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!.".#$%&’($

!"#!$%"&’()*+,(-’. $#’/*0’ (-#!+*1’,2%$%
(),#3/., ’#2*#%1’//%$% 1%&%-/’2*

!"#"$%&"’ ()%*+,$%-./001’ *0"./$%"-/- 0,*&" " -/20)3)("’ "4/0" ,&,+/4"&,.
5. 6. 7/8/-0/.,, 9$,%0):$%&, 7)%%":

!""#$%&’(. !"##$%&’()" *"+"," % -’.,()// .0’.1%02"#&/,(#-%1% #&(’3)4, "’$/’%5"))%1%
.0’.1/$/ 5%2%-)"$/. 624 ’(7()/4 *"+",/ /#0%28*.9&#4 *"-%): #%;’")()/4. !"*’"<%&")"
0’%1’"$$" +24 =>? +24 )";%3+()/4 .0’.1%02"#&/,(#-%@ 1’")/A:. B’/5(+(): ’(*.28&"&:
’"<%&: 0’%1’"$$: +24 #&(’3)(@ # 0’4$%.1%28):$ 0%0(’(,):$ #(,()/($, "’$/’%5")):$/
%+)/$, +5.$4 / 04&89 5%2%-)"$/, ’"*2/,)%1% ’"+/.#" / ’"#0%2%3()):( ’"*2/,):$ %<’"-
*%$. !"#,(&: 0’%/*5%+/2/#8 )" 0(’#%)"28)%$ -%$089&(’(, 5’($4 ’"#,(&%5 0’(+#&"52()):;
5 #&"&8( .0’.1%02"#&/,(#-/; 1’")/A 3-5 $/).&.

)*+,-./- 0*#.%: C0’.1%02"#&/,(#-"4 1’")/A", *"+"," -’.,()/4 .0’.1%1% #&(’3)4, #&(’-
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Abstract. The problem of torsion of an elastoplastic rod reinforced with elastic fibers is considered.
Conservation laws are used to solve the problem. A computer program has been developed to find
the elastoplastic boundary. The results of the program for rods with rectangular cross-section
reinforced with one, two and five fibers of diMerent radii and arranged in diMerent ways are
presented. Calculations were performed on a personal computer, the calculation time of the elastic-
plastic boundaries presented in the article is 3-5 minutes.
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14565785. !"#$%&’()’ *+,*-$+."/0)1’/2$3 -,"()45 6 /2,*1)6"’75#

/0’,%(8#, (’$9#$&)7$ &.8 ("#$%&’()8 +,’&’." +,$1($/0) ):&’.)8 ).) &.8

’-$ *+,$1(’()8 +,) +$7$;) +."/0)1’/2)# &’<$,7"4)3. =,) >0$7 6"%($, 10$-

95 +."/0)1’/2$7* &’<$,7),$6"()? +$&6’,-".)/@ 0$.@2$ 9.):2)’ 2 6(’A(’3

+$6’,#($/0) /.$) 7"0’,)".", ) 10$95 6 +,$4’//’ &’<$,7),$6"()8 (’ +,$):$-

A.$ ,":,*A’()’ *+,$1(8’7$-$ ):&’.)8 ) (’ *#*&A).)/@ ’-$ >2/+.*"0"4)$((5’

#","20’,)/0)2). =,) >0$7 6 ("/0$8;’’ 6,’78 )/+$.@:$6"()? 2$7+$:)0(5# 7"-

0’,)".$6 *&’.8’0/8 6/’ 9$.@A’ 6()7"()8. B [1] =,)6$&80/8 +’,65’ ,’:*.@0"-

05 )//.’&$6"()8 +,)(4)+)".@($ ($6$-$ 2$7+$:)0", +,$):6$&)7$-$ 7’0$&"7)

+$,$A2$6$3 7’0"..*,-)) / )/+$.@:$6"()’7 6 2"1’/06’ )/#$&(5# 2$7+$(’(0$6

*-.’6$.$2(" ) 1)/0$-$ %’.’:", +$2":"($, 10$ 6’.)1)(5 +,$1($/0) +,) ):-)9’ )

,"/08%’()) 7$-*0 +,’65A"0@ 2000 ) 1000 C=". B [2] ,"//7"0,)6"’0/8 +,)7’-

(’()’ /0,*20*,($-<*(24)$(".@($-$ "(".):" 6 2"1’/06’ $/($6($-$ )(/0,*7’(0"

