ↑ 0.7854 , 5+(&* !φC = 0.0873. !
"+>’. 2 1/)-#4#%9 &,%&-%9# 1+/+*#"/9 @")$ 1/&8)’#2 - 3+-),)*&,") &" 0(’+
φC : -9,&"+ H &"%&,)"#’:%& &,) x 1& -#/").+’:%&2 &,) ,)**#"/)) ) 1/&#.?)6
L %+ (&/)3&%"+’:%0= ’)%)= ,)**#"/)), &"%#,L%%9# . 1&’0"&’B)%# 1/) x = 0,
1/)%6"&2 3+ #4)%)?0 4’)%9; /+4)0, R ,#;#%)6 ?)’)%4/+ 4’6 1&1#/#;%&(& ,4+--
’)-+%)6 - 5"+*1#, /+-%92 1’&B+4) ,#;#%)6 %+ .&%#;%&2 ,"+4)) 4#8&/*)/&-+-
%)6, &(/+%);#%%&2 0/+-%#%)#* y(x) (/+%)?9 1&’&,") 5"+*1+ %+ /),. 1

R = 2

√
S/ς, S =

∫ 0

→L

y (x)dx; (16)

,/#4%#(& 4+-’#%)6 q, %+24#%%&(& )%"#(/)/&-+%)#* /+,1/#4#’#%)6 4+-’#%)6 p
%+ (/+%)?# 5"+*1+, ) 1&(&%%&2 ,)’9 F = 2qL %+ #4)%)?0 4’)%9 1& %&/*+’) .
1’&,.&,") x, y.
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→x y p →x y p
0.000 1.000 1.000 2.169 1.655 1.559
0.133 1.002 1.035 2.442 1.795 1.593
0.266 1.009 1.070 2.730 1.929 1.628
0.399 1.021 1.105 3.032 2.057 1.663
0.532 1.037 1.140 3.350 2.179 1.698
0.663 1.058 1.175 3.682 2.293 1.733
0.794 1.083 1.209 4.030 2.400 1.768
0.924 1.113 1.244 4.394 2.497 1.803
1.053 1.148 1.279 4.773 2.585 1.838
1.180 1.187 1.314 5.168 2.661 1.873
1.306 1.230 1.349 5.579 2.726 1.908
1.431 1.278 1.384 6.006 2.779 1.942
1.554 1.330 1.419 6.449 2.818 1.977
1.674 1.387 1.454 6.909 2.842 2.012
1.793 1.447 1.489 7.384 2.850 2.047
1.910 1.512 1.524

=.:("1. 1. !.#50+/+(+%"+ /.8(+%", p %. -0.%"1+ &’%3.&3..

!"#. 3. ;(./&"+ 50’<"(" 23.45. # 6-(.4" %.&(’%. &.#.3+()%’7 8 3’9&+ 5+0+-":. ωC
= 0.0873, 0.1745, 0.2618, 0.3491, 0.4363, 0.5236, 0.6109, 0.6981, 0.7854.

3. !EC5>5I7E5 D6:4984:785 ?89876>:. <#/-+6 ,"+4)6 1’+,");#,.&(&
,4+-’)-+%)6 %+;)%+#",6 1/) .&%"+."# ?)’)%4/+ , (/+%)?#2 5"+*1+ - "&;.# D
) *+’&* 1#/#*#B#%)) s (/+%)?9 5"+*1+ 1& /+4)0,0 ?)’)%4/+ - %+1/+-’#%))
&,) →y (/),. 1). </) *+’9$ 0(’+$ %+.’&%+ .+,+"#’:%&2 φ - &./#,"%&,") "&;.) D
) *+’9$ 1#/#*#B#%)6$ s ’)%)) ,.&’:7#%)6 ) 1&’# ,.&/&,"#2 &1/#4#’6=",6 1&
</+%4"’= -4+-’)-+%)#* 5"+*1+ - 1’+,");#,.&# 1&’01/&,"/+%,"-& , ./0(&-&2
(/+%)?#2, +%+’&();%& 3+4+;# & ,4+-’)-+%)) ?)’)%4/+ 1’&,.)*) 1’)"+*) [4].
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=.:("1. 2. >.8"#"4’#3" 5.0.4+30’8 50’<"(+7 %. 0"#. 3 ’3 6-(. %.&(’%. &.#.3+()%’7
ωC 8 3’9&+ 5+0+-":. ? (0"#. 1)

φC H L R q F
0.087 1.191 4.376 2.474 1.091 9.55
0.174 1.418 4.811 2.736 1.190 11.45
0.262 1.688 5.316 3.052 1.298 13.80
0.349 2.010 5.904 3.435 1.413 16.69
0.436 2.393 6.587 3.895 1.537 20.25
0.524 2.850 7.384 4.449 1.669 24.65
0.611 3.393 8.314 5.114 1.808 30.07
0.698 4.041 9.402 5.911 1.954 36.75
0.785 4.811 10.67 6.864 2.107 44.98

