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.:;<;=>;. !"#$%&’( [1] ()*%+’*$ &,$-(%’(. %*%&$/0 123(#(. %&+4*3*"+5**

)3+#+67$. %8$,*9$%:(. )3+&8(,/0 # %8$,*9$%:(. :+/$,$ % ;3$:&,*9$%:*/*

<#1-8+"’0/* *’<1:5*(’’0/* <#*2+&$3=/* %&+4*3*"+5**. >04(, ()&*/+3?’0-

)+,+/$&,(# )(<(4’0- 1%&,(.%&# */$$& %17$%&#$’’($ "’+9$’*$ <3= ,$@$’*= "+-

<+9 *’$,5*+3?’(. ’+#*2+5** [2]. > ,+4(&$ [3] )(:+"+’+ ’$(4-(<*/(%&? 19$&+ #3*-

=’*= %*3 *’$,5** # )(<<$,A*#+67$/ %3($ #=":(. ’$%A*/+$/(. A*<:(%&*. >0-

4(, )+,+/$&,(# /(<$3* 2*,(%:()*9$%:(2( %&+4*3*"+&(,+ %( %8$,*9$%:(. )3+#+-

67$. )3+&8(,/(. /(A$& 40&? #0)(3’$’ +’+3(2*9’( ,+4(&$ [4], 2<$ #0)(3’$’

<*’+/*9$%:*. +’+3*" /(<$3* 2*,(%:()*9$%:(2( %&+4*3*"+&(,+ %( %8$,*9$%:(.

)3+#+67$. )3+&8(,/(.. B3$<(#+&$3?’(, +:&1+3?’+ "+<+9+ )(%&,($’*= /+&$-

/+&*9$%:(. /(<$3* * #04(,+ )+,+/$&,(# )3+#+67$. 2*,(%&+4*3*"*,(#+’’(.

)3+&8(,/0 c 19$&(/ #3*=’*= %*3 *’$,5** # )(<<$,A*#+67$/ %3($.

1. ?@=ABCDEB>:=FG AH;IF JKFBL@CIM. C1%&? %*%&$/+ :((,<*’+& Oxyz
%#="+’+ (,*%. 1) %( %8$,*9$%:(. )3+&8(,/(. % ,+<*1%(/ %8$,*9$%:(. )(#$,--

’(%&* R. D$’&, )3+#+67*. # #=":(. ’$%A*/+$/(. A*<:(%&* )3+&8(,/0 %(#-

)+<+$& % 5$’&,(/ %8$,*9$%:(. :+/$,0 % ,+<*1%(/ R+ω, ω → R, 2<$ ω $%&? ,+<*-

+3?’0. "+"(, /$A<1 %8$,*9$%:*/* )(#$,-’(%&=/* :+/$,0 * )3+&8(,/0. >’1&-

,* )3+&8(,/0 1%&+’(#3$’0 )()3+#:(#0$ *’&$2,*,167*$ 2*,(%:()0 (C!E) *

&1,4(’+%(%. F1,4(’+%(% ’$),$,0#’( ),(:+9*#+$& )(&(:* #=":(. ’$%A*/+$/(.

A*<:(%&* 9$,$" )(<:369$’’0$ )( <*88$,$’5*+3?’(. %-$/$ ,+4(9*$ :+’+30

2*<,(<*’+/*9$%:*- <#*2+&$3$. %&+4*3*"+5** (EGB). G3*’+ :+A<(2( :+’+3+

ε = ϑR/4, @*,*’+ b = 2ϖbR, 2314*’+ h → b. H%* 91#%&#*&$3?’(%&* C!E %(#)+-

<+6& % (%=/* %*%&$/0 :((,<*’+& Oxyz, + (%* ),$5$%%** C!E )$,)$’<*:13=,’0

;&*/ (%=/.

!"#. 1. $%&#’()*’"+&,- #./0, 12,’3%(04
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C1%&? ),* #,$/$’* t ↭ 0 %*%&$/+ :((,<*’+& Oxyz %(#)+<+$& % ’$:(&(,(.

