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COMPOSITE ON THE STRESS STATE OF A THIN ADHESIVE

LAYER
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Abstract. The paper considers elastic-plastic deformation of a composite in a state of plane
deformation under the action of a load that ensures normal rupture of the adhesive layer. The
sample consists of two identical plates connected by a thin adhesive. From the general variational
formulation, taking into account the MindlinBReissner plate theory and the TrescaBSaint-Venant
criterion, under the condition of complete plasticity (equality of the two main stresses acting
orthogonally to the separation), a diMerential formulation is obtained. The moderately plastic
Araldite 2015 is used as the adhesive material, and steel is used for the mating bodies. It is
believed that one area of irreversible deformations is formed, which is localized at the end of the
adhesive layer, and the mating bodies and the rest of the adhesive are deformed according to the
linear theory of elasticity. A general analytical solution to the problem in the plastic area is given in
the form of functions of the displacement field of the upper boundary of the adhesive. The influence
of such geometric characteristics of the composite as the length of the section where there is no
interface of bodies with the layer, the length of the adhesive layer, the height of the mating bodies
and the height of the layer on the stress state of the adhesive layer has been studied. It is shown
that, in addition to the length of the adhesive, these values have an eMect on the size of the plastic
section and the distribution of average stresses in the adhesive layer.
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!5676896. !"# $%&’("#)(*+,-.*/0 #&&-(123,*#40 +"(5#*2&+26%2&+# ,1-

7(8#2**/0 &-2(3 3 %,9(&+3( 2:",8;, 2:/9*2 #&’2-.8<=+ 13<0%2*&2-.*<= :,-%<.

> +"(5#*2’212:*/6 1(?(%+ 3 ,17(8#3( )21(-#"<=+ *( +2-.%2 3 3#1( ),+(),-

+#9(&%272 ",8"(8, & @(&+%#) &;(’-(*#() &2’"47,()/0 +(-, *2 # 3 3#1( &-24 &

0,",%+("*26 +2-5#*26 [1–5].

A 1,**26 ",:2+( ",&&),+"#3,(+&4 2:",8(;, $%&’("#)(*+,-.*2 #8<9(**/6 3

&+,+.( [6] & ",8-#9*/)# ),+("#,-,)# ,17(8#2**272 &-24. B <9(+2) +272, 9+2 <

%2)’28#+, +2*%#6 ,17(8#2**/6 &-26, 3 ",:2+( [7] ’2-<9(*2 <’"<72( ,*,-#+#-

9(&%2( "(C(*#( 8,1,9#. > 3 &+,+.( [8] :/-# *,61(*/ ’"(1(-/ <’"<72&+# 1-4

2:",8;, & ",8-#9*/)# ),+("#,-,)# &-24. !2-<9(*2, 9+2 1-4 ,17(8#3, Araldite

AV138 )2@*2 27",*#9#+.&4 <’"<726 ’2&+,*23%26 8,1,9#, , 1-4 Araldite 2015

# Sikaforce 7752 *(2:021#)2 ’("(6+# % <’"<72’-,&+#9(&%26 ’2&+,*23%(. A &+,-

+.( [9] )(+212) %2*(9*/0 $-()(*+23 :/-2 2’"(1(-(*2, 9+2 3 &-<9,( ’-2&%26 1(-

?2"),;## 328)2@*2 2:",823,*#( *(&%2-.%#0 82* <’"<72’-,&+#9(&%272 1(?2"-

)#"23,*#4 & ",8*/)# 8*,%,)# 7#1"2&+,+#9(&%272 1,3-(*#4, *2 2&*23*26 3%-,1

3 8*,9(*#( ’"29*2&+*/0 0,",%+("#&+#% 3*2&#+ *,’"4@(**2-1(?2")#"23,**2(

&2&+24*#( 82*/ ’-,&+#9*2&+# *, +2";( ,17(8#2**272 &-24. B <9(+2) 3&(0 ’2-<-

9(**/0 ",*(( "(8<-.+,+23, *,61() ,*,-#+#9(&%2( <’"<72’-,&+#9(&%2( "(C(*#(

8,1,9# # #&&-(1<() 3-#4*#( 7(2)(+"#9(&%#0 0,",%+("#&+#% 2:",8;, *, *,’"4-

@(**2( &2&+24*#( ,17(8#2**272 &-24 & ),+("#,-2) Araldite 2015.