M+-’#%)# %+ 5"+*1 q %+ 1#/-&2 ,"+4)) ,%)7+#",6 &" 1 + ς/2 1/) s ↓ 0 4&
2.25, 1/) 0-#’);#%)) 1#/#*#B#%)6 4& s0 ) 1#/#$&4&* %+ -"&/0= ,"+4)= 1’+,")-
;#,.&(& "#;#%)6. C+ @"&2 ,"+4)) 1’+,");#,.+6 &>’+,": &1/#4#’6#",6 ’)%)6*)
,.&’:7#%)6 ) 1&’#* ,.&/&,"#2 1& </+%4"’= 1/) ,4+-’)-+%)) 1’+,");#,.&(&
,’&6 , &"%&5#%)#* h/a = 6.4 1&’0"&’B)%9 h = yA . 1&’04’)%# a = xA + L,
.&"&/9# &1/#4#’6=",6 .&&/4)%+"+*) "&;.) A (/+%)?9 .&%"+."+ ?)’)%4/+ %+
-&(%0"&2 (/+%)?# DC. N%+’)3 1#/-&2 ,"+4)) ,4+-’)-+%)6 ?)’)%4/+ , /+4)0-
,&* R 1’&,.)* 5"+*1&* [4] 1&.+39-+#", ;"& 1#/-+6 ,"+4)6 3+.+%;)-+#",6 1/)
>#3/+3*#/%9$ 3%+;#%)6$ h/R = 0.988 ) a/R = 0.154, ) -#,:*+ *+’&* )3*#%#-
%)) ./0(&-&2 (/+%)?9 1/) -94+-’)-+%)) *+"#/)+’+ %+ (/+%)?0 ?)’)%4/+ 1/)
1#/#*#B#%)) s0/R = 0.012.

</) ,4+-’)-+%)) ?)’)%4/+ 5"+*1&* , ./)-&’)%#2%&2 (/+%)?#2 1#/#*#B#%)#
s0 1/) 1#/#$&4# .& -"&/&2 ,"+4)) %+$&4)* 1& .&&/4)%+"+* "&;.) .&%"+."+ A %+
(/+%)?# ?)’)%4/+ 1/) h/R = 0.988 - 1&’6/%9$ .&&/4)%+"+$ , ?#%"/&* - "&;.#
O1 ) 0(’&* tg⇀ = 6.4

xA = R cos⇀→ L, yA = R sin⇀, xA = xA0, s0 = yA0 → yA, ⇀ = 1.416, (17)

(4# xA0 ) yA0 O .&&/4)%+"9 "&;.) A0 %+ ,*#B#%%&2 (/+%)?# 5"+*1+, 1/&$&46-
B#2 ;#/#3 %+;+’:%0= "&;.0 .&%"+."+ , ?)’)%4/&* x = →L, y = R. <& "+>’);%&2
80%.?)) (/+%)?9 5"+*1+ DC %+$&4)* )%"#/-+’ xi+1 ↑ xA ↑ xi 4’6 .&&/4)-
%+"9 xA, ’)%#2%&2 )%"#/1&’6?)#2 %+ @"&* )%"#/-+’# %+$&4)* .&&/4)%+"0 yA0,
3+"#* )3 -"&/&(& ) "/#":#(& ,&&"%&5#%)2 (17) %+$&4)* 1#/#*#B#%)# 5"+*1+ s0
- .&%?# 1#/-&2 ,"+4)) ,4+-’)-+%)6 ?)’)%4/+.

C+ -"&/&2 ,"+4)) ,4+-’)-+%)6 1/) s > s0 1/&),$&4)" ,*#B#%)# u ./0(&-&2
(/+%)?9 7#,".&2 &>’+,") 4#8&/*)/0#*&(& ?)’)%4/+ 1& &,) ,)**#"/)) x )
"&;.) A (/+%)?9 .&%"+."+ , 3+1&’%#%)#* 1&’&,") 5"+*1+. </) s = 0 (/+%)?+
5"+*1+ &1/#4#’6#",6 0/+-%#%)#* y(x) (/+%)?9 ACD 1/) .&%#;%&* 1&’&7#%)),
1&.+3+%%&* %+ /),.1 ) ,4-)(&* 1& &,) y %+ -#’);)%0 R → H 4& .&%"+."+ ,



*F*GBG(<FG 3?H!I-!H<-G J-I-<?BH KLH6*F6... 53

-#/$%#2 "&;.&2 %#4#8&/*)/&-+%%&(& ?)’)%4/+. </) s > s0 .&&/4)%+"9 "&;.)
A &1/#4#’6=",6 1#/#,#;#%)#* ./0(&-&2 (/+%)?9 7#,".&2 &>’+,") ,& ,*#B#%%&2
%+ R→H → s (/+%)?#2 y(x)

xA = x = u+R cos⇀→ L, yA = y +R→H → s = R sin⇀, (18)
(4# u ) ⇀ 3+-),6" &" 1#/#*#B#%)6 s 1/) 3+1&’%#%)) 1&’&,") 5"+*1+ ) )3*#%#-
%)) (/+%)?9 1’+,");#,.&2 ) 7#,".&2 &>’+,").

