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)5676896. ! "#"$%&’( #)%*+#’,-)./ )’0#1’+## [1] 2#*.3. #"4.,-567$"8

1#*."3.49 " +#,#):*#;%"3#& 1#:*.:#)’&#;%"3#& 4.:0%".& [2]. <’)%% )’ .").0%

."*%:)%)#8 "3.*."$# 0853./ )%"=#&’%&./ =#:3."$# 4. "%;%)#7 4.::%*=#0’7-

>%1. ",.8 ?9, ":%,’) 090.: . $.&, ;$. 4*# 6&%*%))9( 5)’;%)#8( 3.,%?’$%,-).-

1. ;#",’ <%/).,-:"’ 4.:0%" " ,%13#& 0)6$*%))#& $%,.& 6"$./;#0 0 .3*%"$)."$#

+%)$*’,-).1. 4.,.=%)#8, ’ 4.:0%" " $8=%,9& 0)6$*%))#& $%,.& )%6"$./;#0 [3].

@"",%:.0’)#% 0,#8)#8 )’ 6"$./;#0."$- 4.:0%"’ .$)."#$%,-).1. A3"+%)$*#"#$%-

$’ *’"4.,.=%)#8 0)6$*%))%1. # 0)%2)%1. $%,, 3.,%?’$%,-).1. ;#",’ <%/).,-:"’

# :*61#( B’3$.*.0 094.,)%). 0 [4], ;$. 4.$*%?.0’,. 4.,).1. 6;%$’ 5’0#"#&."$#

4*.B#,8 *’"4*%:%,%)#8 "3.*."$# ;’"$#+ =#:3."$# .$ *’:#’,-)./ 3..*:#)’$9

# 4*#0,%;%)#8 ;’"$.$)9( &%$.:.0 #"",%:.0’)#8 6"$./;#0."$# [5], *’50#$9( :,8

3.&?#)#*.0’))9( :#)’&#;%"3#( "#"$%& [6]. ! &’$%&’$#;%"3#( &.:%,8( 1#:-

*.:#)’&#;%"3#( 4.:0%".0 094.,)8%$"8 *8: 64*.>%)#/ 6*’0)%)#/ 1#:*.:#)’-

&#3#, "085’))9( " &’,."$-7 .$)."#$%,-)./ $.,>#)9 4.::%*=#0’7>%1. ",.8,

.:)’3. .?.").0’))."$- 4.:.?)9( 64*.>%)#/ $*%?6%$ :.4.,)#$%,-).1. #"",%:.-

0’)#8. ! :’))./ *’?.$% 6"$./;#0."$- +#,#):*#;%"3.1. 4.:0%"’ #"",%:6%$"8 )’

.").0% 6$.;)%))./ &.:%,#, 3.$.*’8, 0 .$,#;#% .$ [4], ?.,%% 4.,). 6;#$90’%$

0,#8)#% "#, 0853.1. $*%)#8 0 4.::%*=#0’7>%& ",.%.

!"#. 1. !$#%&’($) #*&+$ ,-./&#$

1. 3:76;< =:756>?. !)%2)#/ +#,#):*

*’:#6"’ R1 (*#". 1) :0#=%$"8 4."$64’$%,-).

" ’?".,7$)9& 6"3.*%)#%& a # 0*’>’%$"8 "

4."$.8))./ 61,.0./ "3.*."$-7 ω1, 4*#0.:#$

0 :0#=%)#% 085367 )%"=#&’%&67 =#:3."$-

&%=:6 +#,#):*’&# # ;%*%5 )%% – 0)6$*%))#/

+#,#):* *’:#6"’ R2, 0*’>’7>#/"8 " 61,.0./

"3.*."$-7 ω2. C*%?6%$"8 .?%"4%;#$- 6"$./;#-

0."$- 0)6$*%))%1. +#,#):*’. D,#)’ +#,#)-

:*’ 5)’;#$%,-). ?.,-2% *’:#6"’ R2. E08=%&

" +%)$*’&# 0)%2)%1. # 0)6$*%))%1. +#,#)-

:*.0 4."$64’$%,-). :0#=6>#%"8 "#"$%&9 3.-

.*:#)’$ O1ε1ε2 # O2x1x2. F%)$* 0)6$*%))%1.

+#,#):*’ "&%>%) .$)."#$%,-). +%)$*’ 0)%2-

)%1. +#,#):*’ )’ 0%,#;#)6 y = (y1, y2)T , 5’-

:’))67 4*.%3+#8&# )’ ."# O2x1x2. E O2x1x2

"085’)’ +#,#):*#;%"3’8 "#"$%&’ 3..*:#)’$

(r,ϑ), 1:% x1 = r cosϑ, x2 = r sinϑ, er =
(cosϑ, sinϑ)T , eω = (→ sinϑ, cosϑ)T , ez – %:#)#;)9/ 0%3$.*, ).*&’,-)9/ 3

4,."3."$# O2x1x2. G6"$- t – 0*%&8, m, J – 4.1.))9% &’""’ # &.&%)$ #)%*-

+## 0)6$*%))%1. $%,’, N, G – "#,’ # &.&%)$ "#,, :%/"$067>#% ". "$.*.)9

=#:3."$# )’ 0)6$*%))%% $%,., V = V(r,ϑ, t) = Vrer + Vωeω # p = p(r,ϑ, t) –

"3.*."$- # :’0,%)#% 0 =#:3."$#, ϖ, ϱ – %% 3#)%&’$#;%"3’8 0853."$- # 4,.$-

)."$-, g – 6"3.*%)#% "0.?.:).1. 4’:%)#8, $.,>#)’ +#,#):*#;%"3.1. 5’5.*’

h(ϑ, t) = (R2
1 → (y · eω)2)1/2 →R2 → y · er. H*’0)%)#8 :0#=%)#8 4.:0%"’ "6$-
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mÿ = m(g → a) +N, J ω̇2 = G, ()̇ = d( )/dt