1. 1:;<=8:5>= ?=7=@9. A 1,**26 &+,+.( #&&-(1<(+&4 *,7"<@(*#( *2"-

),-.*/) 2+"/32) %2)’28#+*272 2:",8;, ’"(1&+,3-(**272 *, "#&. 1. B9#+,-

(+&4, 9+2 %2*&2-# 1 # 2 1(?2")#"<=+&4 <’"<72, , ),+("#,- &-24 3 43-4(+&4

<’"<72’-,&+#9(&%#) :(8 <’"29*(*#4. D2)’28#+ *,021#+&4 3 &2&+24*## ’-2&%26

1(?2"),;##.

!"#. 1. $%&"#’() *&+,&-"’
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!"#)(*#) %2*;(’;#= ”&-24 38,#)21(6&+3#4” [5] 1-4 2’#&,*#4 38,#)21(6-

&+3#4 ,17(8#2**272 &-24 3 & %2*&2-4)# 1 # 2. B27-,&*2 1,**26 %2*;(’;## *,

7",*#;,0 )(@1< &-2() # ’-,&+#*,)# @(&+%2( &;(’-(*#(, # ’2&+<-#"<(+&4 ",-

3(*&+32 ’2 )21<-= # ’"2+#32’2-2@*2&+. ’2 *,’",3-(*#= 1-4 3(%+2"23 *,’"4-

@(*#6 ’2 7",*#;( &-24 3.

A &#-< &#))(+"## ",&&),+"#3,()272 2:",8;, 2+*2&#+(-.*2 2&# Ox1 ("#&. 1)

8,’#C() <",3*(*#( ",3*23(&#4 %2*&2-# 1 3 3,"#,;#2**26 ?2")(:

∫

S1

ω · ·ωεds+
∫

ω

ε̄22ωu
+
2 dx1 + 0.5ω0

∫

ω

ε̄11
ϑωu+

1

ϑx1
dx1 =

∫

L1

P · ωudl, (1)

71( S1 E ’-25,1. ’2’("(9*272 &(9(*#4 +(-, 1 3 ’-2&%2&+# Ox1x2; L1 E 7",-

*#;, ’"#-2@(*#4 3*(C*(6 *,7"<8%# 1-4 +(-, 1; u+
1 , u+

2 E 72"#82*+,-.*2( #

3("+#%,-.*2( ’("()(5(*#4 3("0*(6 7",*#;/ &-24; ω, εE +(*82"/ *,’"4@(-

*#6 # 1(?2"),;#6; ω̄, ε̄E +(*82"/ &"(1*#0 *,’"4@(*#6 # 1(?2"),;#6 ,1-

7(8#2**272 &-24 & %2)’2*(*+,)#: ε̄(x1)12 = ε̄(x1)21 = 1
ε0

0.5ε0∫

→0.5ε0

ε(x1, x2)21dx2,

ε̄(x1)11 =
1
ε0

0.5ε0∫

→0.5ε0

ε(x1, x2)11dx2, ε̄(x1)22 =
1
ε0

0.5ε0∫

→0.5ε0

ε(x1, x2)22dx2,

ϖ̄11 (x1) =
du+

1 (x1)

dx1
, ϖ̄22 (x1) =

2u+
2 (x1)

ω0
, ϖ̄12 (x1)= ϖ̄21 (x1) = 0. (2)

A &-<9,( <’"<7272 1(?2")#"23,*#4 #&’2-.8<=+&4 2’"(1(-4=5#( &22+*2C(-

*#4 3 ?2")( 8,%2*, F<%,:

εij =
E

1 + ϱ

(
ϖij +

ϱ

1→ 2ϱ
ϖωij

)
, ε̄ij =

E3

1 + ϱ3

(
ϖ̄ij +

ϱ3
1→ 2ϱ3

ϖ̄ωij

)
, (3)

71( E, ϱ E )21<-. <’"<72&+# # %2$??#;#(*+ !<,&&2*, +(-, 1; E3, ϱ3 E )21<-.

