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!""#$%&’(. !"#$%&%’( )*+,%"-.%’/( ,# ,"#0-$1’-2 +3%"-4%+*-. 5%+/*-. 6&1"’-*#. #0-
"178#$ .%/1.1/%"-19#$ ’1 #+’#$% e-PLA ,91+/-*1, -7:#/#$9%’’(; + ,#.#<=2 3D ,"-’/%"1.
>0"178( +# +/"6*/6"#? ’1 #+’#$% @4%%* $ $-&% $#:’6/#:# A%+/-6:#9=’-*1 #091&19- #/"-81-
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INVESTIGATION OF THE EFFECT OF A VISCOUS FILLER ON
THE MECHANICAL PROPERTIES OF METAMATERIALS WITH

NEGATIVE AND POSITIVE POISSON’S RATIO WHEN
PUNCHING WITH A RIGID IMPACTOR

Ishlinsky Institute for Problems in Mechanics RAS, Moscow, Russia

Abstract. Experiments were performed on the penetration of metamaterial samples based on e-
PLA plastic, prepared using a 3D printer, by a spherical rigid striker. Samples with a structure
based on cells in the form of a concave hexagon had a negative Poisson’s ratio (auxetics) and were
compared with non-auxetics with a conventional honeycomb structure in the form of a convex
hexagon in terms of their ability to resist penetration. Structures with chirality were also considered.
Experiments were conducted under conditions of air filling of the structure cells and filling with
gelatin. The fact of a significant increase in resistance to penetration was established when auxetic
chiral samples were filled with gelatin compared to those filled with chiral non-auxetics. For chiral
metamaterials with gelatin, a deviation in the direction of the striker’s movement after leaving the
sample being penetrated was recorded.
Keywords: metamaterials, auxetics, experimental studies, penetration, perforation, rigid strikers.
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’=>?>@A>. !"##"$ %"&’(" $)*$+(,$ -%’.’*/+#0+1 ’-2&*03’)"##45 %"#++

,("(+6 [1–3] 0 -’,)$7+#" 83,-+%01+#("*9#’12 0:2;+#0< ,’-%’(0)*$+1’,(0 -%’-

&0)"#0< /+,(301 2."%#03’1 $;+0,(45 ,(%23(2% (1+("1"(+%0"*’)), ’&*"."<-

705 "23,+(0;+,3010 0 (.*$ ,%")#+#0$) #+"23,+(0;+,3010 ,)’6,()"10. = [1] &4*

,.+*"# )4)’. ’ (’1, ;(’ 1+("**0;+,30+ ’&%":>4, ’&*"."<70+ "23,+(0;+,3’6

$;+0,(’6 ,(%23(2%’6 #" ’,#’)+ )’?#2(’?’ @+,(02?’*9#03", ’3":4)"*0 &’*9@++

,’-%’(0)*+#0+ -%’&0)"#0< ,A+%0;+,301 2."%#03’1, ;+1 ’&%":>4, ,(%23(2%"

3’(’%45 &4*" ’&4;#’6 ,’(’)’6 (#" ’,#’)+ )4-23*’?’ @+,(02?’*9#03"). B ) [2]

&4*’ -%’.+1’#,(%0%’)"#’, ;(’ -%0 -%’&0)"#00 50%"*9#45 "23,+(0;+,305 1+-

("1"(+%0"*’) #"&*<."*’,9 ’(3*’#+#0+ #"-%")*+#0$ .)0/+#0$ 2."%#03" -’,*+

)4*+(" 0: -%’&0)"+1’?’ ’&%":>" ’( -’.*+(#’?’ #"-%")*+#0$. C,#’)4)"$,9 #"

%+:2*9("("5 %"&’(, #"-%01+%, [1–11] 1’/#’ ,3":"(9, ;(’ "23,+(030 1’?2( &4(9

-+%,-+3(0)#410 .*$ ,’:."#0$ 2."%’- 0 8#+%?’-’?*’7"<705 3’#,(%23>06.