ςV/ςt+ (V ·↑)V = →ϱ→1↑p+ ϖ↑2
V + g → a→ ÿ, ↑ ·V = 0

Vr|r=R2
= 0, Vω|r=R2

= ω2R2 (1)

Vr|r=R2+h
= →ẏ · er → ω1y · eω, Vω|r=R2+h

= →ẏ · eω + ω1(R2 + h+ y · er)

N = R2

2ε∫

0

dϑ

(
ϱϖ

ςVω

ςr

∣∣∣∣
r=R2

→ ςp

ςϑ

∣∣∣∣
r=R2

)
eω, G = ϱϖR2

2

2ε∫

0

dϑ
ςVω

ςr

∣∣∣∣
r=R2

→ 2φϱϖR2
2ω2

I:%"- .4%*’+## 0%3$.*).1. ’)’,#5’ 0 +#,#):*#;%"3./ "#"$%&% 3..*:#)’$

↑U =
ςU

ςr
er +

1

r

ςU

ςϑ
eω, ↑ ·A =

1

r

(
ς(rAr)

ςr
+

ςAω

ςϑ

)
, ↑↓A =

1

r

(
ς(rAω)

ςr
→

→ςAr

ςϑ

)
ez, ↑2

A = ↑(↑ ·A) +

(
eω

ς

ςr
→ er

1

r

ς

ςϑ

)[
1

r

(
ς(rAω)

ςr
→ ςAr

ςϑ

)]

(A ·↑)A = ↑(A2/2)→A↓ [↑↓A]

G6"$- V = ω1ez↓r+v(r,ϑ, t), r = (x1, x2)T = rer, v = vrer+vωeω, ↼ = R1→R2,

↽ = ↼/R2 ↔ 1 , ϱ2 = m/(φR2
2) – 4*#0%:%))’8 4,.$)."$- 0)6$*%))%1. +#,#):*’,

⇀ = g/(R2ω2
1). G*# 4*#0%:%)## (1) 3 ?%5*’5&%*)9& 4%*%&%))9& 4.,’1’%&: t =

t↑/ω1, r = R2(1 + ↽ε), y = ↼y↑
, h = ↼h↑

, ω1 → ω2 = ω1ω↑
, vω = ω1R2v↑ω, vr =

↽ω1R2v↑r , p = ϱω2
1R

2
2p

↑
, g = gg↑

, a = ga↑
, N = →φR2

2ϱ(g → a → ÿ) + ϱω2
1R

3
2N

↑
,

G = ϱϖω1R3
2G

↑/↼, J = mR2
2J

↑
, ⇁ = ω1↼2/ϖ – 3.,%?’$%,-).% ;#",. <%/).,-:"’

[4]. ! *%56,-$’$% 4.,6;%). ("#&0., J*K )’: ?%5*’5&%*)9&# 4%*%&%))9&# :’,%%

.46>%), .$?*.2%) *8: ",’1’%&9( 4.*8:3’ &’,."$# ↽2
# 092%)

φ↽

(
ϱ2
ϱ

→ 1

)
ÿ = φ

(
ϱ2
ϱ

→ 1

)
⇀(g → a) +N, φ

ϱ2
ϱ
J ω̇ = →↽

⇁
G, g = (0,→1)T (2)

h(ϑ, t) = 1→ y · er → ↽(y · eω)2/2 (3)

vr = →(1→ ↽ε)

∫
ϑ

0

ςvω
ςϑ

dε,
ς

ςϑ

∫
h

0

vωdε =
ς

ςϑ
[(1 + ↽h)(y · er → ẏ · eω)] (4)

p = p|
ϑ=0 + ↽

∫
ϑ

0

(v2
ω
+ 2vω)dε (5)

ςvω
ςt

+ [1 + (1→ ↽ε)vω]
ςvω
ςϑ

+ vr
ςvω
ςε

+ ↽vr(2 + vω) = (6)

= →(1→ ↽ε)
ςp

ςϑ
+

1

⇁

(
ς2vω
ςε2

+ ↽
ςvω
ςε

+ ↽2ς
2vω
ςϑ2

)

vω|ϑ=0 = →ω, vω|ϑ=h
= ↽(y · er → ẏ · eω) (7)

N =

∫ 2ε

0

(
↽

⇁

ςvω
ςε

∣∣∣∣
ϑ=0

→ ςp

ςϑ

∣∣∣∣
ϑ=0

)
eωdϑ, G = 2φ↽ω +

∫ 2ε

0

ςvω
ςε

∣∣∣∣
ϑ=0

dϑ (8)
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L’;’,-)9% 6",.0#8 4*# t = 0 :,8 (2)-(8) "..$0%$"$067$ *’0).0%").&6 ".-

"$.8)#7 # )’(.:8$"8 *%2%)#%& 6*’0)%)#/, 0 3.$.*9( ()̇ = 0, ς()/ςt = 0. !

