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Abstract. Numerical modeling of three variations of the process of gradient thermomechanical
processing of a steel plate is performed to understand the patterns of thickness distribution of
eigenstrains and residual stresses depending on the parameters of the technological process. One of
these processes consisted in heating and holding the workpiece at the austenization temperature,
followed by unilateral accelerated cooling; in the other two, the workpiece was previously subjected
to plastic bending of a certain value of a positive or negative sign, and after unilateral accelerated
and complete cooling, to bending of the opposite sign to straightening the workpiece. The numerical
solution of the problem was performed in the COMSOL Multiphysics package. At the first stage,
the problem of thermal conductivity (accelerated one-sided, and then slow complete cooling of
the workpiece) was solved, then the problem of thermoelastoplasticity was solved to simulate the
evolution of elastic and plastic deformations and residual stresses when the temperature of the
workpiece changes. In this task, the dependence of elastic and plastic constants on temperature
was taken into account. The bending and the straightening of the plate was modeled by setting a
suitable thickness distribution of its eigenstrains. To confirm the calculation results, experiments
were performed for a sheet of A32 marine steel with a thickness of 14 mm, for which an accelerated
unilateral cooling unit for hot workpieces created on the basis of the Kerch Shipyard was used.
A method is proposed for determining the distribution of eigenstrains and residual stresses over
the thickness of the sheet, developing a cutting method by which these fields were determined in
three specimens subjected to gradient mechanothermal treatment and one control specimen. The
experimental results confirm the observation obtained in the calculation that all the methods of
gradient thermomechanical treatment used provide compressive residual stresses on both sides of
the sheet, the magnitude of which exceeds the background values obtained on the control sample.

Keywords: gradient thermomechanical treatment, accelerated unilateral cooling, marine steel,
eigenstrains, residual stresses, cutting method, numerical modelling.
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%:;<;=>;. !"#$%#"&’(%) *+%$’,-%. "*/’/"0(1. (’2#3+)(%4 (’ 2"&)#.-
("*/% /"5*/"5%*/"&"6" 2#"7’/’ $)/’55’ *2"*"8*/&9)/ 2"&1:)(%, )6" 9*/’5"*/-
("6" #)*9#*’ % 7"##";%"(("4 */"47"*/%. <"(7%4 *5"4 "*/’/"0(1. (’2#3+)(%4
% 9590:)(("4 $%7#"*/#97/9#1 ="#$%#9)/*3 & #);95>/’/) #’;5%0(1. 2#"?)*-
*"& 6#’@%)(/("4 /)#$"$).’(%0)*7"4 "8#’8"/7% ;’6"/"&7%. A 0%*5) 2"@"8(1.
2#"?)**"& %*2"5>;9,/ ;’7’579 9*7"#)((1$ "@("*/"#"((%$ %5% @&9.*/"#"((%$
".5’+@)(%)$, 7"/"#9, $"+(" *"&$)-’/> * 2#)@&’#%/)5>(1$ %;6%8"$ ;’6"/"&-
7% % 2"*5)@9,-)4 2#’&7"4 2"*5) /)#$""8#’8"/7% [1–4]. B) 7’*’3*> ;@)*> &"-
2#"*’ %;$)()(%3 $%7#"*/#97/9#1 % *&3;’(("6" * (%$ 9590:)(%3 2#"0("*/(1.
.’#’7/)#%*/%7 ;’6"/"&7% & #);95>/’/) 6#’@%)(/("4 /)#$"$).’(%0)*7"4 "8#’-
8"/7%, "8#’/%$*3 7 2#"?)**9 ="#$%#"&’(%3 "*/’/"0(1. (’2#3+)(%4 & ."@)
C/"6" 2#"?)**’. D"5>:)) 2"(%$’(%) " ;’7"("$)#("*/3. )6" 2#"/)7’(%3 & *"&#)-
$)(("4 2#’7/%7) %**5)@"&’(%4 @"*/%6’)/*3 29/)$ 0%*5)(("6" $"@)5%#"&’(%3
*"2#3+)(("4 ;’@’0% /)25"2#"&"@("*/% % $).’(%7% /)#$"92#96"25’*/%0)*7"6"
2"&)@)(%3 ;’6"/"&7%. A 0’*/("*/%, * )6" 2"$"->, $"+(" 9*/’("&%/> ;(’7 /’(-
6)(?%’5>(1. "*/’/"0(1. (’2#3+)(%4 (’ 2"&)#.("*/3. ;’6"/"&7% % )6" 09&*/&%-
/)5>("*/> 7 /)$ %5% %(1$ 2’#’$)/#’$ /).("5"6%0)*7"6" 2#"?)**’. E@(’7", 2"-
*7"5>79 #)0> %@)/ " @"&"5>(" *5"+("4 $"@)5%, 0’*/> 7"(*/’(/ 7"/"#"4 9@’)/*3
"2#)@)5%/> 7"*&)((" % * ()7"/"#"4 @"5)4 ()"2#)@)5)(("*/%, /#)89)/*3 C7*2)#%-
$)(/’5>(") 2"@/&)#+@)(%) #);95>/’/"& #’*0)/’. A (’*/"3-)4 #’8"/) &12"5()(
0%*5)((14 #’*0)/ 2#"?)**’ ="#$%#"&’(%3 "*/’/"0(1. (’2#3+)(%4, 7"/"#14
@’5)) ();’&%*%$" *"2#"&"+@’)/*3 %. C7*2)#%$)(/’5>(1$ "2#)@)5)(%)$ * 2"-
$"->, 2#)@5"+)(("6" ’&/"#’$% $)/"@’ [5], #’;&%&’,-)6" %;&)*/(14 *2"*"8
#’;#);’(%3 [6–12]. F’((14 *2"*"8 (’%590:%$ "8#’;"$ *#)@% @#96%. %;&)*/(1.
$)/"@"& (2"*5"4("6" /#’&5)(%3 &1#);’((1. * 2"&)#.("*/% %;@)5%3 2"5"*"7 *
%;$)#)(%)$ %. 2#"6%8"& [13–16] 5%8" *#)@()6" #’;$)#’ ’/"$("4 #):)/7% #)(/6)-
("&*7"4 @%=#’7?%)4 *"65’*(" [17], 2":’6"&"6" *&)#5)(%3 "/&)#*/%4 [18–20] 5%-
8" 965985)(%3 @%*7"&"6" #’;#);’ * %;$)#)(%)$ @)="#$’?%4 2"&)#.("*/% &85%;%
(%. [21]) 2"@."@%/ 7 @5%((1$ 2#%;$’/%0)*7%$ "8#’;?’$. F53 C/"6" 0)/1#) "8-
#’;?’, &1#);’((1. %; /"5*/"5%*/"&"6" 2#"7’/’, 815% 2"@&)#6(9/1 (’6#)&9 %
&1@)#+7) 2#% /)$2)#’/9#) ’9*/)(%;’?%%, /#% %; 7"/"#1. 815% 2"@&)#6(9/1
2"*5)@9,-)$9 "@("*/"#"(()$9 9*7"#)(("$9 ".5’+@)(%, (’ *2)?%’5>("4 5’-
8"#’/"#("4 9*/’("&7), *";@’(("4 (’ 8’;) G)#0)(*7"6" *9@"*/#"%/)5>("6" ;’&"-
@’. F&’ %; C/%. "8#’;?"& 2#)@&’#%/)5>(" 2"@&)#6’5%*> 25’*/%0)*7"$9 %;6%89
=%7*%#"&’(("4 &)5%0%(1 2"5"+%/)5>("6" 5%8" "/#%?’/)5>("6" ;(’7’, ’ 2"*5)
"@("*/"#"(()6" 9*7"#)(("6" % 2"5("6" ".5’+@)(%3 H %;6%89 2#"/%&"2"5"+("-
6" ;(’7’ @53 2#’&7%. E*/’&:%4*3, 7"(/#"5>(14, "8#’;)? 815 $)@5)((" ".5’-
+@)( (’ &";@9.). I’*2#)@)5)(%) 2" /"5-%() "8#’;?"& "*/’/"0(1. (’2#3+)(%4
815" "2#)@)5)(" $)/"@"$ #’;#);’(%3 % *"2"*/’&5)(" * #);95>/’/’$% #’*0)/"&,
7"/"#1) 2"@/&)#@%5% %. ;(’7 % &)5%0%(9 &85%;% 2"&)#.("*/)4. G#"$) /"6",
"*/’/"0(1) (’2#3+)(%3 &85%;% 2"&)#.("*/)4 "8#’;?"& "2#)@)535%*> $)/"@"$
*&)#5)(%3 "/&)#*/%4, 0/" 2";&"5%5" "2#)@)5%/> ="("&14 9#"&)(> "*/’/"0(1.
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(’2#3+)(%4 & 7"(/#"5>("$ "8#’;?), 2"@/&)#@%/> ;(’7% "*/’/"0(1. (’2#3+)-
(%4 & "8#’;?), 2"@&)#6(9/"$ /"5>7" 9*7"#)(("$9 ".5’+@)(%,, ’ /’7+) 2"7’;’-
5" ()2#%$)(%$"*/> @’(("6" @"*/’/"0(" /"(7"6" $)/"@’ @53 "8#’;?"&, 2"@&)#6-
(9/1. 2#’&7). F’(("$9 25’(9 89@)/ @’5)) 2"@0%()(" %;5"+)(%) #);95>/’/"&
%**5)@"&’(%3.