= ."##’6 %"&’(+ "#"*’?0;#’+ ,%")#+#0+ -%’)’.0*’,9 .*$ ’&%":>’) 0: .%2-

?’?’ 1"(+%0"*" (-*",(03" e-PLA, 0:?’(’)*+##45 , -’1’79< 3D -%0#(+%") )

2,*’)0$5 )’:.2@#’?’ #"-’*#+#0$ $;++3 ,(%23(2%4 0 #"-’*#+#0$ 05 )$:301

)+7+,()’1 (/+*"(0#’1). D:2;"*’,9 )*0$#0+ "23,+(0;+,305 ,)’6,() %",,1"(-

%0)"+145 ’&%":>’) 1+("1"(+%0"*’) #" ’(#’,0(+*9#2< -’(+%< 30#+(0;+,3’6

8#+%?00 2."%#03" -’ ,%")#+#0< , #+"23,+(0;+,3010 ’&%":>"10 (’6 /+ 1",,4.

E%0 8(’1 ?*")#"$ >+*9 0,,*+.’)"#06 :"3*<;"*",9 ) ’-%+.+*+#00 )*0$#0$ )$:-

3’?’ #"-’*#+#0$ ,(%23(2% 0: -*",(03" e-PLA #" ,’-%’(0)*$+1’,(9 )#+.%+#0<

/+,(305 2."%#03’). F3,-+%01+#(4 -%’)’.0*0,9 ) (’1 ;0,*+ 0 .*$ ’&%":>’) ,

50%"*9#’6 ,(%23(2%’6 #" ’,#’)+ )’?#2(’?’ 0*0 )4-23*’?’ @+,(02?’*9#03’).

D:2;"*",9 ,-’,’&#’,(9 50%"*9#45 $;+0,(45 ,(%23(2% ’(3*’#$(9 )#+.%$<706-

,$ 2."%#03 ’( -+%)’#";"*9#’?’ #"-%")*+#0$ .)0/+#0$.

1. .BCDA=E@A> EFGH>IAJ>HGAK A @>EFGH>IAJ>HGAK LJ>AHIMK HIBFG-
IFB AN OPEHIAGE e-PLA. !*$ -%’)+.+#0$ ,%")#0(+*9#45 83,-+%01+#(’) -’

-%’&0)"#0< "23,+(0;+,305 0 #+"23,+(0;+,305 ,(%23(2% , -’1’79< 3D -%0#-

(+%" &4*0 0:?’(’)*+#4 ’&%":>4 0: -*",(03" e-PLA (,1. %0,. 1, 2) (’*70#’6

H → 29 11. C&%":>4 :"3%+-*$*0,9 ) @("(0)+ 0 -%’,(%+*0)"*0,9 ,("*9#41

,A+%0;+,301 2."%#03’1 -’ #’%1"*0 3 &’3’)’6 -’)+%5#’,(0, 01+<7+6 %":1+%4

70 ↑ 71 11. G."%#03 1",,’6 4.06 ? 0 .0"1+(%’1 10 11 %":?’#$*,$ -#+)1"(0-

;+,3’6 -2@3’6 0 )5’.0* &+: )%"7+#0$ ) -%+?%".2. !*$ -+%)45 83,-+%01+#(’)

.")*+#0+ ) 3"1+%+ -2@30 )4,(")*$*’,9 ("301 ’&%":’1, ;(’&4 ,3’%’,(9 )4*+("

2."%#03", 3"3 0 ) [2], ,’,(")*$*" -%0&*0:0(+*9#’ 240 1/,. H3’%’,(9 2."%#03"

#" )4*+(+ 0: ,()’*" -2@30 -%0#01"*",9 :" ,3’%’,(9 )5’." ) -%+?%".2, ,’-%’-

(0)*+#0+1 )’:.25" .)0/+#0< (+*" 1’/#’ &4*’ -%+#+&%+;9 ) ,0*2 #+&’*9@05

%":1+%’) 83,-+%01+#("*9#’6 2,("#’)30. H3’%’,(9 )5’." 2."%#03" 0:1+%$*",9 ,

-’1’79< ’-(0;+,3’?’ %"1’;#’?’ 5%’#’?%"A" DIJ-BHH-0021 KH(%+*+>L, " ("3-

/+ , -’1’79< ’,>0**’?%"A" 0 )4,’3’,3’%’,(#’6 )0.+’3"1+%4 FASTCAM mini

AX200, #" 3’(’%2< :"-0,4)"*,$ -%’>+,, -%’&0)"#0$ ’&%":>". M"1+%" %":1+7"-

*",9 ("301 ’&%":’1, ;(’ #" )0.+’:"-0,0 2."%#03 -%’&0)"+( ’&%":+>, .)0?"$,9
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") b)

!"#. 1. $%&#’(")’#&"* ($+) ,-./0’1 "0 23/#("&/ e-PLA: (/) 4/2’)/(/445* 4/ 3D-
2."4(’.’; (b) 3D 6,7’38 – L = 3 66, h = 0.5 66, ω = 60o.