J63.*.;%)).&K 6*’0)%)## L’0-%-E$.3"’ (6) ?.,%% 4.,). 6;#$90’%$"8 0,#8)#%

"#, 0853.1. $*%)#8 4. "*’0)%)#7 " [4]. M’$%&’$#;%"3’8 &.:%,- (2)-(8) ".:%*-

=#$ "085’))67 "#"$%&6 .?93).0%))9( :#BB%*%)+#’,-)9( 6*’0)%)#/ # 6*’0-

)%)#/ 0 ;’"$)9( 4*.#50.:)9(, # 80,8%$"8 3.&?#)#*.0’))./ :#)’&#;%"3./ "#-

"$%&./ [6] " 0(.:)9&# B6)3+#8&# a(t) = (a1(t), a2(t))T # 09(.:)9&# B6)3+#8&#

y1(t), y2(t),ω(t). @"4.,-568 (5), 4*#0.:#& (6) 3 0#:6

ςvω/ςt = F[v]→ (1→ ↽ε)!(ϑ, t), ! = ς p|
ϑ=0/ςϑ,

∫ 2ε

0

!dϑ = 0

F[v] = → [1 + (1→ ↽ε)vω]
ςvω
ςϑ

→ vr
ςvω
ςε

+ ↽U +
1

⇁

(
ς2vω
ςε2

+ ↽
ςvω
ςε

+ ↽2ς
2vω
ςϑ2

)
(9)

U = (1→ ↽ε)

(
vω

ς

ςϑ

∫
ϑ

0

vωdε →
ς

ςϑ

∫
ϑ

0

v2
ω
dε

)

D#BB%*%)+#*68 4. 0*%&%)# 0$.*.% 6*’0)%)#% (4) # #"4.,-568 (8), )’(.:#&

ς

ςϑ

[
h(1→ 1

2
↽h)!+

1 + ↽h

φ↽

(
ϱ2
ϱ

→ 1

)→1

eω ·
∫ 2ε

0

!eωdϑ

]
=

ς”

ςϑ
(10)

” =

∫
h

0

F[v]dε + 1 + ↽h

φ⇁

(
ϱ2
ϱ

→ 1

)→1

eω ·
∫ 2ε

0

ςvω
ςε

∣∣∣∣
ϑ=0

eωdϑ→ (11)

→(1 + ↽h)(ẏ · er → ⇀(g → a) · eω/↽)

G*# )%.1*’)#;%)).& 0.5*’"$’)## 61,.0./ "3.*."$# 4.:0%"’ ⇁ ↗ ↘, # χ =
(ϱ2/ϱ → 1)⇀⇁→2 = const = O(1). !94.,)8,."- ’"#&4$.$#;%"3.% #)$%1*#*.0’)#%

6*’0)%)#/ *’0).0%").1. "."$.8)#8 (()̇ = 0, ς()/ςt = 0). N)’,.1#;). [4], 4.:0%"

?9"$*. +%)$*#*6%$"8 0 *’0).0%").& "."$.8)## 4*# 60%,#;%)## ⇁: y = ⇁→2
y0 +

⇁→5/2
y1 + ..., ω = ⇁→7/2

≃
2(1 + 3↽/2)y2

0/4 + ..., ⇁ ↗ ↘, y0 = (y0,1, y0,2)T = →(1 →
3↽/2)χ(g → a), y1 = (y1,1, y1,2)T , y1,1 + iy1,2 = →2

≃
i(y0,1 + iy0,2), i =

≃
→1.

2. 3:76;9@:5?896 =6@6A:78BA =@:C6>>:5. !94.,)8%$"8 .$.?*’=%-

)#% 5’)8$./ 4.::%*=#0’7>#& ",.%& .?,’"$# " 4.:0#=)./ 1*’)#+%/ )’ .?-

,’"$- " )%4.:0#=)./ 1*’)#+%/ 4%*%(.:.& 3 ).0./ )%5’0#"#&./ 4%*%&%))./

x = ε/h(ϑ, t). G*# A$.& (4), (7)-(9), (11) 4*%.?*’567$"8 3 0#:6

vr = (1→ ↽hx)

[
ςh

ςϑ
xvω → ς

ςϑ

(
h

∫
x

0

vωdx

)]
(12)

ς

ςϑ

[
h

∫ 1

0

vωdx

]
=

ς

ςϑ
[(1 + ↽h)(y · er → ẏ · eω)] (13)

ςvω
ςt

=
x

h

ςh

ςt

ςvω
ςx

→ (1→ ↽hx)!+ F[v], ! = !(ϑ, t),

∫ 2ε

0

!dϑ = 0 (14)
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F[v] = ↽(1→ ↽hx)

[
vω

ς

ςϑ

(
h

∫
x

0

vωdx

)
→ ς

ςϑ

(
h

∫
x

0

v2
ω
dx

)]
→ [1 + (1→ ↽hx)vω]·

·
(
ςvω
ςϑ

→ x

h

ςh

ςϑ

ςvω
ςx

)
→ vr

h

ςvω
ςx

+
1

⇁

[
1

h2

ς2vω
ςx2

+
↽

h

ςvω
ςx

+ ↽2

(
ς

ςϑ
→ x

h

ςh

ςϑ

ς

ςx

)2

vω

]

vω|x=0 = →ω, vω|x=1 = ↽(y · er → ẏ · eω) (15)

N =

∫ 2ε

0

(
↽

⇁h

ςvω
ςx

∣∣∣∣
x=0

→ !