E 0-#’);#%)#* s &"%&5#%)# h/a 0*#%:5+#",6 -,’#4,"-)# 0-#’);#%)6 4’)%9
a = L + xP ) 0*#%:5#%)6 -9,&"9 h = yA 1’+,");#,.&2 &>’+,") 1/) 1#/#*#-
B#%)) "&;.) .&%"+."+ A 1& (/+%)?# 5"+*1+ ACD. </) h/a ↑ 1 1’+,");#,.+6
&>’+,": *&4#’)/0#",6 ,4+-’)-+%)#* 1’+,");#,.&(& ,’&6 , .&%#;%9* &>/+"%9*
&"%&5#%)#* a/h > 1, 1’+,");#,.)* "#;#%)#* 1& &,) x ) /+3/9-&* ,.&/&,")
-4&’: 7#,".&1’+,");#,.&2 (/+%)?9 , -910.’&2 ,-&>&4%&2 (/+%)?#2 , /+4)0-
,&* R. </) @"&* ’)%)) ,.&’:7#%)6 , ,)%(0’6/%&2 "&;.&2 A ) -#/").+’:%&2
(/+%)?#2 x = xA, 0 ↑ y ↑ yA , &4%&/&4%9* %+1/67#%%9* ,&,"&6%)#* ,7+")6
ϖ1 = 0, ϖ2 = →1 ) 1&’# ,.&/&,"#2 04&-’#"-&/6=" 0,’&-)= 1&’&7)"#’:%&,")
4),,)1+")-%&2 80%.?)).

P#,".+6 &>’+,": - -)4# ,#(*#%"+ ./0(+ , /+4)0,&* R ) ?#%"/+’:%9* 0(’&*
2⇀ 1#/#4 @"&2 (/+%)?#2 %# %+(/07#%+, ) 1#/#*#B+#",6 , 1&,"&6%%&2 ,.&/&,":=
+%+’&();%& 1/&?#,,+* ,4+-’)-+%)6 ?)’)%4/+ 1’&,.)*) 5"+*1+*) [4] ) -4+--
’)-+%)6 5"+*1+ - 1’+,");#,.&# 1&’01/&,"/+%,"-& , -910.’&2 ./)-&’)%#2%&2
(/+%)?#2 [7, 8]. </) 1/)>’)7#%)) . .&%#;%&2 ,"+4)) ,4+-’)-+%)6 ?)’)%4/+
1/) s = R → H )*##" *#,"& ,.&’:7#%)# 1& -910.’&2 (/+%)?# 5"+*1+ AC ,
0*#%:5#%)#* -##/+ ’)%)2 ,.&’:7#%)6 - "&;.# A ) 7#,".&2 &>’+,") %+ -&(%0-
"&2 (/+%)?# .&%"+."+, ,"/#*6B#2,6 . "&;.# D. P#,".+6 &>’+,": , /+4)0,&* R
) 0*#%:5#%)#* 0(’+ ⇀ 1#/#4 ,-&>&4%&2 (/+%)?#2 x = xP ,&$/+%6#",6.

Q3 /+-#%,"-+ 1’&B+4) ./0(+ , /+4)0,&* R ,0**# 1’&B+4), &(/+%);#%%&2
(/+%)?#2 5"+*1+ &" "&;.) D 4& "&;.) A, ) 1’&B+4) ,#(*#%"+ ./0(+ , /+4)0,&*
R ) 0(’&* ⇀ %+$&4)* %#’)%#2%&# 0/+-%#%)# 4’6 &1/#4#’#%)6 s 1/) 3+4+%%9$
.&&/4)%+"+$ x, y (/+%)?9 5"+*1+ ACD, ,-63+%%9$ , .&&/4)%+"+*) "&;.) A
0/+-%#%)6*) (18).