1. ,?<;@A BCD<>;=E=?F E;CG?G;HD=>I;JK?F ?LCDL?EK>. J’/)#%’-
5"$ %**5)@"&’(%3 *59+%5 2#"7’/ /"5-%("4 14 $$ *9@"&"4 */’5% K32, (%;7"-
5)6%#"&’(("4 * *"@)#+’(%)$ 965)#"@’ () 8"5)) 0,18% % 8)4(%/("-2)#5%/("4
*/#97/9#"4, 2#%$)(3)$"4 @53 %;6"/"&5)(%3 2#"0(1. 7"(*/#97?%4 $"#*7%. *9-
@"& ((’#9+("4 "8:%&7%, 2’598 % @#.). L; 5%*/’ 6"#30)4 2#"7’/7% 815% &1#);’-
(1 0)/1#) "8#’;?’ 60→300 $$, 2"@&)#6(9/1) &1@)#+7) & 2)0% & /)0)(%) 21 $%(
2#% /)$2)#’/9#) 900° C. E@%( %; "8#’;?"& (7"(/#"5>(14) 2"*5) C/"6" 815 $)@-
5)((" ".5’+@)( (’ &";@9.). <#% "*/’&:%.*3 815% 2"@&)#6(9/1 "@("*/"#"(()$9
@9:%#9,-)$9 ".5’+@)(%, &"@"4 *" *7"#"*/>, 50-80°C/c (’ 2"&)#.("*/% [1–4].
M#% C/"$ @&’ "8#’;?’ 2)#)@ /)#$""8#’8"/7"4 2"@&)#6’5%*> /#)./"0)0("$9 25’-
*/%0)*7"$9 %;6%89 (’ 2#)**) * $’7*%$’5>(1$ 2#"6%8"$ 50 $$ (2#%85%;%/)5>("
3,9% @)="#$’?%% (’ 2"&)#.("*/%). E@%( %; C/%. "8#’;?"& & ."@) /)#$""8#’8"/-
7% 2"@&)#6’5*3 "@("*/"#"(()$9 9*7"#)(("$9 ".5’+@)(%, * &12975"4 */"#"(1,
’ &/"#"4 H– * &"6(9/"4. M"*5) /)#$""8#’8"/7% % 2"5("6" ".5’+@)(%3 C/%. @&9.
"8#’;?"& "(% 2#’&%5%*> (’ 2#)**).

F53 0%*5)(("6" $"@)5%#"&’(%3 /)#$"$).’(%0)*7%. 2#"?)**"&, 2#"/)7’,-%.
& "8#’;?’. &" &#)$3 "2%*’(("4 &1:) 2#"?)@9#1, %*2"5>;"&’5*3 $)/"@ 7"()0-
(1. C5)$)(/"&, #)’5%;"&’((14 & 2’7)/) 2#"6#’$$ COMSOL Multiphysics [22].
J"@)5%#"&’5%*> ;’@’0% ()*/’?%"(’#("4 /)25"2#"&"@("*/% % @)="#$%#"&’(%3
"8#’;?’, &1;&’(("6" /)$2)#’/9#(1$% @)="#$’?%3$%, % %;6%8’. N(’0’5’ #):’-
5’*> ;’@’0’ /)25"2#"&"@("*/%, 2"*5) 7"/"#"4 #):’5’*> ;’@’0’ /)#$"92#96"-
25’*/%0)*7"6" @)="#$%#"&’(%3 "8#’;?’ * 90)/"$ %*/"#%% %;$)()(%3 /)$2)#’-
/9#1 %; 2#)@1@9-)4 ;’@’0%. O’@’0’ %;6%8’ #):’5’*> & 92#96"25’*/%0)*7"4
2"*/’("&7), 6@) & 7’0)*/&) %*/"0(%7’ %;6%8’ ;’@’&’5"*> *""/&)/*/&9,-)) #’*-
2#)@)5)(%) *"8*/&)((1. @)="#$’?%4 2" /"5-%().