’$#,+7+67$.%= (&’(%*&$3?’( *’$,5*+3?’(2( ),(%&,+’%&#+ %*%&$/(. :((,<*-

’+& Ox0y0z0, * :(,)1%, %(<$,A+7*. %8$,*9$%:16 :+/$,1, &+:A$ ’$)(<#*A$’

(&’(%*&$3?’( Ox0y0z0. C(#(,(& %*%&$/0 :((,<*’+& Oxyz (&’(%*&$3?’( Ox0y0z0
-+,+:&$,*"1$&%= 123+/* ϱ, ς, φ * (,&(2(’+3?’(. /+&,*5$.

A = A(ϱ, ς, φ) = [Akj], k, j = 1, 2, 3, A11 = cosς cos φ, A12 = ↑ cos ς sin φ
A13 = sin ς, A21 = cosϱ sin φ + sinϱ sin ς cos φ, A22 = cosϱ cos φ↑
↑ sinϱ sin ς sin φ, A23 = ↑ sinϱ cos ς, A31 = sinϱ sin φ ↑ cosϱ sin ς cos φ
A32 = sinϱ cos φ + cosϱ sin ς sin φ, A23 = cosϱ cos ς

(1)

I4%(36&’0$ 123(#0$ %:(,(%&* #’$@’$. * #’1&,$’’$. %8$, ! =
(!x,!y,!z)T = AT (ϱ, ς, φ)(!x0,!y0,!z0)T * ↼ = (↼x,↼y,↼z)T . >’1&,$’’== %8$,+

-+,+:&$,*"1$&%= /(/$’&(/ *’$,5** I, + % $$ )(#$,-’(%&?6 %#="+’0 %8$,*9$%:*$

%*%&$/0 :((,<*’+& (r,ϖj,↽j), j = 1, 2, 3,

r = (x, y, z)T = rer, ϖ = ϖ1,↽ = ↽1, er = (sinϖ cos↽, sinϖ sin↽, cosϖ)T =
= (cosϖ2, sinϖ2 cos↽2, sinϖ2 sin↽2)T = (sinϖ3 sin↽3, cosϖ3, sinϖ3 cos↽3)T

eω = (cosϖ cos↽, cosϖ sin↽,↑ sinϖ)T , eε = (↑ sin↽, cos↽, 0)T

eω2 = (↑ sinϖ2, cosϖ2 cos↽2, cosϖ2 sin↽2)T , eε2 = (0,↑ sin↽2, cos↽2)T

eω3 = (cosϖ3 sin↽3,↑ sinϖ3, cosϖ3 cos↽3)T , eε3 = (cos↽3, 0,↑ sin↽3)T

(2)

C1%&? ⇀, ⇁ – )3(&’(%&? * :*’$/+&*9$%:+= #=":(%&? A*<:(%&* %((&#$&%&#$’’(,

p, v = vrer+vωjeωj+vεjeεj – <+#3$’*$ # A*<:(%&* * %:(,(%&? $$ 9+%&*5. J+ #’1&-

,$’’66 %8$,1 %( %&(,(’0 A*<:(%&* <$.%&#1$& /(/$’& %*3 M = (Mx,My,Mz)T ,

G
(m) = (G(m)

x , G(m)
y , G(m)

z )T – %(4%&#$’’0. :*’$&*9$%:*. /(/$’& ,(&(,(# C!E *

)(/)0, M
(v) = (M (v)

x ,M (v)
y ,M (v)

z )T – #$:&(,, 19*&0#+67*. )$,$’(% /(/$’&+ */-

)13?%+ <#*A17$.%= (&’(%*&$3?’( #-(<’0- * #0-(<’0- )(#$,-’(%&$. ,+4(9*-

:+’+3(# A*<:(%&?6, Ls = (Ls sign(!x ↑ ↼x), Ls sign(!y ↑ ↼y), Ls sign(!z ↑ ↼z))T

– /(/$’& %*3 &,$’*= # ;3$:&,(:(’&+:&+-. F1,4(’+%(%0 )(<<$,A*#+6& #( #-(<-

’0- :+/$,+- "(3(&’*:(#0- )$,$:369+&$3$. )(%&(=’’($ <+#3$’*$ Pm = const.
> ,$"13?&+&$ )$,$)+<+ <+#3$’*. # "(3(&’*:+- % ),=/(12(3?’0/* (:’+/* @*-

,*’0 c * #0%(&0 a %("<+6&%= <+#3$’*= P (j)
1 , P (j)

2 ’+ #-(<+- # ,+4(9*$ :+’+30.