<’"<72&+# # %2$??#;#(*+ !<,&&2*, &-24 38,#)21(6&+3#4; ϖ = ϖ11 + ϖ22 + ϖ33,
ϖ̄ = ϖ̄11+ ϖ̄22+ ϖ̄33 E 2:G()*/( 1(?2"),;##; ωij E &#)32- D"2*(%(",; i, j = 1, 2, 3.

A 2:-,&+# *(2:",+#)272 1(?2")#"23,*#4 ,17(8#2**272 &-24 ’"(1’2-,7,(+&4

3/’2-*(*#( %"#+("#4 H"(&%,EB(*-A(*,*, [10] ’"# <&-23## ’2-*26 ’-,&+#9*2-

&+#. I-4 *,7"<@(*#4 *2"),-.*/) 2+"/32) ’21 *#) ’21",8<)(3,(+&4 ",3(*&+32

13<0 7-,3*/0 *,’"4@(*#6 ε̄11 = ε̄33. B-(123,+(-.*2, <&-23#( +(%<9(&+# 8,’#-

C() 3 3#1(:

ε̄22 → ε̄11 = 2ς0, (4)

71( ς0 E ’"(1(- +(%<9(&+#.

I(?2"),;#= 2:",8;, ",&&),+"#3,() 3 ",)%,0 +(2"## J#*1-#*,EK(6&&*(",

[11, 12] & ",&’"(1(-(*#() ’2-4 ’("()(5(*#6 3 3#1(:

u1 (x1, x2) = u+
1 (x1)→ φ (x1) (x2 → ω0/2) ,

u2 (x1, x2) = u+
2 (x1) .

(5)
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H,%#) 2:",82), 2+ (1) ’"#021#) % 13<) &#&+(),) 1#??("(*;#,-.*/0 <",3-

*(*#6 1-4 +(-, 1:





dM11

dx1
→Q12 = 0;

dQ11

dx1
= 0;

dQ12

dx1
= 0; x1 ↑ [→a; 0) ,

dM11

dx1
→Q12 = 0;

dQ11

dx1
+ 0.5ω0

dε̄11

dx1
= 0;

dQ12

dx1
= ε̄22; x1 ↑ (0; ↼] ,

(6)

71( Q11 = Dh
(

du
+
1

dx1
→ h

2
dϑ

dx1

)
, Q12 = Lh

(
du

+
2

dx1
→ φ

)
, M11 = Dh2

(
1
2
du

+
1

dx1
→ h

3
dϑ

dx1

)
E

2:2:5(**/( &#-/ # 2:2:5(**/6 )2)(*+; L = k E

2(1+ϖ) ; k = 5
6 ; D = E

(1→ϖ2) .

L8 (2) # (3) ’2-<9#) *,’"4@(**2( &2&+24*#( 3 &-2( 38,#)21(6&+3#4 *, <9,&+-

%( & 2:",+#)/) 1(?2")#"23,*#():

ε̄11 = D1
du+

1

dx1
+D2u

+
2 , ε̄22 = C1u

+
2 + C2

du+
1

dx1
, (7)

71( D1 =
E3(1→ϖ3)

(1+ϖ3)(1→2ϖ3)
; D2 =

2E3ϖ3
(1+ϖ3)(1→2ϖ3)ε0

; C1 =
2D1
ε0

; C2 =
ε0D2
2 .