,-%")" #"*+)’. C#" -%01+#$*",9 ("3/+ .*$ ’-%+.+*+#0$ ,3’%’,(0 )4*+(" 2."%-

#03" 0: -%+?%".4.

N’1+% H(%23(2%" O",," H3’%’,(9 H3’%’,(9 ω =
83,-+%01+#("/ 1+("- ’&%":>", )5’." )45’." (v21 ↓ v22)/v

2
1,

’&%":>" 1"(+%0"*" ? 2."%#03", 2."%#03", %

v1, 1/, v2, 1/,

3/1 BH 44 240 207 25.6

4/3 ,’(’)"$ 45.4 236.3 198 29.8

5/2 BH 43.6 220 184.3 29.8

6/5 ,’(’)"$ 44.9 225 187.5 30.5

9/-3"1/ 1. :.,-";/4"’ ,-./01,; 4/ #&,.,#(" 240-220 6/# (.’0%38(/(5 <&#2’."6’4(,;).

C&%":+>, -%+.,(")*+##46 #" %0,.1", 01++( "23,+(0;+,32< (BH) ,(%23(2%2, 5"-

%"3(+%0:2<72<,$ $;+63"10 #" ’,#’)+ )’?#2(’?’ @+,(02?’*9#03" (,5+1"(0;#’+

0:’&%"/+#0+ #" %0,.1b). N" %0,.2" -’3":"# #+"23,+(0;+,306 (,’(’)46) ’&%":+>
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") b)

!"#. 2. =’/%&#’(")’#&"* (#,(,;5*) ,-./0’1 "0 23/#("&/ e-PLA: (/) 4/2’)/(/445* 4/
3D-2."4(’.’; (b) 3D 6,7’38 – L = 3 66, h = 0.5 66, ω = 120o.

1+("1"(+%0"*", $;+630 3’(’%’?’ -%+.,(")*$<( ,’&’6 ) -*"#+ )4-23*46 @+-

,(02?’*9#03 (,5+1" -%+.,(")*+#" #" %0,.2b). P+*9< 83,-+%01+#(’) &4*’ 2,("-

#’)0(9, 3"3 )*0$+( )#2(%+##$$ ,(%23(2%" 1+("1"(+%0"*" #" ,’-%’(0)*$+1’,(9

.)0/+#0< 2."%#03" -%0 -%’&0)"#00 ’&%":>’). Q+:2*9("(4 ,+%00 83,-+%01+#-

(’) -%0)+.+#4 ) ("&*0>+ 1.

D: -%0)+.+##45 ) ("&*0>+ 1 ."##45 )0.#’, ;(’ ),+ 0,-4("##4+ ’&%":>4 01+-

*0 -%0&*0:0(+*9#’ ’.0#"3’)4+ 1",,4 0 ’(*0;"*0,9 (’*93’ ,)’+6 )#2(%+##+6

,(%23(2%’6. = 23":"##’1 .0"-":’#+ ,3’%’,(+6 ’(#’,0(+*9#"$ -’(+%$ 30#+(0-

;+,3’6 8#+%?00 2."%#03" ω -%0 -%’&0)"#00 ’&%":>’) -%"3(0;+,30 #+ :")0,+*"

’( 05 )#2(%+##+6 ,(%23(2%4. = ("&*0>+ 2 -%0)+.+#4 ."##4+ 83,-+%01+#(’)

-’ -%’&0)"#0< "#"*’?0;#45 ’&%":>’) ,’ ,3’%’,(9< )5’." 2."%#03" -’%$.3"

140-150 1/c.

M"3 1’/#’ )0.+(9 0: ("&*0>4 2, ’&%":>4, ’&*"."<70+ ’&4;#’6 ,’(’)’6

,(%23(2%’6 1+("1"(+%0"*", ’3":4)"*0 &’*9@++ ,’-%’(0)*+#0+ -%’&0)"#0< -%0

,#0/+#00 ,3’%’,(0 -’.*+(" 2."%#03". E’)’%’( ,(%23(2%4 "23,+(03" ) ’&%":>+

#" 90
o

(%0,. 3) #+:#";0(+*9#’ 0:1+#0* +?’ -"%"1+(%4 ((’*70#" H = 28.5 11,

&’3’)"$ -’)+%5#’,(9 70↑73 11, 1",," m = 44.3 ?) 0 -%0)+* 3 #+&’*9@’12 %’,(2

-’3":"(+*$ ω (,1. ("&*0>2 2).
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N’1+% H(%23(2%" H3’%’,(9 H3’%’,(9 ω =
83,-+%01+#("/ 1+("- )5’." )45’." (v21 ↓ v22)/v