A ;’@’0) ()*/’?%"(’#("4 /)25"2#"&"@("*/% 2#% "@("*/"#"(()$ 9*7"#)(("$
".5’+@)(%% % 2"*5)@9,-)$ $)@5)(("$ ".5’+@)(%% (’ &";@9.) 8#9*’-"8#’;?’
@" 7"$(’/("4 /)$2)#’/9#1 #):’5"*> 9#’&()(%)

ωcp
εT

εt
= ↑ · (ϑ↑T ), x → !, (1)

6@) ↑ H "2)#’/"# P’$%5>/"(’, t H &#)$3, T H ’8*"5,/(’3 /)$2)#’/9#’, ω(T ) H
25"/("*/> $’**1, cp(T ) H 7"C==%?%)(/ 9@)5>("4 /)25")$7"*/%, ϑ(T ) H 7"C=-
=%?%)(/ /)25"2#"&"@("*/%, ! H "85’*/> "8#’;?’, 2#"@"5>(") *)0)(%) 7"/"#"4
& 2"*/’("&7) 25"*7"6" (’2#3+)(("6" *"*/"3(%3 %$))/ ="#$9 @5%(("6" 2#3$"-
96"5>(%7’ 0 ↑ z ↑ H, ↓L/2 ↑ x ↑ L/2.
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A /)0)(%) ()7"/"#"6" &#)$)(% (’ 6#’(%?) z = H #’*0)/("4 "85’*/% ;’@’Q/*3
9*5"&%) 9*7"#)(("6" ".5’+@)(%3 ;’7’5"0("4 *#)@"4 (7"/"#’3 3&(" () $"@)5%-
#9)/*3)

↓ϑn ·↑T = k1(T ↓ T0), (2)
’ (’ "*/’5>(1. 6#’(%?’. ;’2%*1&’)/*3 9*5"&%) 7"(&)7/%&("6" /)25""8$)(’ &
&";@9:("4 *#)@)

↓ϑn ·↑T = k(T ↓ T0), (3)
* 7"C==%?%)(/’$% /)25"2)#)@’0% k % k1(T ), T0 H /)$2)#’/9#"4 "7#9+’,-)4
*#)@1, n H&)7/"#"$ &():()4 ("#$’5% 7 6#’(%?) ε!. F53 C/’2’ $)@5)(("6"
".5’+@)(%3 (’ &";@9.), *5)@9,-)6" 2"*5) 9*7"#)(("6", % @" 2#’7/%0)*7"6"
&1#’&(%&’(%3 /)$2)#’/9#1 & "8#’;?) 2" 7""#@%(’/) z (’ 6#’(%?) z = H #’*-
0)/("4 "85’*/% ;’@’Q/*3 9*5"&%) (3).

A #’*0)/’. ;’@’0% /)25"2#"&"@("*/% 2#%(3/1 ;(’0)(%) k = 15 A//$2·K, ’
/’7+) ;’&%*%$"*/% /)25"=%;%0)*7%. 7"(*/’(/ "/ /)$2)#’/9#1, 2#%&)@)((1)
(’ #%*. 1. A (’0’5>(14 $"$)(/ &#)$)(% /)$2)#’/9#’ 5,8"4 /"07% #’*0)/("4
"85’*/% ! #’&(’ /)$2)#’/9#) "/+%6’ T→ = 1173 K; /)$2)#’/9#’ "7#9+’,-)4
*#)@1 #’&(’ 7"$(’/("4 /)$2)#’/9#) T0 = 293 K.

A ;’@’0) @)="#$%#"&’(%3 815’ %*2"5>;"&’(’ $"@)5> /)#$"92#96"25’*/%0)-
*7"6" $’/)#%’5’, & #’$7’. 7"/"#"4 /)(;"# $’51. @)="#$’?%4 ω 2#)@*/’&5)(
’@@%/%&(1$ #’;5"+)(%)$ (’ 92#969, ωe, 25’*/%0)*79, ωp, /)$2)#’/9#(9, ωT

% R*"8*/&)((9,S ω→ *"*/’&53,-%):

ω = ωe + ωp + ωT + ω→, (4)

92#96’3 %; 7"/"#1. *&3;1&’)/*3 * (’2#3+)(%3$% *""/(":)(%3$% "8"8-)(("6"
;’7"(’ P97’

ωe =
1 + ϖ

E

(
ε ↓ ϖ

1 + ϖ
ϱI

)
, (5)

6@) ε H /)(;"# (’2#3+)(%4, ϱ = tr(ε)/3 H *#)@()) (’2#3+)(%), E, ϖ H $"@95>
T(6’ % 7"C==%?%)(/ M9’**"(’.

M5’*/%0)*7’3 *"*/’&53,-’3 "2#)@)53)/*3 %; ;’7"(’ 25’*/%0)*7"6" /)0)(%3,
’**"?%%#"&’(("6" * 7#%/)#%)$ /)790)*/% J%;)*’

ω̇p =
ṡ · n
h

n, n =
ες

εε

/∣∣∣∣
ες

εε

∣∣∣∣ , ς =
ϱ2
M

ϱ2
u

↓ 1 = 0, h =
dϱu

dφp
, (6)

6@) ϱM =

√
3s : s/2 H %(/)(*%&("*/> *@&%6"&1. (’2#3+)(%4, s = ε↓ϱI H @)&%-

’/"# (’2#3+)(%4, ’ @53 2#)@)5’ /)790)*/% 2#% "@(""*("$ #’*/3+)(%% 2#%(3/
;’7"( 92#"0()(%3 F+"(*"(’ – G97’

ϱu =
(
A+Bφn

p

)(
1↓

(
T ↓ T0

Tm ↓ T

)m)
, (7)

& 7"/"#"$ φp =
∫

t

0 φ̇pdt, φ̇p =
√

2ω̇p : ω̇p/3 H C==)7/%&(’3 25’*/%0)*7’3 @)="#$’-
?%3, Tm H /)$2)#’/9#’ 25’&5)(%3 $’/)#%’5’, A,B, n,m H 7"(*/’(/1 $’/)#%-
’5’. A #’$7’. (’*/"3-)4 #’8"/1 *""/(":)(%3$% (6)-(7) ;’7"(’ 25’*/%0)*7"6"
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’) 8)

&) 6)

!"#. 1. $%&’"(" )&*"#"+,#-" ./,-0,#-" (&) " (,1’’"2"30-,* -3./,.%,*,40,#-" (5),
-3./,3+(,#-" (*) " -3./,.3%34&6" (7) ,- -3+.3%&-8%9.

/)0)(%3 "2%*1&’,/*3 &*) ()92#96%) @)="#$’?%%, 2#"%*."@3-%) & #’**$’/#%-
&’)$"$ $’/)#%’5) & 2#"?)**’. )6" 6#’@%)(/("4 /)#$"$).’(%0)*7"4 "8#’8"/7%,
();’&%*%$" "/ =%;%0)*7"6" $).’(%;$’ (=’;"&1) 2#)&#’-)(%3, @%*5"7’?%"((’3
25’*/%0("*/>).

<)$2)#’/9#(’3 @)="#$’?%3 "2#)@)53)/*3 *5)@9,-%$ "8#’;"$

ωT = ↼(T ↓ T→)I, (8)

6@) ↼(T ) H 7"C==%?%)(/ /)$2)#’/9#("6" #’*:%#)(%3, T→ H /)$2)#’/9#’ "/+%-
6’.
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U#’&()(%3 #’&("&)*%3 % 6)"$)/#%0)*7%) *""/(":)(%3 ;’@’0% @)="#$%#"&’-
(%3 &1653@3/ *5)@9,-%$ "8#’;"$

↑ · ε = 0, ω =
1

2
(↔u+ u↔) , (9)

6@) u H &)7/"# 2)#)$)-)(%4. V/’ ;’@’0’ #’**$’/#%&’5’*> & 2"*/’("&7) 25"*-
7"6" (’2#3+)(("6" *"*/"3(%3, (’%8"5)) 85%;7" "/#’+’,-)6" "*"8)(("*/%
(’2#3+)(("-@)="#$%#"&’(("6" *"*/"3(%3 8#9*’ :%#%("4 10 $$, &1#);’)$"6"
%; "8#’;?"& 5%*/’ /"5-%("4 14 $$ & C7*2)#%$)(/’5>("4 0’*/% #’8"/1. P#’(%?1
"85’*/% ! (2#"@"5>("6" *)0)(%3 8#9*’, *"&2’@’,-)6" * 2#"@"5>(1$ *)0)(%)$
"8#’;?’) 2"5’6’5%*> *&"8"@(1$% "/ 9*%5%4:

n · ε = 0, x → ε!. (10)

N"65’*(" (10) (’2#3+)(%3, &";(%7’,-%) & ;’@’0) @)="#$%#"&’(%3 H *’$"-
9#’&("&):)((1), /" )*/> R"*/’/"0(1)S.