ς

4
+

(x+ L)(s→R +H)→ 1
2(⇀→ sin⇀ cos⇀)→

x∫

→L

y(x) dx

R2
= 0, (19)

(4#

sin⇀ =
y +R→H → s

R
. (20)

Q%"#(/+’9, 3+-),6B)# &" .&&/4)%+"9 x - 0/+-%#%)) (19), -9;),’6=",6 - 1/&-
(/+**# 1&,’# &1/#4#’#%)6 (/+%)?9 ACD %+ /),. 1, ) ,&$/+%6=",6 - *+,,)-#
4+%%9$ %+ @"&2 (/+%)?# -*#,"# , .&&/4)%+"+*) x, y, 8)(0/)/0=B)*) - 0/+-%#-
%)6$ (18) - (20). G%+;#%)6 s , 1&(/#5%&,":= *#%:5# 10

→3 %+$&4)* ;),’#%%9*
/#5#%)#* 0/+-%#%)6 (19) , 1&4,"+%&-.&2 (20) *#"&4&* C:="&%+ &" %+;+’:%&(&
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3%+;#%)6 s0 4& .&%#;%&(& 3%+;#%)6 s = R→H 1/) 3+1&’%#%)) 1&’&,") 5"+*1+.
<&,’# -9;),’#%)6 s 1& 0/+-%#%)= (20) %+$&4)* 0(&’ ⇀, 1& 0/+-%#%)6* (18)
%+$&4)* 1#/#*#B#%)# ?#%"/+ ./0(&-&2 (/+%)?9 4#8&/*)/0#*&(& ?)’)%4/+ u
) -#’);)%9 a = L + xA ) h = yA, &1/#4#’6=B)# )3*#%#%)6 1’+,");#,.&2 )
7#,".&2 &>’+,") 1/) ,4+-’)-+%)) ?)’)%4/+.

C)7# 1/)-#4#%9 /#30’:"+"9 ;),’#%%&(& *&4#’)/&-+%)6 1&1#/#;%&(& ,4+--
’)-+%)6 ?)’)%4/+ , /+4)0,&* R = 3.435 - (’+4.&* 5"+*1# , ./)-&’)%#2%&2
(/+%)?#2, &1/#4#’6#*&2 0(’&* %+.’&%+ .+,+"#’:%&2 φC = 0.349 - "&;.# 1#/#-
()>+ 1/) H = 2.01, L = 5.9, ,/#4%#* 4+-’#%)) q = 1.413 ) ,)’# F = 16.69 %+
.&%#;%&2 ,"+4)) ,4+-’)-+%)6. <#/-+6 ,"+4)6 ,4+-’)-+%)6 3+.+%;)-+#",6 1/)
s0 = 0.031, a = 0.53, h = 3.39, q = 2.225, F = 2.36.

C+ /),. 4 1&.+3+%9 ’)%)) ,.&’:7#%)6 1& </+%4"’= ) (&4&(/+8 ,.&/&,"#2
%+ -"&/&2 ,"+4)) ,4+-’)-+%)6 ?)’)%4/+ 1/) 1#/#*#B#%)) 5"+*1+ s = 0.29,
a = 1.73, h/a = 1.75, q = 1.143 ) F = 3.36. R#%"/ ,-&>&4%&2 ./0(&-&2 (/+%)?9
7#,".&2 &>’+,") 1#/#*#B+#",6 1& &,) x %+ u = 0.106 &" %+;+’:%&2 .&&/4)%+"9
x = →L. <’+,");#,.+6 &>’+,": ,)**#"/);%+ &"%&,)"#’:%& (/+%)?9 x = →L,
0 ↑ y ↑ R→ s. I>’+,": -95# (/+%)?9 AB 1#/#*#B+#",6 ,& ,.&/&,":= 5"+*1+
Vy = →1, Vx = 0 >#3 ,.&’:7#%)6 1& (/+%)?# .&%"+."+ AD ) %+(/07#%+ 4&
&4%&/&4%&(& %+1/67#%%&(& ,&,"&6%)6 , 1/6*9*) ’)%)6*) ,.&’:7#%)6 ω ) ε
1/) ϑ = →ς/4 ) 4+-’#%)) q = ϖ01 → (2⇁ +

1
2), (4# ϖ01 O ,/#4%## %+1/67#%)#

- ?#%"/# O1, &1/#4#’6#*&# 1& 0,’&-)= /+-#%,"-+ %0’= (&/)3&%"+’:%&2 ,)’9,
1/)’&7#%%&2 . ,-&>&4%&2 7#,".&2 &>’+,") , ./0(&-&2 (/+%)?#2 [4].

a) b)

!"#. 4. $"%"" #&’()*+%", (a) " -’/’-0.< #&’0’#3+7 (b) %. 83’0’7 #3./"" #/.8("8.%",
1"("%/0.. ωC = 0.3491, R = 3.435, s = 0.29.

<& 0,’&-)6* ,)**#"/)) &"%&,)"#’:%& &,) x ) 1’+,");#,.&2 %#,7)*+#*&,")
,.&/&,": 1#/#*#B#%)6 ,-&>&4%&2 7#,".&2 &>’+,") /+-%+ a/h = 0.571. !4&’:
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7#,".&1’+,");#,.&2 (/+%)?9 ACO1 (/),. 4+) )*##" *#,"& 1&,"&6%%92 /+3/9-
,.&/&,") [V ] =

↔
2(a/h), .&"&/92 &"&>/+7+#",6 %+ (&4&(/+8# ,.&/&,"#2 (/),.