)
eωdϑ, G = 2φ↽ω +

∫ 2ε

0

ςvω
ςx

∣∣∣∣
x=0

dϑ

h
(16)

” = h

∫ 1

0

F[v]dx+
1 + ↽h

φ⇁

(
ϱ2
ϱ

→ 1

)→1

eω ·
∫ 2ε

0

ςvω
ςx

∣∣∣∣
x=0

eω
dϑ

h
→ (17)

→(1 + ↽h)(ẏ · er → ⇀(g → a) · eω/↽)
G6"$- Tn(x) = cos(n arccosx). G.,’1’%&

vω(x,ϑ, t) ⇐
∑Nx+2

n=0

∑Nω

k=→Nω

vωnk
(t)Tn(2x→ 1)eikω, vωn,→k

= v̄ωnk
, Nx ↭ 7⇁1/4/2

!(ϑ, t) ⇐
∑Nω

k=1
(pk(t)e

ikω + p→k(t)e
→ikω), p→k = p̄k (18)

# 4*#&%)8%& 3 (10), (13) # (14) 4*.%3+#.))9/ &%$.: O’,%*3#)’ [7] 0 B.*&%

∫ 2ε

0

dϑeikω
[
h(1→ ↽h/2)!+

(1 + ↽h)ϱ

φ↽(ϱ2 → ϱ)
eω ·

∫ 2ε

0

!eωdϑ

]
=

∫ 2ε

0

dϑeikω”, (19)

∫ 2ε

0

dϑeikωh

∫ 1

0

vωdx =

∫ 2ε

0

dϑeikω(1 + ↽h)(y · er → ẏ · eω), k = ±1, ...,±Nω (20)

∫ 2ε

0

dϑeikω
∫ 1

0

dxTn(2x→ 1)
ςvω
ςt

=

∫ 2ε

0

dϑeikω
∫ 1

0

dxTn(2x→ 1)

[
x

h

ςh

ςt

ςvω
ςx

→

→(1→ ↽hx)!(ϑ, t) + F[v]] , n = 0, Nx, k = →Nω, Nω (21)

E 6;%$.& (18), 6*’0)%)#8 (2), (3), (10), (15), (16), (19)-(2) 4*%:"$’0,87$ ".?./

0 )%80)./ B.*&% "#"$%&6 .?93).0%))9( :#BB%*%)+#’,-)9( 6*’0)%)#/

Ẏ = F(t,Y), Y = (y1, y2,ω, ẏ1, ẏ2, vωn0 ,Re vωεk
, Im vωεk

)T

n = 0, Nx, ϖ = 1, Nx, k = 1, Nω

(22)

3.$.*’8, 4.",% 4*#0%:%)#8 3 ).*&’,-)./ B.*&% (23), #)$%1*#*6%$"8 ;#",%)).

PDL-&%$.:.& [8]. E..$0%$"$067>#% *’0).0%").&6 "."$.8)#7 )’;’,-)9% 6",.-

0#8 Y|
t=0 = Y0 )’(.:8$"8 ;#",%)). #5 6",.0#8 F(→0,Y0) = 0.

3. 3:76;9@:5?896 D>E:FG95:>E9. G6"$- 0%,#;#)9 y0,ω0, h0, v
(0)
r , v(0)ω ,

!0,N0, G0 "..$0%$"$067$ "."$.8)#7 *’0).0%"#8. G.,’1’%& a(t) = a0+εa1(t)+...,
y(t) = y0 + εy(t) + ..., ω(t) = ω0 + εω1(t) + ..., h(ϑ, t) = h0(ϑ) + εh1(ϑ, t) + ...,

vr(ε,ϑ, t) = vr(0)(ε,ϑ)+εvr(1)(ε,ϑ, t)+ ..., vω(ε,ϑ, t) = v(0)ω (ε,ϑ)+εv(1)ω (ε,ϑ, t)+ ...,
!(ϑ, t) = !0(ϑ)+ ε!1(ϑ, t)+ ..., N(t) = N0 + εN1(t)+ ..., G(t) = G0 + εG1(t)+ ...,
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ε ↗ 0. @5 (2)-(8) ",%:67$ ,#)%/)9% 6*’0)%)#8 0.5&6>%)).1. :0#=%)#8, *%-

2%)#%& 3.$.*9( 80,87$"8 y1,ω1, h1, v
(1)
r , v(1)ω ,!1, N1, G1 ()’ 4.:0#=)./ 1*’)#+%

094.,)8%$"8 ")%"%)#% 1*’)#;)9( 6",.0#/ )’ )%0.5&6>%))67 "$%)36 [9]):

φ↽(ϱ2/ϱ→ 1)ÿ = →φ(ϱ2/ϱ→ 1)⇀a+N, φϱ2J ω̇/ϱ = →↽G/⇁

h = →y · er → ↽(y0 · eω) · (y · eω)

vr = →(1→ ↽ε)

∫
ϑ

0

ςvω
ςϑ

dε,
ς

ςϑ

∫
h

0

vωdε =
ς

ςϑ
[(1 + ↽h0)(y · er → ẏ · eω)]

ςvω/ςt = → (1→ ↽ε)!+ L[v], ! = !(ϑ, t),

∫ 2ε

0

!dϑ = 0 (23)

L[v] = →[1 + (1→ ↽ε)v(0)
ω
]
ςvω
ςϑ

→ (1→ ↽ε)
ςv(0)ω

ςϑ
vω → v(0)

r

ςvω
ςε

→ ςv(0)ω

ςε
vr +

1

⇁

[
ς2vω
ςε2

+

+↽
ςvω
ςε

+ ↽2ς
2vω
ςϑ2

]
+
(
↽ → ↽2ε

) [
v(0)
ω

ς

ςϑ

∫
ϑ

0

vωςε + vω
ς

ςϑ

∫
ϑ

0

v(0)
ω
ςε → 2

∫
ϑ

0

v(0)
ω
vωςε

]

vω|ϑ=0 = →ω, vω|ϑ=h0
= ↽(y · er → ẏ · eω)→ h(ςv(0)

ω
/ςε)

∣∣
ϑ=h0

N =

∫ 2ε

0

(
↽

⇁

ςvω
ςε

∣∣∣∣
ϑ=0

→ !