&.8 +,$’20),$6"()8 /0,*20*,5 /).$65# >.’7’(0$6 2$(/0,*24)3 ): 2$7+$:)4)-

$((5# 7"0’,)".$6. D<$,7),$6"((5’ /0,*20*,5 $9’/+’1)6"?0 *&’.@(*? (’/*-

;*? /+$/$9($/0@ 2$7+$:)0(5# 2$(/0,*24)3, 9.):2*? 2 7"2/)7".@($3. B [3]

E"//7"0,)6"’0/8 *+,*-$’ &’<$,7),$6"()’ 2$7+$:)0", /$/0$8;’3 ): &6*# +."-

/0)(, /68:"((5# "&-’:)$((57 /.$’7 6 /$/0$8()) +.$/2$3 &’<$,7"4)). B [4]

+,$6’&’(5 )//.’&$6"()8 /0$32$/0) <$,7),*’7$-$ 2$7+$:)0($-$ 7"0’,)"." +,)

65/$2$/2$,$/0($7 /$*&",’()). B [5] ,"//7$0,’(" :"&"1" $ ("+,8%’(($7 /$/0$-

8()) 2$7+$:)4)$(($-$ 9,*/" / *+,*-$+."/0)1’/2$3 7"0,)4’3 ) *+,*-)7) 6$-

.$2("7), ,"/+$.$%’((57) 6&$.@ $/) 9,*/".

=’,’1)/.’((5’ +,$9.’75 +,)6$&80 2 :"&"1’ ("#$%&’()8 *+,*-$+."/0)1’-

/2$3 -,"()45 /2,*1)6"’7$-$ /0’,%(8, ",7),*’7$-$ *+,*-)7) 6$.$2("7) [6].

F$ ,"9$0 "60$,$6 [7–9] (’ 95.$ +,’&/0"6.’($ ><<’20)6($-$ 7’0$&", 2$0$,53

+$:6$.8. 95 ,’A"0@ >0* :"&"1*. G/+$.@:$6"()’ :"2$($6 /$#,"(’()8 &.8 ,’A’-

()8 &)<<’,’(4)".@(5# *,"6(’()3 +$:6$.).$ +$.*1)0@ "(".)0)1’/2)’ <$,7*-

.5 &.8 ("#$%&’()8 *+,*-$+."/0)1’/2$3 -,"()45 /0’,%(’3.

"9:;<794=< ><6<?8. E"//7$0,)7 *+,*-$+."/0)1’/2)3 /0’,%’(@, ",7),$-

6"((53 *+,*-)7) 6$.$2("7), /7. ,)/*($2 1.

=*/0@ u = ωxz, v = ωyz - ’&)(/06’((5’ (’(*.’65’ 2$7+$(’(05 0’(:$," ("+,8-

%’()3. B *+,*-$3 :$(’ $() *&$6.’06$,8?0 *,"6(’()87:

εu

εx
+

εv

εy
= ux + vy = 0,

εu

εy
+

εv

εx
= uy + vx = a, (1)

a = →2Gϑ,

6 +."/0)1’/2$3 :$(’:

εu

εx
+

εv

εy
= ux + vy = 0,

ω 2
xz

+ ω 2
yz

= u2 + v2 = k2
s
, (2)
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!"#. 1. $%&’(")*+,-. #/+&0+12, *&,"&3)*11-. )343%1*,"

)(&’2/5 6():* $9$:("1"?0 +,$):6$&(*? +$ /$$06’0/06*?;’3 +’,’7’(($3.

E"//7$0,)7 +$+’,’1($’ /’1’()’ /2,*1)6"’7$-$ /0’,%(8 ,)/*($2 2. H&’ L –

9$2$6"8 +$6’,#($/0@ /0’,%(8, 2$0$,"8 ("#$&)0/8 6 +."/0)1($7 /$/0$8()), 0$-

-&" (" (’3 65+$.(8’0/8 */.$6)8:

{
un1 + vn2 = 0

u2 + v2 = k2
s

(3)

ks - +,’&’. 0’2*1’/0) 6 7"0,)4’, kB - 6 6$.$2(’, kB > ks. n1, n2 - 2$7+$(’(05

6(’A(’-$ 6’20$," ($,7".) 2 9$2$6$3 +$6’,#($/0).