F53 ;’@’0% @)="#$%#"&’(%3 815% 2#%(3/1 *5)@9,-%) ;(’0)(%3 7"(*/’(/
A = 315 JM’, B = 722 JM’, n = 0.8, m = 0.7, Tm = 1623 K % ;’&%*%$"-
*/% "/ /)$2)#’/9#1, 2"7’;’((1) (’ #%*. 2. M#%(3/1) ;(’0)(%3 /)25"=%;%0)-
*7%. % $).’(%0)*7%. 7"(*/’(/ % ;’&%*%$"*/)4 *&"4*/& "/ /)$2)#’/9#1 &;3/1
@53 *9@"&"4 */’5% K36 %; 8%85%"/)7% $’/)#%’5"& 2’7)/’ 2#"6#’$$ COMSOL
Multiphysics [22].

M#% #):)(%% ;’@’0% %;6%8’ %*2"5>;9,/*3 *="#$95%#"&’((1) &1:) 9#’&-
()(%3 @)="#$%#"&’(%3 (4)-(10) * "@("#"@(1$ 2"5)$ /)$2)#’/9#1 T = T0 %
#’*2#)@)5)(%)$ 2" "85’*/% ! /)(;"#’ *"8*/&)((1. @)="#$’?%4 ω→(z). V/’ *"-
*/’&53,-’3 /)(;"#’ 2"5(1. @)="#$’?%4 @"8’&53)/*3 & 2#’&9, 0’*/> (4). F53
;’@’0% 25’*/%0)*7"6" %;6%8’ ;’6"/"&7%, #’**$’/#%&’)$"4 & C7*2)#%$)(/’5>("4
0’*/%, * ;’@’((1$ ;(’0)(%)$ 2#"6%8’, C/’ *"*/’&53,-’3 %$))/ )@%(*/&)((9,
7"$2"()(/9 φ→

x
(z), #’*2#)@)5)(%) 7"/"#"4 2#%&"@%/*3 (’ #%*. 3 @53 2#"6%8’ &1-

2975"*/>, &&)#.. O@)*> +) 2#%&"@%/*3 #’*2#)@)5)(%) "*/’/"0(1. (’2#3+)(%4.
K(’5"6%0(" $"@)5%#9)/*3 %;6%8 &12975"*/>, &(%;.

I)’5%;"&’( *5)@9,-%4 2"#3@"7 #):)(%3 ;’@’0%. N(’0’5’ $"@)5%#"&’5"*>
9*7"#)((") "@("*/"#"(()) ".5’+@)(%) "8#’;?’ & /)0)(%) 18 * % *5)@9,-)) ;’
(%$ $)@5)((") #’&("$)#(") ".5’+@)(%) "8#’;?’ (’ &";@9.) & /)0)(%) 30 * &
*""/&)/*/&%% * 9#’&()(%3$% (1)-(3). I’*2#)@)5)(%) /)$2)#’/9#1 2" "85’*/% &
C/"$ 2#"?)**) ;’2%*1&’5"*> * :’6"$ & 1 * @" /). 2"#, 2"7’ "(" () */’("&%-
5"*> 2#’7/%0)*7% "@("#"@(1$, 2#%0)$ )6" ;(’0)(%) Th ↗= T0. F’5)) %*/"#%3
2":’6"&"6" %;$)()(%3 /)$2)#’/9#1 %*2"5>;"&’5’*> & 7’0)*/&) %*/"0(%7’ 25’-
*/%0)*7%. @)="#$’?%4 % 2’#’$)/#’ 2#% #):)(%% 9#’&()(%4 (4)-(10). M#% C/"$,
)*5% /)#$""8#’8"/7) 2#)@:)*/&"&’5 25’*/%0)*7%4 %;6%8 "@("6" 5%8" @#96"6"
;(’7’, 2#)@&’#%/)5>(" #’**0%/1&’5’*> *""/&)/*/&9,-’3 ;’@’0’, % #);95>/’/
)) #):)(%3 & &%@) #’*2#)@)5)(%3 "*/’/"0(1. (’2#3+)(%4 % (’7"25)((1. @)-
="#$’?%4 2)#)@’&’5*3 & 7’0)*/&) (’0’5>(1. 9*5"&%4 @)="#$’?%"(("4 ;’@’0).
I’*0)/ ".5’+@)(%3 "8#’;?’ ;’7’(0%&’5*3 R8"5>:%$S :’6"$ "/ Th @" T0, ()
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’) 8)

&)

!"#. 2. $%&’"(" )&*"#"+,#-3: +,48/; <07& (&), (,1’’"2"30-,* =8&##,0& (5) " -3+-
.3%&-8%0,7, %&#>"%30"; (*) ,- -3+.3%&-8%9.

*"2#"&"+@’,-%$*3 %;$)()(%)$ "*/’/"0(1. (’2#3+)(%4 % 25’*/%0)*7%. @)-
="#$’?%4. W*5% & 7"(?) /).("5"6%0)*7"6" 2#"?)**’ /#)8"&’5’*> 2#’&7’ "8#’;-
?’, @)5’5*3 )-) "@%( :’6 ;’@’0% #’*0)/’ @)="#$’?%4, $"@)5%#9,-%4 %;6%8,
"8#’/(14 2)#&"(’0’5>("$9 (#%*. 4).

2. +;MN@AEDEO I>J@;==OH CDJI;E?:. B’ #%*. 4 2#%&)@)(1 #’*2#)@)5)-
(%3 /)$2)#’/9#1 & 2"2)#)0("$ *)0)(%% "8#’;?’ x = 0 & $"$)(/1 &#)$)(% C/’2’
)6" "@("*/"#"(()6" 9*7"#)(("6" ".5’+@)(%3. B’%8"5)) ;(’0%/)5>(14 6#’@%)(/
/)$2)#’/9# (’85,@’)/*3 & /)0)(%) 2)#&"4 *)79(@1 2#"?)**’ &85%;% 9*7"#)(("
".5’+@’)$"4 6#’(%?1 z = 14 $$ (R(’ */"#"() ;’7’57%S). I’;("*/> /)$2)#’-
/9# 2" /"5-%() "8#’;?’ @"*/%6’)/ $’7*%$9$’ 2#%85%;%/)5>(" & 7"(?) :)*/"4
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’) 8)

&)

!"#. 3. !&#.%343/30"; #,5#-*3009? 43’,%+&2": (&) " ,#-&-,609? 0&.%;@30": (5), ,--
*36&AB"3 ./&#-"63#(,+8 ")7"58 ,5%&)2& # )&4&009+ )0&630"3+ +&(#"+&/C0,7, .%,-
7"5& *9.8(/,#-CA **3%? (*).