4b) 40(&2 &./07%&,") , ?#%"/+’:%9* 0(’&* ⇁, /+-%9* 0(’0 -##/+ ’)%)2 ,.&’:-
7#%)6 - ,)%(0’6/%&2 "&;.# A (/),. 4+). </) 0-#’);#%)) 1#/#*#B#%)6 s 1’+-
,");#,.+6 &>’+,": /+,5)/6#",6 1/) 4-)7#%)) "&;.) .&%"+."+ A 1& (/+%)?#
5"+*1+, 1#/#*#B#%)) 7#,".&1’+,");#,.&2 (/+%)?9 ACO , %#1&4-)7%&2 "&;-
.&2 O1 - ?#%"/# 1&’&,") 5"+*1+ ) 0*#%:5#%)) ,-&>&4%&2 7#,".&2 &>’+,") ,
./0(&-&2 (/+%)?#2; &"%&5#%)# h/a 0*#%:5+#",6 4& #4)%)?9 , 0*#%:5#%)#*
0(’+ ⇁ 4& %0’6 ) -9/&74#%)#* 1’+,");#,.&2 &>’+,") - ’)%)= ,4-)(+ , /+3-
/9-&* ,.&/&,") [V ] =

↔
2 ) &4%&/&4%9* %+1/67#%%9* ) 4#8&/*)/&-+%%9*

,&,"&6%)#* 1’+,");#,.&(& ,7+")6 ϖ = →1
2 ) q = 1 1/) s = 0.597, a = 2.646.

a) b)

!"#. 5. $"%"" #&’()*+%", (a) " -’/’-0.< #&’0’#3+7 (b) %. 30+3)+7 #3./" #/.8("8.%",
1"("%/0.. ωC = 0.3491, R = 3.435, s = 0.88.

</) 1#/#*#B#%)6$ s > 0.6 1’+,");#,.+6 &>’+,": 1#/#$&4)" %+ "/#":= ,"+-
4)= ,4+-’)-+%)6 ,’&6 1/) &"%&5#%)) a/h > 1 ) 1’+,");#,.)* "#;#%)#* 1&
’)%)) ,)**#"/)) x. C+ /),. 5 1&.+3+%9 ’)%)) ,.&’:7#%)6 ) (&4&(/+8 ,.&-
/&,"#2 %+ "/#":#2 ,"+4)) 1/) s = 0.88, a = 3.49, a/h = 1.71, q = 1.133 )
F = 7.91. <’+,");#,.+6 &>’+,": (/),. 5+) &(/+%);#%+ 7#,".&1’+,");#,.&2 (/+-
%)?#2 AEO1, 1/&$&46B#2 ;#/#3 ?#%"/ 1&’&,") 5"+*1+ x = →L, , 1&,"&6%%9*
/+3/9-&* ,.&/&,") [V ] =

↔
2, .&"&/+6 %+ 1’&,.&,") (&4&(/+8+ ,.&/&,"#2 (/),.

5b) &"&>/+7+#",6 &./07%&,":= , ?#%"/+’:%9* 0(’&* ⇁ - ,)%(0’6/%&2 "&;.#
A %+ /),. 5+. I>’+,": &4%&/&4%&(& 1’+,");#,.&(& ,7+")6 &(/+%);#%+ ’)%)#2
,.&’:7#%)6 AB ) -#/").+’:%&2 (/+%)?#2 AC, 1#/#*#B+=B#2,6 ,& ,.&/&,":=
Vx = a/h -*#,"# ,& ,-&>&4%&2 7#,".&2 &>’+,":=, &(/+%);#%%&2 40(&2 &./07%&-
,") /+4)0,+ R, ,*#B#%%&2 %+ u = 0.73 &" ?#%"/+ O1 1& &,) x. P#,".+6 &>’+,":,
&(/+%);#%%+6 (/+%)?#2 .&%"+."+ ,& 5"+*1&* DA ) 7#,".&1’+,");#,.&2 (/+-
%)?#2 AEO1, 1#/#*#B+#",6 ,& ,.&/&,":= Vy = →1 >#3 ,.&’:7#%)6 1& (/+%)?#
DA. E/#4%## 4+-’#%)# q ) ,)’0 F %+$&4)* )%"#(/)/&-+%)#* /+,1/#4#’#%)6
4+-’#%)6 p = →(ϖ +