!" -,"()4’ 6$.$2$( Li = (x→xAi)
2+(y→yAi)

2 = R2
Ai

) 7"0,)45 65+$.(8’0/8

*/.$6)’ [10]: {
un1 + vn2 = ω

u2 + v2 = k2
s

(4)

$0/?&" +$.*1"’7:

u = ωn1 ↑ n2

√
k2
s
→ ω 2, v = ωn2 ± n1

√
k2
s
→ ω 2,

x = xAi +RLin1, y = yAi +RLin2,
ω - :"&"(($’ 2"/"0’.@($’ ("+,8%’()’, RLi - ,"&)*/ i-$-$ 6$.$2(".

I"+)A’7 (1) 6 6)&’:

F1 = ux + vy = 0, F2 = uy → vx → a = 0. (5)
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!"#. 2. 536+&+(13+ #+(+1"+ #%&’(")*+,373 #/+&018, *&,"&3)*11373 ’6&’7"," )343%-
1*,". $/&+4%*," ’%*9313 1*6&*)4+1"+ 3:;3<* %31/’&3) 6&" )-("#4+1"" "1/+7&*4*.

I"2$( /$#,"(’()8 &.8 /)/0’75 (5) :"+)A’7 6 6)&’ [7]:

εxA+ εyB = !1F1 +!2F2 = 0, (6)

:&’/@ !1,!2 (’2$0$,5’ .)(’3(5’ &)<<’,’(4)".@(5’ $+’,"0$,5.

=*/0@ A = ϖ1u+ ϱ1v + ς1, B = ϖ2u+ ϱ2v + ς2
, 0$-&" ): (6) +$.*1"’7:

ϖ1
x
+ϖ1ux+ϱ1

x
v+ϱ1vx+ς1+ϖ2

y
u+ϖ2uy+ϱ2

y
v+ϱ2vy+ς2 = φ1(ux+vy→a)+φ(uy→vx).

(7)

ϖ, ϱ ) ς <*(24)) 0$.@2$ $0 x, y.

G: (7) /.’&*’0:

ϖ1 = ϱ2, ϱ1 = →ϖ2, ς1
x
+ ς2

y
= →aϖ1,






ϖ1
x
→ ϱ1

y
= 0,

ϱ1
x
+ ϖ1

y
= 0,

ς1
x
+ ς2

y
= →ϖ1a,

(8)

A = ϖ1u+ ϱ1v + ς1, B = →ϱ1u+ ϖ1v + ς2.

E"//7$0,)7 &6" ,’A’()8 /)/0’75 *,"6(’()3 (8) )7’?;)’ $/$9’(($/0@ 6 0$1-

2’ (x0, y0), +’,6$’ ,’A’()’ 6$:@7’7 6 6)&’:
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ϖ1 =
x→ x0

(x→ x0)2 + (y → y0)2
,

ϱ1 = → y → y0
(x→ x0)2 + (y → y0)2

, (9)

ς1
x
+ ς2

y
= →aϖ1,

-&’ ς2 = 0, ς1 = →aarctg y→y0

x→x0
.

B0$,$’ ,’A’()’ 6$:@7’7 6 6)&’:

ϖ3 =
y → y0

(x→ x0)2 + (y → y0)2
,

ϱ3 =
x→ x0

(x→ x0)2 + (y → y0)2
, , (10)

ς3
x
+ ς4

y
= →aϖ3,

-&’ ς3 = 0, ς4 = →a

2 ln((x→ x0)2 + (y → y0)2).
G: :"2$(" /$#,"(’()8 (6) /.’&*’0:

!

S

(Ax +By)dxdy =




∮

L

+
n∑

i=1

∮

Li



 = 0, (11)

-&’ S – +$+’,’1($’ /’1’()’, L --,"()4" S, Li--,"()4" i-$-$ 6$.$2(".

J$-&" ): (11) +$.*1"’7 &.8 +’,6$-$ ,’A’()8:

2↼u(x0, y0) = →ωxz(x0, y0)2↼ = →




∮

L

+
n∑

i=1

∮

Li



 , (12)

&.8 60$,$-$ ,’A’()8:

2↼v(x0, y0) = →ωyz(x0, y0)2↼ = →




∮

L

+
n∑

i=1

∮

Li



 . (13)

K$.’’ +$&,$9($ +$&$9(5’ 651)/.’()8 ,"//7"0,)6"?0/8 6 [8].