)
eωdϑ, G = 2φ↽ω +

∫ 2ε

0

dϑ
ςvω
ςε

∣∣∣∣
ϑ=0

y|
t=0 = ẏ|

t=0 = ω|
t=0 = vω|t=0 = 0

D’,%% 0 (23) 094.,)8%& .:)."$.*.))%% #)$%1*’,-).% 4*%.?*’5.0’)#% Q’-

4,’"’ f(t) ↗ f(▷) =
∫↓
0 f(t)e→ϖtdt. E,%:68 [4], 4*%:"$’0#& #5.?-

*’=%)#% *%’3+#/ ",.8 0853./ )%"=#&’%&./ =#:3."$# )’ 0.5&6>%)-

).% :0#=%)#% 0 0#:% N(▷) = →N (y)(▷)y(▷) → N
(ϱ)(▷)ω(▷), G(▷) =

[G(y)(▷)]Ty(▷) + G(ϱ)(▷)ω(▷), N (y)(▷) = [N (y)
kj

(▷)], k, j = 1, 2, N
(ϱ)(▷) =

(N (ϱ)
1 (▷), N (ϱ)

2 (▷))T , G
(y)(▷) = (G(y)

1 (▷), G(y)
2 (▷))T . @5.?*’=%)#8 0.5&6>%)#/

0(.:)9( # 09(.:)9( B6)3+#/ "085’)9 "#"$%&./ ,#)%/)9( ’,1%?*’#;%"3#(

6*’0)%)#/ " .4*%:%,#$%,%& D(▷)

(φ↽(ϱ2/ϱ→ 1)▷2 +N (y)(▷))y +N
(ϱ)(▷)ω = →φ⇀(ϱ2/ϱ→ 1) a

↽[G(y)(▷)]Ty/⇁ + (φJ▷/ϱ+ ↽G(ϱ)(▷)/⇁)ω = 0

D(▷) = det[Dkj(▷)], k, j = 1, 2, 3, Djj(▷) = φ↽(ϱ2/ϱ→ 1)▷2 +N (y)
jj

(▷) (24)

Dj3(▷) = N (ϱ)
j

(▷), D3j(▷) = ↽G(y)
j
(▷)/⇁, j = 1, 2, D12(▷) = N (y)

12 (▷)

D21(▷) = N (y)
21 (▷), D33(▷) = φϱ2J▷/ϱ+ ↽G(ϱ)(▷)/⇁

G*# ’)’,#$#;)."$# 0 4*’0./ 3.&4,%3")./ 4.,64,."3."$# # 0 .3*%"$)."$#

&)#&./ ."# B6)3+#/ N (y)
kj

(▷), N (ϱ)
j

(▷), G(y)
j
(▷), G(ϱ)(▷) 4.:0%" 6"$./;#0 [4,6], %",#

#
1↫ς↫↓

argD(i◁) = 5φ/2 (25)
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# )%6"$./;#0 0 4*.$#0).& ",6;’%. G6"$- ↼k
j

– "#&0., R*.)%3%*’. @5 (23) ",%:67$

,#)%/)9% 3*’%09% 5’:’;# :,8 )’(.=:%)#8 N (y)
kj

(▷), N (ϱ)
j

(▷), G(y)
j
(▷), G(ϱ)(▷)

vr = →(1→ ↽ε)

∫
ϑ

0

ςvω
ςϑ

dε,
ς

ςϑ

∫
h

0

vωdε =
ς

ςϑ
[(1 + ↽h0)(e

(2)
j

· er → ▷e(2)
j

· eω)]

e
(2)
j

= (↼1
j
, ↼2

j
)T , ▷vω = → (1→ ↽ε)!+ L[v], ! = !(ϑ),

∫ 2ε

0

!dϑ = 0, vω|ϑ=0 = 0

vω|ϑ=h0
= ↽(e(2)

j
· er → ▷e(2)

j
· eω) + (ςv(0)

ω
/ςε)

∣∣
ϑ=h0

[e(2)
j

· er + ↽(y0 · eω) · (e(2)j
· eω)]

(N (y)
1j , N (y)

2j )T =

∫ 2ε

0

(
!→ ↽

⇁

ςvω
ςε

∣∣∣∣
ϑ=0

)
eωdϑ, G

(y)
j

=

∫ 2ε

0

dϑ
ςvω
ςε

∣∣∣∣
ϑ=0

, j = 1, 2 (26)

vr = →(1→ ↽ε)

∫
ϑ

0

ςvω
ςϑ

dε,
ς

ςϑ

∫
h

0

vωdε = 0, ▷vω = → (1→ ↽ε)!+ L[v]

! = !(ϑ),

∫ 2ε

0

!dϑ = 0, vω|ϑ=0 = →1, vω|ϑ=h0
= 0 (27)

N
(ϱ) =

∫ 2ε

0

(
!→ ↽

⇁

ςvω
ςε

∣∣∣∣
ϑ=0

)
eωdϑ, G(ϱ) = 2φ↽ +

∫ 2ε

0

dϑ
ςvω
ςε

∣∣∣∣
ϑ=0

G*# 6&%*%))9( # "*%:)#( 5)’;%)#8( ▷ # ⇁ = O(1) 094.,)8,."- 4*%.?*’-

5.0’)#% ,#)%/)9( 3*’%09( 5’:’; (26), (27) 3 ).0./ )%5’0#"#&./ 4%*%&%))./

x = ε/h0(ϑ). D’,%% .)# ’)’,.1#;). (18), (20), (2) 4*.%3+#.))9& &%$.:.& O’-

,%*3#)’ "0.:#,#"- 3 "#"$%&’& ,#)%/)9( ’,1%?*’#;%"3#( 6*’0)%)#/ # *%2’-

,#"- ;#",%)).. G*.0%*3’ .$"6$"$0#8 4.,7".0 B6)3+#/ N (y)
kj

(▷), N (ϱ)
j

(▷), G(y)
j
(▷),

k, j = 1, 2, G(ϱ)(▷) 094.,)8,’"- ;#",%)). )’ .").0% 4*#)+#4’ ’*16&%)$’.
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G*# ▷ ↗ ↘, Re▷ > →↘, ⇁ = O(1) ’)’,.1#;). [4] 094.,)8,."- ’"#&4$.$#;%-

"3.% #)$%1*#*.0’)#% 3*’%09( 5’:’; (26), (27). ! *%56,-$’$% )’/:%).