2
1,

’&%":>" 1"(+%0"*" 2."%#03", 2."%#03", %

v1, 1/, v2, 1/,

8/4 BH 146 120 32.4

9/6 ,’(’)"$ 143.6 102 49.5

10/8 BH 139.6 114 33.3

11/7 ,’(’)"$ 143.1 103.8 47.3

9/-3"1/ 2. :.,-";/4"’ ,-./01,; 4/ #&,.,#(" 140-150 6/# (.’0%38(/(5 <&#2’."6’4(,;).

N’1+% H(%23(2%" H3’%’,(9 H3’%’,(9 ω =
83,-+%01+#("/ 1+("- )5’." )45’." (v21 ↓ v22)/v

2
1,

’&%":>" 1"(+%0"*" 2."%#03", 2."%#03", %

v1, 1/, v2, 1/,

12/12 BH+90→ 147.7 118.1 36

13/14 BH+90→ 144 114 37.3

9/-3"1/ 3. :.,-";/4"’ /%&#’(")’#&"> ,-./01,; # 2,;,.,(,6 #(.%&(%.5 4/ 90→ (.’-
0%38(/(5 <&#2’."6’4(,;).

N’1+% H(%23(2%" O",," H3’%’,(9 H3’%’,(9 ω =
83,-+%01+#("/ 1+("- ’&%":>", )5’." )45’." (v21 ↓ v22)/v

2
1,

’&%":>" 1"(+%0"*" ? 2."%#03", 2."%#03", %

v1, 1/, v2, 1/,

14/9 ,’(’)"$ 151.2 143.6 80.6 68.5

15/10 ,’(’)"$ 150 141.4 79 68.8

16/11 BH 153.1 147.3 97.5 56.2

17/13 BH 153.9 147 96 57.4

18/15 BH+90↔ 153.6 145.5 90 61.7

19/16 BH+90↔ 154.9 147 90 62.5

9/-3"1/ 4. :.,-";/4"’ ,-./01,; "0 23/#("&/ e-PLA, 0/2,34’445> ?’3/("4,6 (.’-
0%38(/(5 <&#2’."6’4(,;).

2. .BCDA=E@A> EFGH>IAJ>HGAK A @>EFGH>IAJ>HGAK HIBFGIFB, NEOCP-
@>@@MK Q>PEIA@CR. M"3 1’/#’ :"1+(0(9 0: -%+.4.27+?’ %":.+*", "23,+-

(0;+,30+ ’&%":>4 0: /+,(3’?’ 0 .’,("(’;#’ 5%2-3’?’ PLA -*",(03" ) ’(*0;0+

’( 1+("**0;+,305 ’&%":>’) [1] #+ 01+*0 -%+0127+,() -’ ,%")#+#0< , ,’(’)4-

10 ’&%":>"10 -%0 -%’&0)"#00 ) %":*0;#45 .0"-":’#"5 ,3’%’,(+6 2."%#03’).

H #"2;#’6 0 -%"3(0;+,3’6 ,(’%’#4 0#(+%+,+# ’()+( #" )’-%’,, 3"3 -’)*0$+(
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!"#. 3. $%&#’(")’#&"* ,-./0’1 "0 23/#("&/ e-PLA # 2,;,.,(,6 #(.%&(%.5 6’(/6/(’-
."/3/ 4/ 90→ ($++90→).

#" ,)’6,()" 1+("1"(+%0"*’) -%0 -%’&0)"#00 :"-’*#+#0+ $;++3 3"301-*0&’ )$:-

301 )+7+,()’1. !*$ -%’)+.+#0$ ,+%00 ,%")#0(+*9#45 83,-+%01+#(’) ’&%":>4,

"#"*’?0;#4+ ’-0,"##41 ) %":.+*+ 1, &4*0 :"-’*#+#4 -07+)41 /+*"(0#’1,

-%0?’(’)*+##41 0: %",;+(" 50 ? /+*"(0#" #" 500 ? )’.4. O",,4 -’*2;+##45

’&%":>’) &4*0 -%01+%#’ ’.0#"3’)4. Q+:2*9("(4 83,-+%01+#(’) -%+.,(")*+#4

) ("&*0>+ 4.