*)79(@1 2#"?)**’. F’5)) & 2#"?)**) ".5’+@)(%3 &25"/> @" 7"$(’/("4 /)$2)-
#’/9#1 #’*2#)@)5)(%) /)$2)#’/9#1 2" "8#’;?9 2"*/)2)((" &1#’&(%&’)/*3.

B’ #%*. 5 2#)@*/’&5)(1 #’*2#)@)5)(%3 & 2"2)#)0("$ *)0)(%% "8#’;?’ x = 0

25’*/%0)*7%. @)="#$’?%4 % "*/’/"0(1. (’2#3+)(%4, &";(%7:%. & 2#"?)*-
*) 6#’@%)(/("4 /)#$"$).’(%0)*7"4 "8#’8"/7% ’) "@("*/"#"(()6" 9*7"#)(("6"
".5’+@)(%3, 8) "@("*/"#"(()6" 9*7"#)(("6" ".5’+@)(%3 "8#’;?’ * &12975"4
*/"#"(1 2"*5) 25’*/%0)*7"6" %;6%8’ % &) "@("*/"#"(()6" 9*7"#)(("6" ".5’-
+@)(%3 "8#’;?’ * &"6(9/"4 */"#"(1 2"*5) 25’*/%0)*7"6" %;6%8’. A "8#’;?’.
#)’5%;9)/*3 *5"+(14 *?)(’#%4 &";(%7("&)(%3 "*/’/"0(1. (*’$"9#’&("&):)(-
(1.) 92#96%. (’2#3+)(%4 &*5)@*/&%) 6#’@%)(/("6" ()*/’?%"(’#("6" %;$)()-
(%3 #’*2#)@)5)(%3 /)$2)#’/9#1, 7"/"#14 */’("&%/*3 2"(3/(1$ 2#% %;90)(%%
*"&$)*/("4 C&"5,?%% #’*2#)@)5)(%4 &*). 2)#)$)((1. *"*/"3(%3.

M#% "@("*/"#"(()$ 9*7"#)(("$ ".5’+@)(%% "8#’;?’ 8); 2#)@&’#%/)5>("6"
25’*/%0)*7"6" %;6%8’ "@("&#)$)((" #’8"/’,/ @&’ $).’(%;$’ ="#$%#"&’(%3 )6"
(’2#3+)(("-@)="#$%#"&’(("6" *"*/"3(%3. M)#&14: 92#96"25’*/%0)*7%4 %;6%8
"8#’;?’ *" *+’/%)$ 2#"@"5>(1. $’/)#%’5>(1. &"5"7"( (’ */"#"() ;’7’57% %
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!"#. 4. =%,’"/" -3+.3%&-8%9 ., -,/B"03 * ./,#(,#-" #"++3-%"" ,5%&)2& * %&)/"6-
093 +,+30-9 *%3+30" .%,23##& ,40,#-,%,003: )&(&/(".

#’*/3+)(%)$ –H (’ )6" /15>("4 0’*/%, &1;1&’)$14 6#’@%)(/"$ /)$2)#’/9-
#1. B’2#3+)(%3, *"2#"&"+@’,-%) C/9 $"@9 @)="#$’?%4, %$),/ "8#’/%$9, %
()"8#’/%$9, 0’*/%. E8#’/%$’3 0’*/> "/*9/*/&9)/, 7"6@’ #’*2#)@)5)(%) /)$2)-
#’/9#1 "@("#"@(". V/" (’85,@’)/*3 2)#)@ (’0’5"$ % 2"*5) 2#%85%;%/)5>(" 48 *
2#"?)**’ ".5’+@)(%3, /" )*/> &)5%0%(’ 92#96"6" %;6%8’, &1;&’(("6" "8#’/%$"4
0’*/>,, %$))/ $’7*%$9$ & C/"$ 2#"$)+9/7). M"*7"5>79 & @)4*/&%/)5>("*/%
@’((14 %;6%8 *"2#"&"+@’)/*3 ()*"&$)*/(1$% 25’*/%0)*7%$% @)="#$’?%3$%,
2"3&53,/*3 &1;&’((1) %$ "*/’/"0(1) (’2#3+)(%3. <’7%$ "8#’;"$ ="#$%#9-
)/*3 ()"8#’/%$’3 0’*/> %;6%8’. V/%$ $).’(%;$"$ "8X3*(3)/*3 2"3&5)(%) #’*-
/36%&’,-%. 25’*/%0)*7%. @)="#$’?%4 % *+%$’,-%. "*/’/"0(1. (’2#3+)(%4
&85%;% 6#’(%?1, 2#"/%&"2"5"+("4 */"#"() ;’7’57%.

A/"#"4 $).’(%;$ ="#$%#"&’(%3 (’2#3+)(("-@)="#$%#"&’(("6" *"*/"3(%3 &
"8#’;?) 2#% )6" ".5’+@)(%% *&3;’( * &#)$)((1$% =597/9’?%3$% /)$2)#’/9#1
2" "/(":)(%, 7 )) 5%()4("$9 (6#’@%)(/("$9) #’*2#)@)5)(%,, &1;1&’,-)$9
%;6%8 "8#’;?’. W*5% /)$2)#’/9#(1) @)="#$’?%%, &1;&’((1) C/%$% =597/9’-
?%3$%, & 7’7"4-/" $"$)(/ &#)$)(% & 7’7"4-/" /"07) 2#%&"@3/ 7 92#96%$ (’-
2#3+)(%3$, 9@"&5)/&"#3,-%$ 7#%/)#%, /)790)*/%, 2"3&53,/*3 25’*/%0)*7%)
@)="#$’?%%. B)*"&$)*/(’3 0’*/> "8#’;"&’(("4 & /)0)(%) 2#"?)**’ ".5’+@)(%3
=597/9%#9,-)4 0’*/>, 2"53 25’*/%0)*7%. @)="#$’?%4 2"#"+@’)/ "*/’/"0-
(1) (’2#3+)(%3, 7"/"#1) () %*0);’,/ 2"*5) "7"(0’(%3 2#"?)**’. O(’0%/)5>-
(14 6#’@%)(/ /)$2)#’/9#1, "8#’;9,-%4*3 &85%;% 6#’(%?1 *" */"#"(1 ;’7’57%
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’)

8)

&)

!"#. 5. !&#.%343/30"3 .,/09? " #,5#-*3009? 43’,%+&2": " ,#-&-,609? 0&.%;@30":
., -,/B"03 ,5%&)2& * ./,#(,#-" 37, #"++3-%"" .,#/3 ,40,#-,%,003: )&(&/(" &) 53)
")7"5&, 5) # *9.8(/,: #-,%,09, *) # *,708-,: #-,%,09 (%&#63-, #-,%,0& )&(&/(" #.%&-
*&).
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& 2)#&1) *)79(@1 2#"?)**’, *";@’)/ =597/9’?%,, &1;1&’,-9, 2"3&5)(%) #’*-
/36%&’,-%. 25’*/%0)*7%. @)="#$’?%4 % *+%$’,-%. "*/’/"0(1. (’2#3+)(%4
&85%;% 6#’(%?1 *" */"#"(1 ;’7’57%.