> *, <9,&+%( & ’-,&+#9(&%#) 1(?2")#"23,*#() ’"(1’2-,7,() -#*(6*<=

&348. )(@1< 2:G()*26 1(?2"),;#(6 &-24 # 7#1"2&+,+#9(&%#) 1,3-(*#(). !2-

$+2)< ",&’"(1(-(*#() *,’"4@(*#6 3 ,17(8#2**2) &-2( & <9(+2) (2) # (4) 2’"(-

1(-4(+&4 &-(1<=5#) 2:",82):

ε̄11 = K
du+

1

dx1
+

2K

ω0
u+
2 → 2

3
ς0, ε̄22 = K

du+
1

dx1
+

2K

ω0
u+
2 +

4

3
ς0, (8)

71( K E )21<-. 2:G()*26 1(?2"),;##; K = E3
3(1→2ϖ3)

.

B#&+(), (6) #)((+ 7",*#9*/( <&-23#4:

u+
1

∣∣
x1=ω

= 0, u+
2

∣∣
x1=ω

= 0, φ|
x1=ω

= 0, (9)

Q11|x1=→a
= 0, Q12|x1=→a

= →Q, M11|x1=→a
= 0, (10)

# <&-23#4 &2’"4@(*#4:

u+
1

∣∣
x1=→0

= u+
1

∣∣
x1=+0

, u+
2

∣∣
x1=→0

= u+
2

∣∣
x1=+0

, φ|
x1=→0 = φ|

x1=+0 ,

Q11|x1=→0 = (Q11 + 0.5ω0ε̄11)|x1=+0 ,

Q12|x1=→0 = Q12|x1=+0 , M11|x1=→0 = M11|x1=+0 ,

(11)

u+
1

∣∣
x1=ωp→0

= u+
1

∣∣
x1=ωp+0

, u+
2

∣∣
x1=ωp→0

= u+
2

∣∣
x1=ωp+0

, φ|
x1=ωp→0 = φ|

x1=ωp+0 ,

(Q11 + 0.5ω0ε̄11)|x1=ωp→0 = (Q11 + 0.5ω0ε̄11)|x1=ωp+0 ,

Q12|x1=ωp→0 = Q12|x1=ωp+0 , M11|x1=ωp→0 = M11|x1=ωp+0 .

(12)

A &#-< ’2-<9#3C#0&4 1#??("(*;#,-.*/0 <",3*(*#6 *, <9,&+%( x1 ↑ [→a; 0)
# <&-23#6 &2’"4@(*#4 (11) )2@*2 27",*#9#+.&4 "(C(*#() &#&+()/ *, <9,&+%(

(0; ↼], ’("(*(&4 7",*#9*/( <&-23#4 (10) 3 +29%< x1 = 0:

(Q11 + 0.5ω0ε̄11)|x1=+0 = 0, Q12|x1=+0 = →Q, M11|x1=+0 = →Qa. (13)
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A "(8<-.+,+( "(C(*#( ’2&+,3-(**26 8,1,9# 2’"(1(-4(+&4 ?<*%;#4)#, 2+3(-

9,=5#)# 8, ",&’"(1(-(*#( ’2-4 ’("()(5(*#6 (5), u+
1 , u+

2 , φ.

2. +6A6896 ?=7=@9. K,&&),+"#3,(+&4 %2)’28#+ [6] &2 &-(1<=5#)# 0,-

",%+("#&+#%,)# ),+("#,-, +(-, 1: E = 2.04 · 1011 !,, ϱ = 0.33. I-4 ,17(8#3,

:("(+&4 Araldite 2015, < %2+2"272 E3 = 1.85 · 109 !,, ϱ3 = 0.33, ς0 = 14.6 J!,,

Pcr = 1500 M, Pcr E $%&’("#)(*+,-.*2( 8*,9(*#( 3*(C*(6 *,7"<8%# ’"# #*#;#-

,-#8,;## +"(5#*/ 3 ,17(8#3( 3/&2+26 ω0 = 10→3
). F(2)(+"#9(&%#( 0,",%+("#-

&+#%# 2:",8;,: h = 0.0127 ), ω0 = 10→3
), a = 0.055 ), ↼ = 0.2 ), b = 0.025 ),

71( bE C#"#*, %2)’28#+, 3 *,’",3-(*## *2"),-# % ",&&),+"#3,()2)< &(9(*#=

("#&. 1). K,&’"(1(-(**,4 *,7"<8%, 2’"(1(-4(+&4 &-(1<=5#) 2:",82): Q = Pcr
b

.