!"##4+ 0: ("&*0> 2–4 -’:)’*$<( ,.+*"(9 )4)’., ;(’ .*$ ),+5 -%’)+.+##45

83,-+%01+#(’) -’ -%’&0)"#0< "23,+(0;+,305 ’&%":>’) 0: +-PLA -*",(03" -’3"-

:"(+*9 ’(#’,0(+*9#’6 -’(+%0 8#+%?00 2."%#03" ω = (v21 ↓ v22)/v
2
1 &4* #0/+, ;+1

-%0 -%’&0)"#00 ’&%":>’), ’&*"."<705 ,’(’)’6 ,(%23(2%’6. C.#"3’, )0.#’, ;(’

:"-’*#+#0+ ’&%":>’) /+*"(0#’1 -%0)+*’ 3 21+#9@+#0< %":#0>4 ) :#";+#0$5

-’3":"(+*$ ω 1+/.2 "23,+(0;+,3010 0 ,’(’)410 ,(%23(2%"10.

3. .BCDA=E@A> KABEPS@MK EFGH>IAJ>HGAK A @>EFGH>IAJ>HGAK
HIBFGIFB @E CH@C=> =MOFGPCTC A =CT@FICTC U>HIAFTCPS@AGE. = [2] 83,-

-+%01+#("*9#’ 0,,*+.’)"*’,9 -%’&0)"#0+ ’&%":>’) 0: +-PLA -*",(03", ’&*"-

."<705 50%"*9#’6 ,(%23(2%’6, ’&%":’)"##’6 8*+1+#("10 ) )0.+ ,-0%"*+)0.-

#45 :)+:.’;+3. E%0 8(’1 &4*’ 2,("#’)*+#’, ;(’ 2."%#03 #" )4*+(+ 0: ’&%":>"

’(3*’#$+(,$ ’( ,)’+?’ -’.*+(#’?’ #"-%")*+#0$ ))+%5 0*0 )#0: ) :")0,01’,(0

’( #"-%")*+#0$ :"3%2(30 8(05 8*+1+#(’) -’ 0*0 -%’(0) ;",’)’6 ,(%+*30. =

#+.")#’ ’-2&*03’)"##’6 ,("(9+ [3] -%+.,(")*+#4 %+:2*9("(4 83,-+%01+#(’) -’
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a)

b)

c)

!"#. 4. @-./015 6’(/6/(’."/3,; # >"./384,* #(.%&(%.,*: /) /%&#’(")’#&"* ($+); b)
4’/%&#’(")’#&"* (#,(,;5*); c) 2,7A,(,;3’445’ ,-./015 # ?’3/("4,6.

-%’&0)"#0< ’&%":>’) , 50%"*9#’6 ,(%23(2%’6 #" ’,#’)+ )’?#2(’?’ (BH) 0*0

)4-23*’?’ (,’(’)46) @+,(02?’*9#03". E%0 8(’1 .*$ 3"/.’6 -"%4 ,%")#0(+*9-

#45 83,-+%01+#(’) &4*0 -’.?’(’)*+#4 -%0&*0:0(+*9#’ ’.0#"3’)4+ -’ 1",,+
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"23,+(0;+,306 0 #+"23,+(0;+,306 50%"*9#4+ ’&%":>4, 3"3 , )’:.2@#41 #"-’*-

#+#0+1, ("3 0 :"-’*#+##4+ /+*"(0#’1 (%0,. 4).

a)

b)

!"#. 5. B/;"#"6,#(8 ,(4,#"(’384,* 2,(’." &"4’(")’#&,* <4’.A"" %7/.4"&/ ε [%] ,(
6/##5 m [A] 2.,-";/’65> ,-./01,;: # 0/2,34’4"’6 C)’’& ;,07%>,6 (/) " ?’3/("4,6
(b).