N5)@9)/ ;’$)/%/>, 0/" & "2%*’(("$ &1:) *?)(’#%% ="#$%#"&’(%3 "*/’/"0-
(1. (’2#3+)(%4 2#% 6#’@%)(/("$ ()*/’?%"(’#("$ %;$)()(%% #’*2#)@)5)(%3
/)$2)#’/9#1 @’((1) $).’(%;$1 &1@)5)(1 9*5"&(" @53 #’;5"+)(%3 *5"+("6"
2"53 (’ @&) 7"$2"()(/1. A @)4*/&%/)5>("*/% 9#’&()(%3 25’*/%0("*/% () 5%-
()4(1 2" (’2#3+)(%3$, % 7"$2"()(/1 /’7"6" #’;5"+)(%3 @)4*/&9,/ *"&$)*/(".

E85’*/> *+%$’,-%. 25’*/%0)*7%. @)="#$’?%4 % #’*/36%&’,-%. "*/’/"0-
(1. (’2#3+)(%4 & *#)@()4 0’*/% "8#’;?’ /’7+) 2"3&53)/*3 &*5)@*/&%) =597-
/9%#9,-)4 7"$2"()(/1 ()"@("#"@("6" #’*2#)@)5)(%3 /)$2)#’/9#1.

E/$)/%$, 0/" #’**$’/#%&’)$1) 2#"?)**1 9*7"#)(("6" ".5’+@)(%3 & */’5%
K32 2#%&"@3/ 7 2#)&#’-)(%3$ ’9*/)(%/("4 (&1*"7"/)$2)#’/9#("4) =’;1 &
=)##%/("-8)4(%/(9, (’ ".5’+@’)$"4 2"&)#.("*/% * 2"*/)2)((1$ 2)#)."@"$
2" /"5-%() "8#’;?’ & =)##%/("-2)#5%/(9, ((%;7"/)$2)#’/9#(1)) =’;1, % C/%
2#)&#’-)(%3 3&53,/*3 $).’(%;$"$ ()92#96%. @)="#$’?%4. U#’&()(%3 25’-
*/%0("*/% @53 "2%*’(%3 =’;"&1. @)="#$’?%4 2#%(3/1 ;@)*> & 7’0)*/&) 2)#-
&"6" 2#%85%+)(%3.

A ?)5"$ #);95>/’/1 0%*5)(("6" #’*0)/’ (#%*. 5) 2"7’;1&’,/, 0/", ();’&%*%$"
"/ &%@’ 6#’@%)(/("4 /)#$"$).’(%0)*7"4 "8#’8"/7% (%; #’**$"/#)((1.) (’ */"-
#"(’. "8#’;?’ &*)6@’ "8#’;9,/*3 *+%$’,-%) "*/’/"0(1) (’2#3+)(%3. A *#)@-
()4 0’*/% "8#’;?’ %$))/*3 *"*#)@"/"0)((14 *5"4 #’*/36%&’,-%. "*/’/"0(1.
(’2#3+)(%4, #’*2"5’6’,-%4*3 85%+) 5%8" @’5>:) "/ 2"&)#.("*/% 9*7"#)(("6"
".5’+@)(%3 & ;’&%*%$"*/% "/ 2#)@:)*/&9,-)4 )$9 %*/"#%% @)="#$%#"&’(%3
%;6%8"$.

3. 9KJP;C>G;=ED@A=DQ IDJEA. F53 &12"5()(%3 C7*2)#%$)(/’ %; 6"#30)-
7’/’("4 /"5*/"5%*/"&"4 *9@"&"4 */’5% K32 =)##%/("6" 75’**’ /"5-%("4 14 $$
815% &1#);’(1 0)/1#) "8#’;?’ #’;$)#’$% 300→60 $$ & 25’(). E8#’;?1 2"@&)#-
6’5%*> 21 $%( &1@)#+7% & 2)0% 2#% /)$2)#’/9#) ’9*/)(%/%;’?%% 900

↑ N. E@%(
(7"(/#"5>(14) "8#’;)? 815 $)@5)((" ".5’+@)( (’ &";@9.). <#% "8#’;?’ 81-
5% 2"@&)#6(9/1 "@("*/"#"(()$9 9*7"#)(("$9 ".5’+@)(%, *" *7"#"*/>, 40–60°
N/$%( (’ 2"&)#.("*/% & @9:%#9,-)4 5’8"#’/"#("4 9*/’("&7). M)#)@ /)#$"-
"8#’8"/7"4 @&’ "8#’;?’ 815% 2"@&)#6(9/1 25’*/%0)*7"$9 %;6%89 (’ 2#)**) @"
;(’0)(%4 ()"8#’/%$"6" 2#"6%8’ 50 $$. E8#’;)? 8); 2#)@&’#%/)5>("6" %;6%8’
89@)/ "8";(’0’/>*3 (K), "8#’;)?, 2"@&)#6(9/14 9*7"#)(("$9 ".5’+@)(%, * &1-
2975"4 */"#"(1 H– (B), ’ "8#’;)?, 2"@&)#6(9/14 9*7"#)(("$9 ".5’+@)(%, *
&"6(9/"4 */"#"(1 H– (C). E8#’;?1 A % N 2"*5) ".5’+@)(%3 2#’&%5%*> (’ 2#)*-
*). F53 "2#)@)5)(%3 #’*2#)@)5)(%3 "*/’/"0(1. (’2#3+)(%4 2"*5) 6#’@%)(/("4
/)#$"$).’(%0)*7"4 "8#’8"/7% %; *#)@()4 0’*/% &*). "8#’;?"& &1#);’5*3 8#9*
#’;$)#"$ 300→ 10→ 14 $$.

F53 "2#)@)5)(%3 #’*2#)@)5)(%3 "*/’/"0(1. (’2#3+)(%4 2" /"5-%() "8#’;-
?"& K,A % N 815 %*2"5>;"&’( *2"*"8, 2#)@5"+)((14 ’&/"#’$% [5] % #’;&%&’,-
-%4 $)/"@ #’;#);’(%3. A1#);’((1) %; C/%. "8#’;?"& 8#9*7% 2"*5)@"&’/)5>("
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!"#. 6. D)7"59 .,/,#, 0&%3)&009? ") ,5%&)2,* .%,(&-& .,#/3 7%&4"30-0,: -3%+,+3-
?&0"63#(,: ,5%&5,-(" (#*3%?8 *0"): C, B, A, #-,%,0& )&(&/(" #*3%?8).

2#%7#)2535%*> 7 "2"#("4 25%/) /"0)0("4 *&’#7"4 2" 7"(?’$ % (’#);’5%*> 2"
/"5-%() (%*."@("6" 5%*/’) (’ 11–12 2"5"* /"5-%("4 1 $$ (’ C5)7/#"C#";%"(-
("4 9*/’("&7) (#%*. 6). M#"6%8 7’+@"4 2"5"*1 "2#)@)535*3 7’7 *#)@()) @&9.
;(’0)(%4 2#"6%8’, 7"/"#1) %;$)#35%*> :/’(6)(#)4*$9*"$ (’ #’**/"3(%% 150
$$ "/ )) ?)(/#’5>("4 /"07%, ;’=%7*%#"&’(("4 */#98?%("4.