K(3(&’*:(#0$ )$,$:369+&$3* -+,+:&$,*"16&%= :(;88*5*$’&(/ 1%*3$’*= ku *

)(%&(=’’(. #,$/$’*Tu, + %#="+’’0$ % ’*/* :(,,$:&*,167*$ 1%&,(.%&#+ – )(-

%&(=’’0/* #,$/$’* τ1, τ2. C(3(A$’*$ "+%3(’(: "(3(&’*:(#0- )$,$:369+&$3$.

*"/$’=$&%= # "+#*%*/(%&* (& +4%(36&’(. 123(#(. %:(,(%&* ↼ #’1&,$’’$. %8$-

,0, *"/$,=$/(. C!E % :(;88*5*$’&(/ 1%*3$’*= k * )(%&(=’’(. #,$/$’* T . F+:

:+: 1,+#’$’*= <*’+/*:* #=":(. ’$%A*/+$/(. A*<:(%&* [5] <()1%:+6& ,$<1:-

5*6 <+#3$’*=, )(3+2+$/, 9&( <+#3$’*$ # #0-(<’0- %$9$’*=- ,+4(9*- :+’+3(#

P0 = 0.
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2. )@<;KN=M; DCF:=;=>G. C,* ),*#$<$’** : 4$",+"/$,’0/ )$,$-

/$’’0/ # :+9$%&#$ -+,+:&$,’(2( ),(%&,+’%&#$’’(2( ,+"/$,+, (&%9*&0#+$-

/(2( L#<(3?M %3(= A*<:(%&*, #04*,+$/ #$3*9*’1 R, + # :+9$%&#$ -+,+:-

&$,’(2( ),(%&,+’%&#$’’(2( ,+"/$,+, (&%9*&0#+$/(2( L)()$,$:M %3(= A*<-

:(%&*, #04*,+$/ #$3*9*’1 ω. H&’(%*&$3?’+= &(37*’+ %3(= A*<:(%&* ψ =
ω/R → 1. N+,+:&$,’0$ ,+%-(< A*<:(%&* # ,+4(9$/ :+’+3$ * -+,+:&$,’+=

%:(,(%&? A*<:(%&* # %3($ /$A<1 %8$,+/* %1&? Qhar = S0(2Pm/⇀)1/2, Vhar =
Qhar/(Rω) = ac(2Pm/⇀)1/2/(2Rω), &(2<+ -+,+:&$,’($ #,$/= Thar = R/Vhar =
2R2ω(2Pm/⇀)→1/2/(ac). N+,+:&$,’+= #$3*9*’+ 123(#0- %/$7$’*. #’1&,$’’$.

%8$,0 %1&? ▷ = ⇀R4ω/I → 1. K(3(&’*:(#0. )$,$:369+&$3? -+,+:&$,*"1$&%=

4$",+"/$,’0/ :(;88*5*$’&(/ ks = ac/(2Rω). O(3$4+&$3?’($ 9*%3( P$.’(3?<-

%+ */$6& #*< ◁ = ω2/(⇁Thar). P+"/$,’0$ * 4$",+"/$,’0$ )$,$/$’’0$, + &+:A$

<*88$,$’5*+3?’0$ ()$,+&(,0 E+/*3?&(’+ %#="+’0 %3$<167*/* %((&’(@$’*-

=/*:

h = ωh↑, r = Rr↑, r↑ = 1 + ψ0, x = Rx↑, y = Ry↑, z = Rz↑, t = Thart
↑,ϱ = ▷ϱ↑

ς = ▷ς↑,ϱ = ▷ς↑,! = !↑/Thar,↼ = ▷↼↑/Thar,v = Vharv
↑, vr = Vharψv

↑
r
, vωj = Vharv

↑
ωj

vεj = Vharv
↑
εj
, p = ⇀V 2

har
p↑, prr = ⇀V 2

har
p↑
rr
, pωjωj = ⇀V 2

har
p↑
ωjωj

, pεjεj = ⇀V 2
har

p↑
εjεj

prωj = ⇀V 2
har

p↑
rωj

, prεj = ⇀V 2
har

p↑
rεj

, pωjεj = ⇀V 2
har

p↑
ωjεj

,M = R2ω⇀V 2
har

M
↑

M
(v) = R2ω⇀V 2

har
M

(v)↑,G(m) = R2ω⇀V 2
har

G
(m)↑, Ls = R2ω⇀V 2

har
L↑
s
, ↓ = ↓↑/R

↓↑ = (1/1x↑, 1/1y↑, 1/1z↑)T , uj = au↑
j
, w(j)