= [3] ) .)25 ("&*0>"5 -%0)+.+#4 83,-+%01+#("*9#’ ’-%+.+*+##4+ ,3’%’,(0

,A+%0;+,3’?’ 2."%#03" v1 #" )5’.+ 0 v2 #" )45’.+ 0: 50%"*9#45 PLA-’&%":>’)
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3"3 , )’:.2@#41 :"-’*#+#0+1 $;++3, ("3 0 :"-’*#+##45 /+*"(0#’1. R+1-+-

%"(2%" ’&%":>’) ) 83,-+%01+#("5 &4*" → 16→C. N" %0,. 5a,b -%+.,(")*+#4

83,-+%01+#("*9#4+ ."##4+ 0: [3] :")0,01’,(0 ’(#’,0(+*9#’6 -’(+%0 30#+(0-

;+,3’6 8#+%?00 2."%#03" ω = (v21 ↓ v22) /v
2
1 (%) ’( 1",,4 m (?) -%’&0)"+145

’&%":>’) , )’:.25’1 (") 0 /+*"(0#’1 (b). Q0,. 5b -’3":4)"+( -%+0127+,()’

:"70(#45 ,)’6,() 50%"*9#’6 "23,+(0;+,3’6 ,(%23(2%4 -’ ,%")#+#0< , ,’(’-

)’6 ) ,*2;"+ :"-’*#+#0$ $;++3 )$:301 #"-’*#0(+*+1 (/+*"(0#’1). M%0)4+ #"

%0,. 5a,b 5"%"3(+%0:2<( :")0,01’,(9 ω = ω(m), -’*2;+##2< ) %+:2*9("(+ -%0-

&*0/+##’?’ ’>+#0)"#0$ ,3’%’,(0 )45’." 2."%#03" -’ "#"*’?00 , %",;+(#’6

1’.+*9<, -%01+#+##’6 ) ,("(9+ [2]. !*$ -%0&*0/+##’?’ ’>+#0)"#0$ ,’-%’(0)-

*$+1’,(0 -%’&0)"#0< %",,1"(%0)"+145 ’&%":>’) , "23,+(0;+,3’6 ,(%23(2%’6 0

-%’?#’:0%’)"#0$ ,3’%’,(0 )45’." 2."%#03" -%+.*"?"+(,$ 0,-’*9:’)"(9 5’%’@’

0:)+,(#2< .)2;*+##2< A’%12*2 .*$ :")0,01’,(0 ,0*4 ,’-%’(0)*+#0$ ,%+.4 D
’( ,3’%’,(0 )#+.%$<7+?’,$ >0*0#.%0;+,3’?’ (+*" v = v (x) [12, 13]

D = ↓εR2
(
A0 + ϑA2v

2
)
, 0 ↗ x ↗ H. (1)

S.+,9 R – %".02, 2."%#03", ϑ – 3’8AA0>0+#(, 5"%"3(+%0:2<706 A’%12 ?’*’)-

#’6 ;",(0 >0*0#.%0;+,3’?’ 2."%#03" [13–15], x – 3’’%.0#"(", ’(,;0(4)"+1"$ )

#"-%")*+#00 .)0/+#0$ (+*" ’( 3%"6#+6 (’;30 ’&%":>" ((’;30 )5’."), H – (’*-

70#" ’&%":>", " :"."##4+ 3’#,("#(4 A0 0 A2 5"%"3(+%0:2<(, ,’’()+(,()+##’,

-%’;#’,(#4+ 0 0#+%>0’##4+ ,)’6,()" ,%+.4. M"3 0 ) %"&’(+ [2] &2.+1 ,;0("(9,

;(’ #" -+%)’1 8("-+ -%’&0)"#0$ ’&%":>" (x ↘ [0, l]) -"%"1+(%4, 5"%"3(+%0-

:2<70+ +?’ -%’;#’,(#4+ 0 0#+%>0’##4+ ,)’6,()", ’,("<(,$ -’,(’$##410. N"

)(’%’1 8("-+ (x ↘ [l, H]) ’#0 *0#+6#’ 21+#9@"<(,$ .’ #2*$ ) 1’1+#( )4*+("

2."%#03" 0: ’&%":>":

a0 (x) =
A0

H ↓ l
(H ↓ x), a2 (x) =

A2

H ↓ l
(H ↓ x). (2)

R"3’6 -’.5’. ’,#’)"# #" #"&*<.+#00, ;(’ ),+ -%’,(%+*+##4+ ’&%":>4 0: 0,-

,*+.2+145 1+("1"(+%0"*’) #" ’,#’)+ PLA--*",(03" 01+*0 3’#0;+,306 3%"(+%

(3")+%#2) #" (4*9#’6 ,(’%’#+. E%0 8(’1 %":1+% 3%"(+%" (+?’ ?*2&0#" 0 @0%0-

#") &4*0 -%01+%#’ ’.0#"3’)4 2 ),+5 ’&%":>’) )#+ :")0,01’,(0 ’( 05 (’*70#4.