F53 #)7"(*/#97?%% ()"@("#"@("6" #’*2#)@)5)(%3 2#"@"5>("4 7"$2"()(/1
*"8*/&)((1. (& @’(("$ *590’) 25’*/%0)*7%.) @)="#$’?%4 (/)#$%( 2#%(’@5)-
+%/ [23]) 2" &1*"/) 8#9*’ 2" ;(’0)(%3$ 2#"6%8"& 2"5"* wi, i = 1, . . . , n "2#)@)-
535%*> *#)@(%) ;(’0)(%3 6#’@%)(/’ *"8*/&)(("4 @)="#$’?%% (εφp

x
)i 2" 7""#@%-

(’/) z, *"&2’@’,-%) *" *#)@(%$% ;(’0)(%3$% 6#’@%)(/’ 2"5("4 @)="#$’?%%,
& *""/&)/*/&%% * "?)(7"4

(εφp
x
)i ↘ 8wi/L

2, (11)
*2#’&)@5%&"4 * /"0("*/>, @" $’51. 2"#3@7’ 798’ "/(":)(%3 2#"6%8’ 7 @5%().
B)2#)#1&(") #’*2#)@)5)(%) *"8*/&)((1. @)="#$’?%4 φp

x
(z) 2" /"5-%() 8#9*’

z → [0, H] "2#)@)535"*> & &%@) 79*"0("-5%()4("4 =9(7?%% *" ;(’0)(%3$% (φp
x
)i

& 9;5’. z = 0, h, . . . , nh = H * 2"$"->, 7"()0("-#’;("*/(1. ="#$95
(φp

x
)i = (φp

x
)i↓1 + (εφp

x
)ih, i = 1, . . . , n, (12)

6@) (φp
x
)0 )*/> ()7"/"#’3 7"(*/’(/’. I’*2#)@)5)(%) 2#"@"5>("4 7"$2"()(/1

"*/’/"0(1. (’2#3+)(%4 ϱx(z) 2" /"5-%() 8#9*’ z → [0, H] "2#)@)535"*> * 2"-
$"->, &1#’+)(%3 [24]

ϱx(z) = E (φx(z)↓ φp
x
(z)) , φx(z) = gz + e, (13)

6@)

g =
12

H3

∫
H

0

φp
x
(z)zdz ↓ 6

H2

∫
H

0

φp
x
(z)dz (14)

H– 6#’@%)(/ 2"5("4 @)="#$’?%% %

e = ↓ 6

H2

∫
H

0

φp
x
(z)zdz +

4

H

∫
H

0

φp
x
(z)dz (15)
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H– 2"5(’3 @)="#$’?%3 8#9*’, ’ φx(z) H #’*2#)@)5)(%) 2"5("4 @)="#$’?%% 2"
/"5-%() 8#9*’. J"+(" 2"7’;’/>, 0/" "*/’/"0(1) (’2#3+)(%3 (13) () ;’&%*3/
"/ 6#’(%0("6" ;(’0)(%3 & (12), 2"C/"$9 815" 2#%(3/" (φp

x
)0 = 0.

RD’5"0(’3 ="#$95’S (13)-(15) 815’ %*2"5>;"&’(’ @53 "2#)@)5)(%3 "*/’/"0-
(1. (’2#3+)(%4 & "8#’;?’. 2" #’**0%/’((1$ & COMSOL Multiphysics #’*2#)-
@)5)(%3$ 25’*/%0)*7%. @)="#$’?%4. L; #%*. 5 &%@(" *""/&)/*/&%) C/"4 "?)(7%
* #’**0%/’((1$% & 2’7)/) 2#"6#’$$ COMSOL Multiphysics #’*2#)@)5)(%3$%
"*/’/"0(1. (’2#3+)(%4.

I’*2#)@)5)(%3 25’*/%0)*7%. % 2"5(1. @)="#$’?%4, ’ /’7+) "*/’/"0(1. (’-
2#3+)(%4, 2" /"5-%() "8#’;?"&, 2"590)((1) 2" @’((1$ C7*2)#%$)(/’ *"65’*("
="#$95’$ (11) - (15), 2"7’;’(1 (’ #%*. 7. I’*2#)@)5)(%3 25’*/%0)*7%. @)="#-
$’?%4 (’ 7’+@"$ 6#’=%7) 2"*/#")(1 * /"0("*/>, @" 2"*/"3(("4 &)5%0%(1.

V7*2)#%$)(/ 2"@/&)#+@’)/ (’5%0%) *+%$’,-%. (’2#3+)(%4 &85%;% 7#’-
)& "8#’;?"& ();’&%*%$" "/ &%@’ 6#’@%)(/("4 /)#$"$).’(%0)*7"4 "8#’8"/7% %;
;@)*> #’**$’/#%&’)$1.. M"@/&)#+@’,/*3 "85’*/% "/*9/*/&%3 25’*/%0)*7%. @)-
="#$’?%4 % (’5%0%) 8"5)) &1*"7%. 6#’@%)(/"& 25’*/%0)*7%. @)="#$’?%4 (’
*/"#"() ;’7’57%. E85’*/> #’*/36%&’,-%. "*/’/"0(1. (’2#3+)(%4 & *#)@()4
0’*/% "8#’;?’ & @&9. *590’3. %; /#). "7’;’5’*> @&9.$"@’5>("4. E@(’7" * 90)-
/"$ &1*"7"4 09&*/&%/)5>("*/% #’*2#)@)5)(%3 "*/’/"0(1. (’2#3+)(%4 7 @)-
/’53$ #’*2#)@)5)(%3 25’*/%0)*7%. @)="#$’?%4 & *""/(":)(%3. (13)-(15) C/%
()*""/&)/*/&%3 $"+(" "8X3*(%/> ()/"0("*/>, ;’@’(%3 /)25"=%;%0)*7%. % 25’-
*/%0)*7%. *&"4*/& $’/)#%’5’ & $"@)5% (1)-(9) *"&$)*/(" * ()/"0("*/3$% C7*2)-
#%$)(/’5>("4 $)/"@%7%.