(N (y)
1j (▷), N (y)

2j (▷))T =
∑3

k=0
A

(j)
k
▷2→k/2 +O(1), !(ϑ,▷) =

∑3

k=0
!k(ϑ)▷

2→k/2+

+O(1), A
(j)
0 =

∫ 2ε

0

!0eωdϑ,A
(j)
1 =

∫ 2ε

0

(!1 + ↽⇁→1/2!0)eωdϑ,A
(j)
2 =

∫ 2ε

0

(!2+

+↽⇁→1/2!1 → ↽2⇁→1!0/2)eωdϑ, A
(j)
3 =

∫ 2ε

0

[(!3 + ↽⇁→1/2!2 → ↽2⇁→1!1/2)eω→

→↽⇁→1/2(1→ ω0)!0er/2]dϑ, G(y)
j
(▷) = →5

8

∫ 2ε

0

ςv(0)ω

ςε

∣∣∣∣∣
ϑ=0

d!0

dϑ
dϑ+O(▷→1/2)

!0 = L[h→1
0 (1→ ↽h0/2)

→1(1 + ↽h0)e
(2)
j

· eω], !1 = ⇁→1/2L[h→1
0 (1→ ↽h0/2)

→1·

·((2→ ↽h0)!0 → ↽e(2)
j

· eω)], !2 = L
{
h→1
0 (1→ ↽h0/2)

→1 [⇁→1/2(2→ ↽h0)!1+

+[h0 → ↽h2
0/2 + 2(1 + ↽h0)V0 → 8↽V1 → ↽h0y0 · er]d!0/dϑ→ [(1 + 3↽h0)y0 · eω+

+4↽W1]!0 → (1 + ↽h0)e
(2)
j

· er]}, !3 = L{h→1
0 (1→ ↽h0/2)

→1[⇁→1/2(2→ ↽h0)!2+

+⇁→1/2[(5/2 + ↽h0)ω0 → 3→ ↽V0 + 3↽/2→ 2↽y0 · er]d!0/dϑ+ ↽⇁→1/2
y0 · eω!0/2+

+[h0 → ↽h2
0/2 + 2(1 + ↽h0)V0 → 8↽V1 → ↽h0y0 · er]d!1/dϑ→

→[(1 + 3↽h0)y0 · eω + 4↽W1(ϑ) + ↽/(2⇁)]!1 + ↽⇁→1/2
e
(2)
j

· er/2]}

V0(ϑ) =

∫
h0

0

v(0)
ω
dε, V1(ϑ) =

∫
h0

0

εv(0)
ω
dε, W1(ϑ) =

∫
h0

0

εdεςv(0)
ω
/ςϑ

N
(ϱ)(▷) = B▷→1 +O(▷→3/2), G(ϱ)(▷) = 2φ(⇁▷)1/2 + 3φ↽ + φ↽2(⇁▷)→1/2/4 +O(▷→1)

L[f ] = f(ϑ)→ 1

h0 → ↽h2
0/2

[∫ 2ε

0

dϑ

h0 → ↽h2
0/2

]→1 ∫ 2ε

0

f(ϑ)dϑ, B =
1

8⇁

∫ 2ε

0

dϑ·

·




[

13

h0 → ↽h2
0/2

→ 3↽

]
ςv(0)ω

ςε

∣∣∣∣∣
ϑ=0

er + 13L



 1→ ↽h0

(h0 → ↽h2
0/2)

2

dh0

dϑ

ςv(0)ω

ςε

∣∣∣∣∣
ϑ=0



 eω





G*# A3"+%)$*#"#$%$% |y0| ↔ 1 0 *’0).0%").& "."$.8)## (;$. 094.,)%). 4*#

⇁ ⇒ 1), 6*’0)%)#8 (26), (27) # 6*’0)%)#8 *’0).0%").1. "."$.8)#8 4*%.?*’5.09-

0’,#"- 3 :%B.*&#*.0’))./ *’:#’,-)./ 3..*:#)’$% x = ε/h0, # #"4.,-5.0’,."-

4*8&.% ’"#&4$.$#;%"3.% *’5,.=%)#% v(0)ω = |y0| v(0)ω,1(x,ϑ) + |y0|2v(0)ω,2(x,ϑ) + ...,

v(0)r = |y0| v(0)r,1 (x,ϑ)+|y0|2v(0)r,2 (x,ϑ)+..., !0(ϑ) = |y0|!(0)
1 (ϑ)+|y0|2!(0)

2 (ϑ)+..., ω0 =

|y0|2ω(0)
2 + ..., vω = vω,0(x,ϑ)+ |y0| vω,1(x,ϑ)+ ..., vr = vr,0(x,ϑ)+ |y0| vr,1(x,ϑ)+ ...,
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!(ϑ) = !(1)
0 (ϑ) + |y0|!(1)

1 (ϑ) + .... ! *%56,-$’$% 4.,6;%).