= ."##’1 ,*2;"+ .*$ 50%"*9#45 ’&%":>’) #" ’,#’)+ @+,(02?’*9#’6 )#2(%+##+6

,(%23(2%4 ?*2&0#" 3%"(+%" &4*" %")#" .)21 .0"1+(%"1 ,A+%0;+,3’?’ 2."%#0-

3". D: )(’%’?’ :"3’#" N9<(’#" .*$ -+%)’?’ 8("-" )#+.%+#0$ 2."%#03" 1",,4 M
01++1 2%")#+#0+, ’-0,4)"<7++ 0:1+#+#0+ ,3’%’,(0 (+*" ) ,’-%’(0)*$<7+6,$

,%+.+, 0 #";"*9#’+ 2,*’)0+ ) )0.+

dv2

dx
= ↓

(
ϖA0 + ϱA2v

2
)
, 0 ↗ x ↗ l, (3)

(
v2
)
x=0

= v21. (4)

S.+,9 ))+.+#4 ’&’:#";+#0$
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ϖ =
2εR2

M
, ϱ =

2εR2ϑ

M
.

H3’%’,(9 2."%#03" #" )(’%’1 2;",(3+ ’-%+.+*01 0: %+@+#0$ ,*+.2<7+6 3%"+-

)’6 :".";0:

dv2

dx
= ↓

(
ϖa0 + ϱa2v

2
)
, l ↗ x ↗ H, (5)

(
v2
)
x=l

= v2
l
, (6)

?.+ ,3’%’,(9 vl = v (l) ’-%+.+*$+(,$ 0: %+@+#0$ :".";0 (3)-(4) 0 -%0#01"+(,$

) 3";+,()+ #";"*9#’6 ,3’%’,(0 )5’." #" )(’%’1 8("-+ )#+.%+#0$. C-2,3"$ 8*+-

1+#("%#4+ )43*".30, -’*2;01 )4%"/+#0+ .*$ 3)".%"(" ,3’%’,(0 2."%#03" #"

)45’.+ 0: -%+?%".4 ) )0.+

v22 =

(
A0

ϑA2
+ v20

)
exp

(
↓ l + L

2
ϱA2

)
↓ A0

ϑA2
. (7)

E%0#01"$ )’ )#01"#0+, ;(’ ) %",,1"(%0)"+1’1 ,*2;"+ l = H ↓ 4R, ϑ = 0.5 .*$

,A+%0;+,3’?’ 2."%#03" 0 ’&’:#";"$ ;+%+: S0 -*’7".9 &’3’)’6 (2."%#’6) -’-

)+%5#’,(0 ’&%":>", -’*2;01 ,*+.2<7++ )4%"/+#0+ .*$ :")0,01’,(0 )+*0;0#4

ω ’( 1",,4 ’&%":>" m

ω = ω (m) =

(
1 +

2A0

A2v21

)[
1↓ exp

(
↓ϱm

S0
+ 2RϱA2

)]
. (8)

Q",;+(#4+ 3%0)4+ ((’;+;#4+ *0#00 .*$ "23,+(03" 0 @(%05’)4+ *0#00 .*$

#+"23,+(03") #" %0,. 5a,b -’,(%’+#4 .*$ 83,-+%01+#("*9#’ ’-%+.+*+##45 ,%+.-

#05 :#";+#06 -’,(’$##45 -"%"1+(%’) A0 0 A2 .*$ 3"/.’?’ (0-" %",,1"(%0-

)"+145 50%"*9#45 ,(%23(2% 0 ,3’%’,(0 )5’." 2."%#03" 150 1/,. =0.#’, ;(’

"#"*0(0;+,3"$ ’>+#3" 8#+%?+(0;+,305 -’(+%9 -%0 -%’&0)"#00 *2;@+ ,’’()+(-

,()2+( 83,-+%01+#("*9#41 ."##41 .*$ &’*9@05 (’*70# (1",,) ’&%":>’), " -%0

#+&’*9@05 (’*70#"5 $)*$+(,$ :"#0/+##’6.

= 2,*’)0$5 -%’)+.+##45 83,-+%01+#(’) ’(3*’#+#0+ #"-%")*+#0$ .)0/+#0$

2."%#03" -’,*+ -%’&0)"#0$ ’&%":>’) , %",,1"(%0)"+141 )0.’1 50%"*9#’,(0 ()

’(*0;0+ ’( 50%"*9#45 :)+:.;"(45 ,(%23(2% (hexachiral honeycomb) 0: [2]) &4*’

#+:#";0(+*9#41, #"&*<."*’,9 #+ ),+?." 0 (’*93’ .*$ ’&%":>’) , :"-’*#+#0+1

/+*"(0#’1.