I’*2#)@)5)(%) "*/’/"0(1. (’2#3+)(%4 &85%;% 2"&)#.("*/)4 "8#’;?"& 2)#)@
#’;#);’(%)$ 2"*5)@(%. "2#)@)535"*> $)/"@"$ *&)#5)(%3 "/&)#*/%4 & *""/&)/-
*/&%% *" */’(@’#/"$ ASTM E837 (’ 9*/’("&7) MTS3000-Restan. M":’6"&" &1-
*&)#5%&’5"*> "/&)#*/%) @%’$)/#"$ 1 $$, 6598%("4 1 $$, % 2’#’55)5>(" &1*"7"-
/"0(1$ /)(;"@’/0%7"$-#";)/7"4 #)6%*/#%#"&’5"*> %;$)()(%) 2"53 2)#)$)-)-
(%4 2"&)#.("*/% &85%;% "/&)#*/%3. A 7"(/#"5>("$ "8#’;?), 2"@&)#6(9/"$ "/-
+%69, #’*2#)@)5)(%3 /’(6)(?%’5>(1. 7"$2"()(/ "*/’/"0(1. (’2#3+)(%4 2#’7-
/%0)*7% *"&2’5% $)+@9 *"8"4. V/% 7"$2"()(/1 %$)5% =597/9%#9,-%4 .’#’7-
/)# * %;$)()(%)$ ;(’7’, () 2#)&1:’3 2" $"@95, ;(’0)(%3 70 JM’ (#%*. 8, ’). A
"8#’;?) K #’*2#)@)5)(%3 /’(6)(?%’5>(1. 7"$2"()(/ "*/’/"0(1. (’2#3+)(%4
815% 2"@"8(1 @#96 @#969 (#%*. 8, 8, &), () &1."@3 (%+) ;(’0)(%3 -200 JM’
(’ */"#"() ;’7’57% % -140 JM’ (’ 2#"/%&"2"5"+("4 */"#"(), 0/" & *#)@()$
*""/&)/*/&9)/ % #’*0)/9, % C7*2)#%$)(/9. A "8#’;?’. B % N, 2"@&)#6’&:%.*3
;(’7"2)#)$)(("$9 /#)./"0)0("$9 %;6%89, 25"*7"*/% "8#’;?"& "7’;’5%*> &"5-
(%*/1$% % %$)5% #’;5%0(1) % =597/9%#9,-%) "/ -300 @" +300 JM’ /’(6)(-
?%’5>(1) 7"$2"()(/1 "*/’/"0(1. (’2#3+)(%4, 0/" () 2";&"53)/ %*2"5>;"&’/>
C/% #);95>/’/1 @53 7"(/#"53 $)/"@’ #’;#);’(%3 % 2"@/&)#+@)(%3 #’*0)/’.
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’)

8)

&)

!"#. 7. !&#.%343/30"3 .,/09? " #,5#-*3009? 43’,%+&2": " ,#-&-,609? 0&.%;@30":
., -,/B"03 ,5%&)2& * ./,#(,#-" 37, #"++3-%"" .,#/3 ,40,#-,%,003: )&(&/(" &) 53)
")7"5&, 5) # *9.8(/,: #-,%,09, *) # *,708-,: #-,%,09 (1(#.3%"+30-, #-,%,0& )&(&/("
#.%&*&).
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’)

8) &)

!"#. 8. =%,-,(,/ ")+3%30"; -&07302"&/C09? (,+.,030- ,#-&-,609? 0&.%;@30": ,5-
%&)2& &) 0& #-,%,03 )&(&/(", 5) 0& .%,-"*,.,/,@0,: #-,%,03.

4. %O:?<O. A12"5()(" 0%*5)((") $"@)5%#"&’(%) C&"5,?%% ()92#96%.
@)="#$’?%4 % "*/’/"0(1. (’2#3+)(%4 & 2#"?)**’. 6#’@%)(/("4 /)#$"$).’(%-
0)*7"4 "8#’8"/7% /"5*/"5%*/"&"6" */’5>("6" 2#"7’/’. F53 C/"6" 2"*5)@"&’/)5>-
(" #):)(1 ()*/’?%"(’#(’3 ;’@’0’ /)25"2#"&"@("*/% % ;’@’0’ $).’(%7% /)#$"-
92#96"25’*/%0)*7"6" /)5’ * 90)/"$ %*/"#%% %;$)()(%3 /)$2)#’/9#("6" 2"53
& ;’6"/"&7). F53 2"@/&)#+@)(%3 #);95>/’/"& #’*0)/’ &12"5()( C7*2)#%$)(/,
#);95>/’/1 7"/"#"6" "8#’8"/’(1 * 2"$"->, 2#)@5"+)(("6" ’&/"#’$% $)/"@’,
#’;&%&’,-)6" *2"*"8 #’;#);’(%3 @53 "2#)@)5)(%3 "*/’/"0(1. (’2#3+)(%4. M"-
590)(" 9@"&5)/&"#%/)5>(") *""/&)/*/&%) ;(’7’ % &)5%0%(1 "*/’/"0(1. (’2#3-
+)(%4 &85%;% 6#’(%? "8#’;?"&, ’ #’*."+@)(%3 #’*2#)@)5)(%4 "*/’/"0(1. (’-
2#3+)(%4 * C7*2)#%$)(/’5>(1$% "8X3*(3,/*3 %. &1*"7"4 09&*/&%/)5>("*/>,
7 @)/’53$ #’*2#)@)5)(%4 *"8*/&)((1. @)="#$’?%4. F53 "8#’;?’, 2"@&)#6(9-
/"6" "@("*/"#"(()$9 9*7"#)(("$9 ".5’+@)(%, &)5%0%(1 "*/’/"0(1. (’2#3-
+)(%4 &85%;% */"#"( "8#’;?’ *"&2’@’,/ * "2#)@)5)((1$% $)/"@"$ *&)#5)(%3
"/&)#*/%4. E21/ %**5)@"&’(%3 C&"5,?%% ()92#96%. @)="#$’?%4 % "*/’/"0(1.
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(’2#3+)(%4 & 2#"?)**) /)#$"$).’(%0)*7"4 "8#’8"/7% $)/’55%0)*7"4 ;’6"/"&7%
$"+)/ 81/> %*2"5>;"&’( 2#% #):)(%% ;’@’0 ’@@%/%&("6" 2#"%;&"@*/&’ $)/’5-
5%0)*7%. 7"(*/#97?%4 [25, 26], *"2#"&"+@’,-)6"*3 2"*5)@"&’/)5>(1$% C/’2’-
$% (’25’&7% % /)#$"92#96"25’*/%0)*7"6" @)="#$%#"&’(%3 ;’6"/"&7% & 2#"?)*-
*) "*/1&’(%3.

!"#"$%&’($)%"
*+,-. -/0121/. E. F. G&/"?,*& H 6"#/30093 %&#63-9 " %34&(-"%,*&0"3 -3(#-&
%8(,."#", I. G. I84"0 H 6"#/30093 %&#63-9 " ,5%&5,-(& 1(#.3%"+30-&, D. J. F3//3%
H 0&."#&0"3 -3(#-& %8(,."#", I. G. =3-8?,* H %&)%&5,-(& &0&/"-"63#("? *9%&@30":
+3-,4& %&)%3)&0";, K. L. $&637,*& H .%,*3430"3 1(#.3%"+30-,* +3-,4,+ #*3%/30";
,-*3%#-":, L. M. N&(#"+,* H +3?&0,-3%+"63#(&; ,5%&5,-(& ,5%&)2,*.
3145,6+0 64072781/. L*-,%9 43(/&%"%8A- ,-#8-#-*"3 ;*09? " .,-302"&/C09?
(,0’/"(-,* "0-3%3#,*, #*;)&009? # .85/"(&2"3: 0&#-,;B3: #-&-C".
&801946+ 564-48621/-46:. !&5,-& *9.,/030& * %&+(&? 7,#)&4&0"; ., -3+3
=3%+#(,7, ’343%&/C0,7, "##/34,*&-3/C#(,7, 230-%& O%P !LE, Q $! LLLL-L20-
120022590044-7 (E.F. G&/"?,*&, I.G. I84"0, D.J. F3//3%, I.G. =3-8?,*) " Q $!
124020700047-3 (K.L. $&637,*&).
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