L$,7*.5 (12) ) (13) +$:6$.8?0 +$/0,$)0@ *+,*-$+."/0)1’/2*? -,"()4* &.8

/2,*1)6"’7$-$ /0’,%(8, ",7),*’7$-$ 6$.$2("7). J$12) +$+’,’1($-$ /’1’()8,

6 2$0$,5# 65+$.(8’0/8 */.$6)’ u2 + v2 ↓ k2
s

+,)("&.’%"0 *+,*-$3 $9."/0),

$/0".@(5’ – +."/0)1’/2$3.

D )/+$.@:$6"()’7 >0)# <$,7*. ("7) 95." ,":,"9$0"(" +,$-,"77" &.8 MBC

6 /,’&’ Maple. !" ,)/*(2"# 3, 4 +,’&/0"6.’(5 ,’:*.@0"05 ,"/1’0" *+,*-$+."-

/0)1’/2$3 -,"()45 /0’,%(8 2h x 2l, +,87$*-$.@($-$ +$+’,’1($-$ /’1’()8, ",-

7),*’7$-$ *+,*-)7) 6$.$2("7), -&’ l=6, h=3, :("1’()) 2,*08;’-$ +","7’0,"

a=0.2, 7’/0$+$.$%’()’ 4’(0," 6$.$2(" ) ’-$ ,"&)*/ *2":"( 6 +$&+)/) 2 ,)/*(-

2*. D6’0.5’ $9."/0) *+,*-)’, J’7(5’ +."/0)1(5’.
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!"#. 3. =6&’7364*#/"(+#%*8 7&*1">*, xA1 = 0, yA1 = 0, RL1 = 1.

!"#. 4. =6&’7364*#/"(+#%*8 7&*1">*: a)xA1 = 3, yA1 = 1.5, RL1 = 1;
:)xA1 = 3, yA1 = 1.5, xA2 = →3, yA2 = →1.5, RL1 = 1, RL2 = 1;
))xA1 = 3, yA1 = 1.5, xA2 = →3, yA2 = →1.5, RL1 = 0.2, RL2 = 0.2;
7)xA1 = 0, yA1 = 0, xA2 = →3, yA2 = →1.5, xA3 = 3, yA3 = 1.5, xA4 = →3, yA4 = 1.5, xA5 =
3, yA5 = 1.5, RL1 = 1, RL2 = 0.2, RL3 = 0.2, RL4 = 0.2, RL5 = 0.2.

@<=AB?5785. E"//7$0,’(" :"&"1" $ 2,*1’()) *+,*-$+."/0)1’/2$-$

/0’,%(8, ",7),$6"(($-$ *+,*-)7) 6$.$2("7). F.8 ,’A’()8 :"&"1) )/+$.@-

:*?0/8 :"2$(5 /$#,"(’()8. E":,"9$0"(" +,$-,"77" &.8 MBC &.8 ("#$%&’()8
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*+,*-$+."/0)1’/2$3 -,"()45. =,)6’&’(5 ,’:*.@0"05 ,"9$05 +,$-,"775 &.8

/0’,%(’3 / +,87$*-$.@(57 +$+’,’1(57 /’1’()’7, ",7),$6"((57) $&()7, &6*-

78 ) +80@? 6$.$2("7), ,":.)1($-$ ,"&)*/" ) ,"/+$.$%’((5’ ,":.)1(57 $9-

,":$7. E"/1’05 +,$):6$&).)/@ (" +’,/$(".@($7 2$7+@?0’,’, 6,’78 ,"/1’0$6

+,’&/0"6.’((5# 6 /0"0@’ *+,*-$+."/0)1’/2)# -,"()4 3-5 7)(*0.

B5,"%"? 9."-$&",($/0@ ("*1($7* ,*2$6$&)0’.?, +,$<’//$,* D’("A$6* D.

G. :" +$/0"($62* :"&"1) ) 6()7"()’ 2 ,"9$0’.

!"#"$%&’($)%"

*+,-. -/0121/. 100%.
3145,6+0 64072781/. ?)/3&- <+%4*&"&’@/ 3/#’/#/)"+ 8)1-; " 63/+1>"*421-;
%31A4"%/3) "1/+&+#3), #)89*11-; # 6’:4"%*>"+. 1*#/38B+. #/*/2".
&801946+ 564-48621/-46:. ?)/3&- 9*8)48@/ 3: 3/#’/#/)"" )1+C1+73 A"1*1#"-
&3)*1"8 6&" 6&3)+<+1"" "##4+<3)*1"8.
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