I-4 1,**272 2:",8;, 3#1 2:5(72 ,*,-#+#9(&%272 "(C(*#4 &#&+()/ (6) *,

<9,&+%( (↼p; ↼] *,61(*2 3 ",:2+( [13]. > 2:5(( "(C(*#( *, <9,&+%( (0; ↼p] #)((+

&-(1<=5#6 3#1:

u+
1 = C̃2e

R1x1

[→R9 cos (R2x1)+

+R10 sin (R2x1)

]
+ C̃3e

R1x1

[
R10 cos (R2x1)+

+R9 sin (R2x1)

]
→

→C̃4e
→R1x1

[
R9 cos (R2x1)+

+R10 sin (R2x1)

]
+ C̃5e

→R1x1

[→R10 cos (R2x1)+

+R9 sin (R2x1)

]
+

+
1

Dh
C̃1x1 +

2ς0ω0
3Dh

x1 + C̃6,

(14)

u+
2 = C̃2e

R1x1

[
R1 cos (R2x1)→
→R2 sin (R2x1)

]
→ C̃3e

R1x1

[
R2 cos (R2x1)+

+R1 sin (R2x1)

]
→

→C̃4e
→R1x1

[
R1 cos (R2x1)+

+R2 sin (R2x1)

]
+ C̃5e

→R1x1

[→R2 cos (R2x1)+

+R1 sin (R2x1)

]
→

→ ω0
2Dh

C̃1 →
2ς0ω0S

3Dh
,

(15)

φ = C̃2e
R1x1

[
R3 cos (R2x1)+

→R4 sin (R2x1)

]
→ C̃3e

R1x1

[
R4 cos (R2x1)+

+R3 sin (R2x1)

]
+

+C̃4e
→R1x1

[
R3 cos (R2x1)+

+R4 sin (R2x1)

]
+ C̃5e

→R1x1

[
R4 cos (R2x1)+

→R3 sin (R2x1)

]
,

(16)

71( ! = 4D2h4 (1→ ω0T ); T = 12L(2LS+Dh)
D2h2 ; S = Dh

K
+ ε0

2 ; R1 =

√↓
ϱ2+ς2+ϱ

2 ;

R2 =

√↓
ϱ2+ς2→ϱ

2 ; ↽ = Dh→6Lε0
Lhε0(Dh

K +2ε0)
; ⇀ = D

↑
ε0T→1

Lε0(Dh
K +2ε0)

; R3 =
2LS
V

(
R2

1 →R2
2 → 2D

LSε0

)
;

R4 =
4LSR1R2

V
; V = 2LS+Dh; R5 =

Dh
2(R2R4→R1R3)

2SK +R1
S

; R6 = →Dh
2(R1R4+R2R3)

2SK +R2
S

;

R7 =
R1

R
2
1+R

2
2
; R8 =

R2

R
2
1+R

2
2
; R9 = R5R7 +R6R8; R10 = R6R7 →R5R8.

3. 08=B9? C6A689D. !2&+"2#) ",&’"(1(-(*#( *,’"4@(*#6 (7)-(8) ,17(-

8#2**272 &-24 ’"# ",8-#9*/0 8*,9(*#40 1-#*/ <9,&+%, :(8 &2’"4@(*#4 +(- &2
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&-2() a. I-4 ,17(8#3, Araldite 2015 *, "#&. 2 %"#3,4 1 ’2&+"2(*, ’"# a = 0.055
), %"#3,4 2 E ’"# a = 0.1 ). !<*%+#"*26 -#*#(6 3/1(-(*, 2:-,&+. & ’-,&+#9(-

&%#) 1(?2")#"23,*#() &-24.

!"#. 2. ./,01234"1 ω̄11 (#%35/) " ω̄22 (#,0/5/) ,0" 0/-4&+ -4/634"" a

L8 "#&. 2 3#1#), 9+2 1,**,4 0,",%+("#&+#%, 3-#4(+ *, ’2-<9(**2( "(C(*#(.