N (y)
1,j (▷) = (F (+)(▷)→ F (→)(▷))/(2i), N (y)

2,j (▷) = (F (+)(▷) + F (→)(▷))/2, j = 1, 2

F (±)(▷) = →φ(↼2
j
± i↼1

j
)(▷± i){(1 + ↽ → ↽S±1)w±1⇁

→1[↽/2→ ↽S±1+

→⇁(▷± i)

w±1
+

2⇁(▷± i)s±1

w2
±1 sh s±1

(
ch s±1 → ch

↽

2

)]→1 [
1→ ↽

w±1
(↽ → ⇁(▷± i)S±1)→

→↽eφ/2s±1

sh s±1

]
+
↽2eφ/2s±1

⇁ sh s±1


, S±1 =

1

w±1

[
s±1

sh s±1
(ch s±1 → eφ/2) +

↽

2

]

w±1 = ↽2 + ⇁(▷± i), s±1 = (w±1 + ↽2/4)1/2,G(y)(▷) = O(|y0|), N
(ϱ)(▷) = O(|y0|)

G(ϱ)(▷) = 2φ


⇁▷+ ↽2

4 cth


⇁▷+ ↽2


4 + 3φ↽

!"#. 2. 0$#’-’(1& 2-.-23$41

4. .6HD;<E?EB I:76;9@:5?89J )’ .").0% 6$.;)%))./ &’$%&’$#;%"3./

&.:%,# ’)’,.1#;)9 [4], ). 4*#0.:8$ 3 )%"3.,-3. ?.,-2%/ 4*.$8=%))."$# .?,’-

"$%/ 6"$./;#0."$#. L’ *#". 2 4*#0%:%)9 ;’"$.$)9% 1.:.1*’B9 (’*’3$%*#"$#;%-

"3.1. 30’5#&).1.;,%)’ (3) 0 &’"2$’?% u+iv = ln(1 + |D(iω)|)D(iω)/ |D(iω)| :,8
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4.:0%"’ c J,%13#&K 0)6$*%))#& $%,.& " ?%5*’5&%*)9&# 4’*’&%$*’&# ↽ = 0.143,
ϱ2/ϱ = 0.594, J = 0.5, χ = →53.78 [4]. G*# ⇁ = 50 (*#". 2a) .$)."#$%,-)9/

A3"+%)$*#"#$%$ 0 *’0).0%").& "."$.8)## |y0| = 0.011, 4.:0%" )’(.:#$"8 4*’3-

$#;%"3# 0 +%)$*’,-).& 4.,.=%)## # ’"#&4$.$#;%"3# 6"$./;#0. N)’,.1#;).,

4.:0%" 6"$./;#0 4*# ⇁ = 8, |y0| = 0.396 (*#". 2b) # 4*# ⇁ = 6, |y0| = 0.771
(*#". 2c). I)’;%)#8 ⇁ = 5, 83 ()’/:%). ?#)’*)9& :%,%)#%&), |y0| = 0.794 ".-

.$0%$"$067$ 1*’)#+% .?,’"$# 6"$./;#0."$# (*#". 2d). G*# ⇁ = 5, |y0| = 0.876
4.:0%" )%6"$./;#0 (*#". 2e). @"4.,-5.0’)#% 6$.;)%))./ &’$%&’$#;%"3./ &.:%,#

4*#0.:#$ 3 )%"3.,-3. ?.,-2%&6 5)’;%)#7 A3"+%)$*#"#$%$’ )’ 1*’)#+% .?,’"$#

6"$./;#0."$# |y0| = 0.794 4. "*’0)%)#7 " ’)’,.1#;)9& 5)’;%)#%& |y0| = 0.763
".1,’"). #"(.:)./ &’$%&’$#;%"3./ &.:%,# [4].

!"#. 3. 53$4"6" ,&3&*-.(1* ,3-7&##-/

L’ *#". 3 :,8 4.:0%"’ " J,%13#&K 0)6$*%))#& $%,.& # ?%5*’5&%*)9&# 4’-

*’&%$*’&# ↽ = 0.25, ϱ2/ϱ = 0.594, J = 0.5, ⇀ = 4.688, ⇁ = 3.97 4*%:"$’0,%)9

5’0#"#&."$# .$ 0*%&%)# "&%>%)#/ +%)$*’ &’"" 0)6$*%))%1. $%,’ 4*# %1. 4%-

*%(.:% #5 .:).1. *’0).0%").1. "."$.8)#8 0 :*61.% 4*# "3’;3..?*’5).& 60%,#-

;%)## :%/"$067>%/ )’ 4.:0%" 4%*%1*653# a(t) = (0, a · 1(t))T . I:%"- a = 0.372,
1(t)– B6)3+#8 %:#)#;).1. "3’;3’ S%0#"’/:’. O*’B#3# 4%*%(.:)9( 4*.+%"".0

:,8 &’$%&’$#;%"3./ &.:%,# #5 [4] 4.3’5’)9 46)3$#*)./ ,#)#%/, ’ :,8 6$.;-

)%))./ &.:%,# – "4,.2)./. H$.;)%))’8 &’$%&’$#;%"3’8 &.:%,- (’*’3$%*#56-

%$"8 )%"3.,-3. ?.,-2%/ 4*.$8=%))."$# .?,’"$%/ 6"$./;#0."$# 4. "*’0)%)#7 "

#"(.:)./ &.:%,-7 [4]. ! *%56,-$’$% 4*# 6&%*%))9( 5)’;%)#8( 3.,%?’$%,-).1.