1
2) 1& &,) x 1/) -9;),’#%)) ’)%)2 ,.&’:7#%)6.
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C+ /),. 6 1&.+3+%9 ’)%)) ,.&’:7#%)6 ) (&4&(/+8 ,.&/&,"#2 %+ ;#"-#/"&2
,"+4)) ,4+-’)-+%)6 ?)’)%4/+ 1/) s = 1.17, a = 4.52, a/h = 3.16, q = 1.376
) F = 12.43. C+ @"&2 ,"+4)) )*##" *#,"& 1’+,");#,.&# ,.&’:7#%)# *+"#/)+’+
1& -910.’&2 ) -&(%0"&2 (/+%)?# .&%"+."+ ,& 5"+*1&* , %#1/#/9-%9* 1&’#*
,.&/&,"#2. ! &>’+,") ABC ,& ,-&>&4%&2 (/+%)?#2 AC (/),. 6+) )*##" *#,"&
%+1/67#%%&# ,&,"&6%)# &4%&/&4%&(& ,7+")6 ) ’)%#2%&# )3*#%#%)# ,.&/&,"#2
1& &,6* .&&/4)%+" x, y, 04&-’#"-&/6=B## 0,’&-)= Vx = a/h %+ (/+%)?# AC ,&
,-&>&4%9* ./0(&-9* ,#(*#%"&* 7#,".&2 &>’+,")

a) b)

!"#. 6. $"%"" #&’()*+%", (a) " -’/’-0.< #&’0’#3+7 (b) %. 9+38+03’7 #3./"" #/.8("-
8.%", 1"("%/0.. ωC = 0.3491, R = 3.435, s = 1.17.

Vx =
a

h
+ xA → x, xB ↑ x ↑ xA; Vy = →y, 0 ↑ y

h
↑ 1, h = yA, a = L+ xA.

F)%)) ,.&’:7#%)6 - &>’+,") ABB2A &1/#4#’6=",6 0(’&* -##/+ ⇁ = φA - ,)%-
(0’6/%&2 "&;.# A , 0(’&* %+.’&%+ .+,+"#’:%&2 →φA . (/+%)?# 5"+*1+ ) 0,’&-
-)#* ϑ = →ς/4 %+ ’)%)) ,)**#"/)) x. F)%)) ,.&’:7#%)6 - &>’+,") AB2EA1

&1/#4#’6=",6 (/+%);%9*) 0,’&-)6*) ϑ = →(ς/4 + φ) %+ (/+%)?# 5"+*1+ AA1

) ϑ = →ς/4 %+ ’)%)) ,)**#"/)) x , )3-#,"%9*) 3%+;#%)6*) ϖ ) ϑ %+ ’)%))
,.&’:7#%)6 AB2. ! &>’+,") A1EFGA2 ’)%)) ,.&’:7#%)6 ω 1/6*9# &/"&(&-
%+’:%9# . ’)%)) ,.&’:7#%)6 A1E. ! &>’+,") EFO1 )*##" *#,"& %+1/67#%%&#
,&,"&6%)# ,7+")6 1& &,) y ) ’)%#2%&# )3*#%#%)# ,.&/&,"#2 1& &,6* x ) y

Vx =
L+ x

L+ xE

, →L ↑ x ↑ xE; Vy = →y, 0 ↑ y

yF
↑ 1

C+ 7#,".&1’+,");#,.&2 (/+%)?# FG ,.&/&,") Vω = → sinϑ ) Vε = → cosϑ
%#1/#/9-%9, ) %+ (&4&(/+8# (/),. 6b) &"&>/+7+=",6 ,)%(0’6/%&2 "&;.&2 DFG
, 0(’&* -##/+ 1/6*9$ ω ’)%)2 ,.&’:7#%)6 ⇁ = →

(
ϱ

4 + ϑG

)
. C+ -910.’&* 0;+,"-

.# (/+%)?9 ,.&’:7#%)6 AA1, (4# A1 O "&;.+ 1#/#()>+ (/+%)?9 5"+*1+, ’)-
%)) ,.&’:7#%)6 %+.’&%#%9 . .+,+"#’:%&2 1&4 0(’&* ς/4, 1/) /+-#%,"-# %0’=
.&%"+."%9$ .+,+"#’:%9$ %+1/67#%)2. C+ -&(%0"&* 0;+,".# (/+%)?9 A1A2G,
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%+ /),. 6+, 0(’9 %+.’&%+ ω ’)%)2 ,.&’:7#%)6 . .+,+"#’:%&2 . @"&2 (/+%)?#
⇀ = →(ϑ + φ) &".’&%6=",6 &" ς/4, ) %+ @"&* 0;+,".# 1&6-’6=",6 *+’9# .&%-
"+."%9# .+,+"#’:%9# %+1/67#%)6 ϱ =

1
2 cos 2⇀, 1/)-#4#%%9# - "+>’. 3, .&"&/9#

1/)>’)7+=",6 . %0’= - .&%?# ,4+-’)-+%)6 ?)’)%4/+ 1/) s = R →H = 1.425.
S") %+1/67#%)6 1/)-&46" . 1&-95#%)= 4),,)1+")-%&2 80%.?)) 1/) 1’+,")-
;#,.&* ,.&’:7#%)) %+ 0;+,".# (/+%)?9 A1A2G, .&"&/&# 1/+.");#,.) %# -’)6#"
%+ )%"#(/+’:%9# 3%+;#%)6 4+-’#%)6 q ) ,)’9 F .