4. )>GCICBM> NER>JE@AL A =M=C?M. E%+0127+,()’ ) ,’-%’(0)*$+1’-

,(0 -%’&0)"#0< BH-’&%":>’) -+%+. ,’(’)410 #+"23,+(0;+,3010, 2,("#’)*+##’+

%"#++ .*$ 1+("**0;+,305 ,(%23(2% ) [1], ) ,*2;"+ )’:.2@#’?’ :"-’*#+#0$ $;++3

1+("1"(+%0"*" 0: PLA ) -%’)+.+##45 83,-+%01+#("5 )4$)*+#’ #+ &4*’. F(’,

)’:1’/#’, ,)$:"#’ , ’,’&+##’,($10 %":%2@+#0$ &’*++ 5%2-3’?’ -*",(03" -’

,%")#+#0< , 1+("**’1 0 1’/+( &4(9 -%+.1+(’1 .*$ ."*9#+6@+?’ 0:2;+#0$.
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S"-’*#+#0+ $;++3 /+*"(0#’1 &+: .’&")*+#0$ 50%"*9#’,(0 ) ,(%23(2%2 1+("1"-

(+%0"*" 0: PLA -%0)’.0( 3 21+#9@+#0< -%+0127+,()" ,’(’)45 ’&%":>’) -+%+.

"23,+(0;+,3010. E%0 #"*0;00 50%"*9#’,(0 ) ,(%23(2%+ 1+("1"(+%0"*" , /+-

*"(0#’1 -%’)+.+##4+ 83,-+%01+#(4 -’3":"*0 *2;@2< ,’-%’(0)*$+1’,(9 BH-

’&%":>’) 0: e-PLA -*",(03" -’ ,%")#+#0< , #+"23,+(0;+,3010 50%"*9#410 ’&-

%":>"10 (’6 /+ 1",,4 -%0 -%’&0)"#00 /+,(301 ,A+%0;+,301 (+*’1. E%0 -%’-

)+.+#00 0,,*+.’)"#06 &4*’ 2,("#’)*+#’, ;(’ :"-’*#+#0+ $;++3 BH-,(%23(2%4

1+("1"(+%0"*" 0: PLA--*",(03" )$:301 #"-’*#0(+*+1 ) >+*’1 2,0*0)"+( +?’

"23,+(0;+,30+ ,)’6,()". E%+.,(")*$+( 0#(+%+, -%’)+%0(9 8(’( A"3( ) ."*9#+6-

@+1 .*$ BH-3’#,(%23>06 0: 1+("**" 0 .%2?05 1"(+%0"*’).

B)(’%4 )4%"/"<( &*"?’."%#’,(9 B.D. !+10#2 :" -’1’79 ) -’.?’(’)3+ 3D

1’.+*+6 ’&%":>’).

!"#"$%&’($)%"
*+,-. -/0121/. +. D. E;/4,;/ 2.,;’7’4"’ <&#2’."6’4(,;, 4/2"#/4"’ (’&#(/ .%-
&,2"#", #,A3/#,;/4"’ F"4/384,* ;’.#"" .%&,2"#", G. D. @#"2’4&, 2.,;’7’4"’ <&#-
2’."6’4(,;, .’7/&(".,;/4"’ (’&#(/ .%&,2"#", =. H. I/4")%& .’7/&(".,;/4"’ (’&#(/
.%&,2"#", #,A3/#,;/4"’ F"4/384,* ;’.#"" .%&,2"#", J. +. K"#,;’4&, 2,7A,(,;&/ ,--
./01,; 73C <&#2’."6’4(/, .’7/&(".,;/4"’ (’&#(/ .%&,2"#", #,A3/#,;/4"’ F"4/384,*
;’.#"" .%&,2"#".
3145,6+0 64072781/. $;(,.5 7’&3/.".%L( ,(#%(#(;"’ C;45> " 2,(’41"/3845>
&,4F3"&(,; "4(’.’#,;, #;C0/445> # 2%-3"&/1"’* 4/#(,CM’* #(/(8".
&801946+ 564-48621/-46:. !/-,(/ ;52,34’4/ 2, (’6/6 N,#0/7/4"C (4,6’./ A,-
#.’A"#(./1"" 124012500437-9, 124013000674-0).
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