1 = ▷kw(j)↑
1 , w(j)

2 = ▷kw(j)↑
2 , j = 1, 2, 3

Q$",+"/$,’0$ )(%&(=’’0$ #,$/$’* C!E, :(,,$:&*,167$2( 1%&,(.%&#+ * 4$"-

,+"/$,’0. :(;88*5*$’& 1%*3$’*= %1&? T ↑ = T/Thar, τ ↑1 = τ1/Thar, τ ↑2 = τ2/Thar,

k↑
u
= ▷kku/a. G+3$$ )(3+2+$/, 9&( %*/#(3 ()↑ ’+< 4$",+"/$,’0/* )$,$/$’’0/*

* )+,+/$&,+/* #$"<$ <+3$$ ()17$’. C(%3$ ),*#$<$’*= : 4$",+"/$,’0/ )$,$-

/$’’0/ * )+,+/$&,+/ 1,+#’$’*= <#*A$’*= #’1&,$’’$. %8$,0 ),*’*/+6& #*<

↼x = ϱ̇ cos(▷φ) cos(▷ς) + ς̇ sin(▷φ), ↼y = ↑ϱ̇ sin(▷φ) cos(▷ς) + ς̇ cos(▷φ)

↼z = ϱ̇ sin(▷ς) + φ̇, ! = (!x,!y,!z)
T = AT (▷ϱ, ▷ς, ▷φ)(!x0,!y0,!z0)

T

↼̇ + ▷↼ ↔G
(m) +M

(v) = M+ Ls, ()̇ = d()/dt (3)

Ls = (Ls sign(!x ↑ ▷↼x), Ls sign(!y ↑ ▷↼y), Ls sign(!z ↑ ▷↼z))
T

!/ %((&#$&%&#16& ’+9+3?’0$ 1%3(#*=

ϱ|
t=0 = ς|

t=0 = φ|
t=0 = ↼|

t=0 = 0 (4)

> 4$",+"/$,’0- )$,$/$’’0- r = (x, y, z)T = rer, r = 1 + ψ0, v = ψvrer +
vωjeωj + vεjeεj , j = 1, 2, 3. C,* /(<$3*,(#+’** <*’+/*:* )(<<$,A*#+67$2(

%3(= A*<:(%&* )$,$-(<*/ : 1),(7$’’(/1 1,+#’$’*6 ’$%A*/+$/(%&* * L1:(,(-

9$’’0/M 1,+#’$’*=/ J+#?$-B&(:%+ [6], # :(&(,0- (&4,(@$’0 /+30$ #$3*9*’0
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)(,=<:+ O(ψ) * #0@$

1vr
10

+
1vωj

1ϖj

+
1

sinϖj

1vεj

1↽j

+ vωj ctg ϖj = 0,
1p

10
= 0

1vωj

1t
+ vr

1vωj

10
+ vωj

1vωj

1ϖj

+
vεj

sinϖj

1vωj

1↽j

↑ v2
εj
ctg ϖj = ↑ 1p

1ϖj

+
1

◁

12vωj

120
+

+2▷(↼ · er)vεj ↑ ▷(↼̇ · eεj) (5)