;#",’ <%/).,-:"’ ⇁ 4*#&%)%)#% 6$.;)%))./ &’$%&’$#;%"3./ &.:%,# 4*#0.:#$

3 ?.,%% ?9"$*.&6 5’$6(’)#7 4%*%(.:)9( 4*.+%"".0 0 4.:0%"%.
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!"#"$%&’($)%"
*+,-. -/0121/. 8. 9. :(.3&;%&(6- ,-#’$(-/6$ <$.$%", $#"+,’-’"%&#6-& "(’&23"3--
/$("& 63$&/1* <$.$%, ($,"#$("& ’&6#’$ 3=6-,"#", >. ?. 931@-/$ -A<-3 @"’&3$’=31
,- ’&+& #’$’B", ,3-/&.&("& /1%"#@"’&@B(1* C6#,&3"+&(’-/, 3&.$6’"3-/$("& ’&6#’$
3=6-,"#".
3145,6+0 64072781/. :/’-31 .&6@$3"3=D’ -’#=’#’/"& )/(1* " ,-’&(7"$@B(1*
6-(4@"6’-/ "(’&3&#-/, #/)<$((1* # ,=A@"6$7"&; ($#’-)E&; #’$’B".
&801946+ 564-48621/-46:. :/’-31 <$)/@)D’ -A -’#=’#’/"" /(&F(&2- 4"($(#"-
3-/$(") ,3" ,3-/&.&("" "##@&.-/$(").

ADDITIONAL INFORMATION
Authors’ contribution. D. K. Andreichenko problem statement, asymptotic integration
of boundary value problems, writing the text of the manuscript, E. Yu. Krylova reviewing
the literature on the topic of the article, conducting computational experiments, editing
the text of the manuscript.
Competing interests. The authors declare that they have no competing interests.
Funding. This study was not supported by any external sources of funding.

$&’(;<’=;<
[1] E?0-%$.-+ J.N. B3-’%)"2-9, 4-3#$.#56 - -%’32-"01%"9 %"&-4"2-9. H#$.&" : !"(.",

1986. 672 $.
[2] J%/3’+*’%.# L.=. K-%",-." 5#50"&.#&6A 4-3#$.#5#& - ".$’0’3#,’)3#&. H#$.&" : H"?--

%#$)3#’%-’, 1987. 128 $.
[3] J%/3’+*’%.# L.=. O$)#+*-&#$)1 2-0-%/3-*’$.#4# 4-/3#/-%",-*’$.#4# 5#/&’$" // E7&.

PJ!. H’A"%-." )&’3/#4# )’0". 1975. I 6. G. 32–39.
[4] J%/3’+*’%.# K.L., J%/3’+*’%.# L.=. L )’#3-- ($)#+*-&#$)- 2-0-%/3-*’$.#4# 4-/3#/--

%",-*’$.#4# 5#/&’$" // E7&. PJ!. H’A"%-." :-/.#$)- - 4"7". 2009. I 1. G. 13–26.
[5] !’+,"3. N.E. K-%",-*’$.-’ 53#2’$$6 - (53"&09’,6’ $-$)’,6. H#$.&" : !"(.", 1978.

336 $.
[6] J%/3’+*’%.# K.L., J%/3’+*’%.# L.=. L )’#3-- .#,>-%-3#&"%%6A /-%",-*’$.-A $--

$)’, // E7&. PJ!. Q’#3-9 - $-$)’,6 (53"&0’%-9. 2000. I 3. G. 54–69.
[7] R0’)*’3 L. D-$0’%%6’ ,’)#/6 %" #$%#&’ ,’)#/" S"0’3.-%". H#$.&" : H-3, 1988. 352 $.
[8] T"+3’3 U., C"%%’3 S. P’?’%-’ #>6.%#&’%%6A /-88’3’%2-"01%6A (3"&%’%-+. V’$).-’ -

/-88’3’%2-"01%#-"04’>3"-*’$.-’ 7"/"*-. H#$.&" : H-3, 1999. 685 $.
[9] G’/#& W.E. H’A"%-." $50#?%#+ $3’/6 C 2 ). Q. 1. H#$.&" : !"(.", 1976. 536 $.

REFERENCES
[1] Ishlinskii A.Yu. Orientation, gyroscopes and inertial navigation. Moscow : Nauka, 1986. 672 p.

(in Russian).
[2] Andreichenko K.P. Dynamics of float gyroscopes and accelerometers. Moscow :

Mashinostroenie, 1987. 128 p. (in Russian).
[3] Andreichenko K.P. Stability of a cylindrical hydrodynamic suspension // Mechanics of Solids

(Izvestiya AN SSSR. Mekhanika Tverdogo Tela). 1975. Vol. 10, no. 6. P. 24–30.
[4] Andreichenko D.K., Andreichenko K.P. On the theory of stability of a cylindrical hydrodynamic

suspension // Fluid Dynamics. 2009. Vol. 44, no. 1. P. 10–21.
[5] Neimark Yu. I. Dynamic processes and controlled systems. Moscow : Nauka, 1978. 336 p. (in

Russian).
[6] Andreichenko D.K., Andreichenko K.P. On the theory of hybrid dynamical systems // Journal

of Computer and Systems Sciences International. 2000. Vol. 39, no. 3. P. 383–398.



88 ?. @.A<?IDJ(D<@K, D.E. @ILMK!A

[7] Fletcher K. Numerical methods based on the Galerkin method. Mir : Moscow, 1988. 352 p. (in
Russian).

[8] Hairer E., Wanner G. Solving Ordinary DiXerential Equations. StiX and DiXerential-Algebraic
Problems. Moscow : Mir, 1999. 685 p. (in Russian).

[9] Sedov L.I. Continuum mechanics. In 2 vols . Vol . 1. Moscow : Nauka, 1976. 536 p. (in Russian).