!"# a = 0.055 ) 1-#*, ’-,&+#9(&%272 <9,&+%, ",3*, ↼p = 0.00294321 ), , ’"#

a = 0.1 ) E ↼p = 0.005217 ).

L&&-(1<() 3-#4*#( 1-#*/ ,17(8#2**272 &-24 ↼ *, "(C(*#( 8,1,9#. M, "#&. 3

’2&+"2(*2 *,’"4@(**2( &2&+24*#( &-24 (7)-(8) ’"# ↼ = 0.2 ) # ↼ = 1 ).

!"#. 3. ./,01234"1 ω̄11 (#%35/) " ω̄22 (#,0/5/) ,0" 0/-4&) 7%"43 ε
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A#1#), 9+2 *, "#&. 3 7",?#%# &23’,1,=+, &-(123,+(-.*2, 1-#*, &-24 *( 3-#-

4(+ *, "(C(*#( 8,1,9#.

K,&&)2+"#) *,’"4@(**2( &2&+24*#( (7)-(8) ’"# ",8-#9*/0 8*,9(*#40 3/&2+/

+(-, 1 h # &-24 38,#)21(6&+3#4 ω0. M, "#&. 4 %"#3,4 1 ’2&+"2(*, ’"# ω0 = 10→3

), h = 0.0127 ), %"#3,4 2 E ω0 = 5 · 10→4
), h = 0.0127 ), %"#3,4 3 E ω0 = 10→3

), h = 0.017 ).

!"#. 4. ./,01234"1 ω̄11 (#%35/) " ω̄22 (#,0/5/) ,0" 0/-4(8 h " ϑ0

!2-<9(*/ &-(1<=5#( 8*,9(*#4 1-#*/ <9,&+%, & *(2:",+#)/) 1(?2")#"2-

3,*#(): 3 &-<9,( 1 E ↼p = 0.00294321 ), 2 E ↼p = 0.00380874 ), 3 E ↼p = 0.000979
). L8 "#&. 4 3#1#), 9+2 3/&2+, +(-, 1 h # &-24 ω0 3-#4=+ *, ",&’"(1(-(*#(

*,’"4@(*#6 3 ,17(8#2**2) &-2(.

2=>BE@6896. K,&&)2+"(*, )21(-. <’"<72’-,&+#9(&%272 1(?2")#"23,*#4

+2*%272 ,17(8#2**272 &-24. L8<9(*2 3-#4*#( 7(2)(+"#9(&%#0 &326&+3 %2)’28#-

+, *, ",&’"(1(-(*#( *,’"4@(*#6 3 &-2(. !2%,8,*2, 9+2 %"2)( 1-#*/ &-24 $+#

0,",%+("#&+#%# 3281(6&+3<=+ *, 3(-#9#*< ’-,&+#9(&%272 <9,&+%, # *,’"4@(*-

*2( &2&+24*#( ,17(8#2**272 &-24. N3(-#9(*#( 8*,9(*#4 a #-# <)(*.C(*#( h, ω0
’"#321#+ % "2&+< ’-,&+#9(&%272 <9,&+%,.

!"#"$%&’($)%"
*+,-. -/0121/. 9. :. ;&</635/ 4/,"#/4"3 ’3*#’/ 0=*&,"#", #&<%/#&5/4"3 >"4/%?4&)
530#"" 0=*&,"#", @. $. A30&5/ 037/*’"0&5/4"3 ’3*#’/ 0=*&,"#".
3145,6+0 64072781/. B5’&0( 73*%/0"0=C’ &’#=’#’5"3 154(8 " ,&’34D"/%?4(8
*&4>%"*’&5 "4’303#&5, #51-/44(8 # ,=E%"*/D"3) 4/#’&1F3) #’/’?".
&801946+ 564-48621/-46:. !/E&’/ 5(,&%434/ ,0" ,&77302*3 <&#-/7/4"1 G"4&-
E04/=*" !H (I">0 FEWG-2023-0002).
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