C+ /),. 7 1&.+3+%9 3+-),)*&,") >#3/+3*#/%9$ 3%+;#%)2 q ) F &" 1#/#*#B#-
%)6 5"+*1+ s &"%&,)"#’:%& &,) ,)**#"/)) x. C+ 1#/-&2 ,"+4)) ,4+-’)-+%)6
?)’)%4/+ 4& s = 0.03 1/&),$&4)" >9,"/&# ,%)7#%)# q &" 1 +

ϱ

2 1/) 4+-’#%))
5"+*1+ </+%4"’6 %+ 1’+,");#,.&# 1&’01/&,"/+%,"-& 4& 2.225 1/) 1#/#$&4# ’)-
%)2 ,.&’:7#%)6 1& </+%4"’= %+ -"&/&2 ,"+4)) ,4+-’)-+%)6 1/) &"%&5#%)6$
h/a > 1 4& s = 0.6 ) %#’)%#2%&* -&3/+,"+%)) ,)’9 F >#3 ,.&’:7#%)6 7#,".&2
&>’+,") %+ (/+%)?# .&%"+."+. </) ,4+-’)-+%)) ?)’)%4/+ %+ 0;+,".# 0.6 < s < 1

1’+,");#,.+6 &>’+,": &1/#4#’6#",6 ’)%)6*) ,.&’:7#%)6 1& </+%4"’= , /+3-
/9-%9* 1&’#* ,.&/&,"#2 1/) &"%&5#%)6$ 1 < a/h < 2 , %#>&’:5)* 1&-95#-
%)#* q 4& 1.23 %+ "/#":#2 ,"+4)), "+.7# >#3 ,.&’:7#%)6 7#,".&2 &>’+,") %+
(/+%)?# .&%"+."+. </) s > 1 (/+%)?+ .&%"+."+ -9$&4)" %+ -910.’92 0;+,"&.
5"+*1+ %+ ;#"-#/"&2 ,"+4)) ,4+-’)-+%)6 ?)’)%4/+ , 0-#’);#%)#* ,.&’:7#%)6
1& (/+%)?# .&%"+."+, 1/) 0*#%:5#%)) 7#,".&2 &>’+,") ) %#1/#/9-%&* 1&’#
,.&/&,"#2. </) @"&* 4+-’#%)# %#3%+;)"#’:%& -&3/+,"+#" ) 0-#’);#%)# ,)’9
-,’#4,"-)# 0-#’);#%)6 4’)%9 (/+%)?9 .&%"+."+ >’)3.& . ’)%#2%&*0.

!"#. 7. >.8"#"4’#3" #0+/%+-’ /.8(+%", q " #"(@ F ’3 5+0+4+A+%", s 50" #/.8("8.%",
1"("%/0.. ωC = 0.3491, R = 3.435.
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=.:("1. 3. B’%3.&3%’+ /.8(+%"+ p " &.#.3+()%’+ %.50,*+%"+ ε %. 8’-%63’7 -0.%"1+
#&’()*+%", A1A2G (0"#. 6a)

→x y p →ϱ →x y p →ϱ
2.091 1.650 1.349 0.014 3.476 2.029 1.327 0.146
2.206 1.690 1.348 0.026 3.616 2.057 1.324 0.158
2.323 1.728 1.348 0.038 3.759 2.083 1.319 0.170
2.443 1.766 1.347 0.050 3.905 2.108 1.315 0.182
2.564 1.802 1.345 0.062 4.053 2.132 1.334 0.178
2.687 1.838 1.344 0.074 4.198 2.153 1.365 0.165
2.813 1.873 1.342 0.086 4.342 2.172 1.394 0.152
2.940 1.906 1.339 0.098 4.483 2.189 1.422 0.141
3.070 1.939 1.337 0.110 4.622 2.204 1.448 0.130
3.203 1.970 1.334 0.122 4.758 2.217 1.472 0.120
3.338 2.000 1.331 0.134

4. J:;9KI5785. ! ,’0;+# 1&1#/#;%&(& ,4+-’)-+%)6 7#,".&1’+,");#,.&(&
?)’)%4/+ 5"+*1&* , ./)-&’)%#2%&2 (/+%)?#2 &,%&-%9* *#$+%)3*&* 1’+,")-
;#,.&(& "#;#%)6 6-’6#",6 ’&.+’)3+?)6 1’+,");#,.&2 &>’+,") , &>/+3&-+%)#*
7#,".)$ 3&%, *&4#’)/0#*+6 ’)%)6*) ,.&’:7#%)6 1& </+%4"’=, %+;)%+6 &" 4+--
’#%)6 5"+*1+ %+ 1&’01/&,"/+%,"-&, 1#/#$&46B#(& - ,4+-’)-+%)# 1’+,");#,.&(&
,’&6 , 0*#%:5#%)#* &"%&5#%)6 "&’B)%9 ,’&6 . 1/&#.?)) (/+%)?9 .&%"+."+
%+ (&/)3&%"+’:%0= 1’&,.&,":.

! /+,,*+"/)-+#*&2 -910.’&-&(%0"&2 (/+%)?# 5"+*1+ 1’+,");#,.&# "#;#%)#
1& </+%4"’= , /+3/9-&* ,.&/&,") 1& 7#,".&1’+,");#,.)* (/+%)?+* 04&-’#"-&-
/6#" 1&’%&2 ,),"#*# 4)88#/#%?)+’:%9$ 0/+-%#%)2 4’6 %+1/67#%)2 ) ,.&/&-
,"#2 1/) 1&’&7)"#’:%&2 4),,)1+")-%&2 80%.?)) , &>/+3&-+%)#* 7#,".)$ 3&%
>#3 ,.&’:7#%)6 %+ -&(%0"&2 (/+%)?# .&%"+."+ - 1/&?#,,# 1&1#/#;%&(& ,4+-’)-
-+%)6 ?)’)%4/+. M&*)%)/0=B)* *#$+%)3*&* 4#8&/*)/&-+%)6 6-’6#",6 1’+-
,");#,.)2 ,4-)(, -93-+%%92 1#/#*#B#%)#* 7#,".&1’+,");#,.&2 (/+%)?9 1& ,#-
;#%)= ?)’)%4/+ , /+3/9-&* .+,+"#’:%&2 .&*1&%#%"9 ,.&/&,").

C+ .&%#;%&2 ,"+4)) ,4+-’)-+%)6 1/&),$&4)" 1’+,");#,.&# ,.&’:7#%)# 1&
-910.’&2 (/+%)?# 5"+*1+ %+ -9$&4# )3 1’+,");#,.&2 &>’+,"), ) - ,’0;+# )4#-
+’:%& (’+4.&2 (/+%)?9 0,"+%+-’)-+#",6 %#1/#/9-%&# 1’+,");#,.&# "#;#%)# 1&
-,#*0 ,#;#%)= 4#8&/*)/0#*&(& ?)’)%4/+ 1/) 1&’&7)"#’:%&,") 4),,)1+")-%&2
80%.?)).

! 1#/#$&4%&2 3&%# 4#8&/*)/&-+%)6 1#/#4 .&%#;%&2 ,"+4)#2 1/&),$&4)"
0*#%:5#%)# 7#,".)$ 3&% 1/) %#1/#/9-%&* 1&’# ,.&/&,"#2 ) 0-#’);#%)) (/+-
%)?9 ,.&’:7#%)6 %+ -&(%0"&* 0;+,".# (/+%)?9 .&%"+."+ , 1&6-’#%)#* *+’9$
.+,+"#’:%9$ %+1/67#%)2. </) @"&* 1&’&7)"#’:%&,": 4),,)1+")-%&2 80%.?))
- 1’+,");#,.&2 &>’+,") ,&$/+%6#",6 1/) *+’&* 1&-95#%)) ,/#4%#(& 4+-’#%)6
-,’#4,"-)# 3+"/+"9 @%#/()) .&%"+."%&(& "/#%)6 ,.&’:7#%)6.
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D’+4.+6 -910.’&--&(%0"+6 (/+%)?+ 5"+*1+ ,0B#,"-#%%& ,%)7+#" .&%"+."%&#
4+-’#%)# ) ,)’0 4#8&/*)/&-+%)6 1& ,/+-%#%)= , .&%#;%&2 ,"+4)#2 5"+*1&-.)
, -94+-’)-+%)#* *#"+’’+ - "&%.)2 ,’&2 (&>’&2) 1/) *+’&* /+4)0,# 1#/#$&4+ &"
1&’&,") 5"+*1+ . &>’&=. </) 5"+*1&-.# *+,,&-9$ 4#"+’#2 ,& ,’&7%9* 1/&-
8)’#* 1#/#*#%%&(& ,#;#%)6 /+,,*+"/)-+#*9# 1/&8)’) ?#’#,&&>/+3%& ),1&’:-
3&-+": %+ 1/&*#70"&;%9$ 1#/#$&4+$ , ?#’:= 0’0;5#%)6 3+1&’%#%)6 1&’&,")
5"+*1+ %+ .&%#;%&* 1#/#$&4#, ,%)7#%)6 *+.,)*+’:%9$ ,)’ ) 1&-95#%)6 )3-
%&,&,"&2.&,") ) 1/&;%&,") 5"+*1&-&(& )%,"/0*#%"+ 1/) -9,&.)$ ?).’);#,.)$
%+(/03.+$.
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