1vεj

1t
+ vr

1vεj

10
+ vωj

1vεj

1ϖj

+
vεj

sinϖj

1vεj

1↽j

+ vωjvεj ctg ϖj = ↑ 1

sinϖj

1p

1↽j

+
1

◁

12vεj

102
↑

↑2▷(↼ · er)vωj + ▷(↼̇ · eωj), j = 1, 2, 3

> :+9$%&#$ ’+9+3?’0- 1%3(#*. <3= 1,+#’$’*. (5) "+<+6&%= #$3*9*’0

vωj

∣∣
t=0

= v(0)
ωj
, vεj

∣∣
t=0

= v(0)
εj
, j = 1, 2, 3

%((&#$&%&#167*$ ,+#’(#$%’(/1 %(%&(=’*6, # :(&(,(/ ()̇ = 1()/1t = 0.
E,+’*9’0$ 1%3(#*= <3= 1,+#’$’*. (5) */$6& #*<

vr|ϑ=1 = 0, vωj

∣∣
ϑ=1

= (!↑ ▷↼) · eεj , vεj

∣∣
ϑ=1

= ↑(!↑ ▷↼) · eωj , j = 1, 2, 3

vr|S1
= 0, vωj

∣∣
S1

= 0, vεj

∣∣
S1

= 0

S1 = {0 = 0, (ϖj,↽j) /↗ S0} ↘ {0 = ↑h, (ϖj,↽j) ↗ S0}

S0 =
[ϑ
2
↑ ϖb,

ϑ

2
+ ϖb

]
↔

([
ϑ

8
+

ϑl

2
,
3ϑ

8
+

ϑl

2

]
↘
[
↑3ϑ

8
↑ ϑl

2
,↑ϑ

8
↑ ϑl

2

])
,

l = 0, 1, j = 1, 2, 3 (6)

vωj

∣∣
S2

= 0, S2 = {ϖj = ϑ/2± ϖb, (0,↽j) ↗ [↑h, 0]↔

↔
([

ϑ

8
+

ϑl

2
,
3ϑ

8
+

ϑl

2

]
↘
[
↑3ϑ

8
↑ ϑl

2
,↑ϑ

8
↑ ϑl

2

])}
, l = 0, 1, j = 1, 2, 3

p|
S3

= 0; S3 =

{
↽j = ±3ϑ

8
,±5ϑ

8
, j = 1, 2, ↽3 = ±ϑ

8
,±7ϑ

8
,

(0,ϖj) ↗ [↑h, 0]↔
[ϑ
2
↑ ϖb,

ϑ

2
+ ϖb

]}
, j = 1, 2, 3

C1%&?

S4 =
{
(ϖj,↽j) ↗

[ϑ
2
↑ ϖb,

ϑ

2
+ ϖb

]
↔
([ϑ

8
↑ ↽b,

ϑ

8

]
↘
[
↑ϑ

8
,↽b ↑

ϑ

8

]
↘

↘
[
7ϑ

8
,
7ϑ

8
+ ↽b

]
↘
[
↑7ϑ

8
↑ ↽b,↑

7ϑ

8

])
, j = 1, 2

}
↘
{
(ϖ3,↽3) ↗

[ϑ
2
↑ ϖb,

ϑ

2
+ ϖb

]
↔

↔
([

3ϑ

8
,
3ϑ

8
+ ↽b

]
↘
[
↑3ϑ

8
↑ ↽b,↑

3ϑ

8

]
↘
[
5ϑ

8
↑ ↽b,

5ϑ

8

]
↘
[
↽b ↑

5ϑ

8
,↑5ϑ

8

])}

><(3? #-(<’0- %$2/$’&(# ,+4(9*- :+’+3(#, :(&(,0/ %((&#$&%&#16& (43+%&*

V1 = {0 ↗ [↑h, 0]}↔ {(ϖj,↽j) ↗ S4}, 1%&+’(#3$’0 &(’:*$ ),(<(3?’0$ )$,$4(,:*,
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9&( ),*#(<*& : #0)(3’$’*6 # (4R$/+- V1 :*’$/+&*9$%:*- 1%3(#*. vωj = 0,
1vεj/1↽j = 0. !" )$,#(2( 1,+#’$’*= (5) * 1%3(#*. vr|ϑ=→h

= vr|ϑ=0 = 0 %3$<1$&

vr = 0. C,* ;&(/ #&(,($ * 9$&#$,&($ 1,+#’$’*= (5) # (4R$/+- V1 "’+9*&$3?’(

1),(7+6&%=

1p

10
= 0,

1vεj

1t
= ↑ 1

sinϖj

1p

1↽j

+
1

◁

12vεj

102
+ ▷(↼̇ · eωj), j = 1, 2, 3 (7)

E,+’*9’0$ 1%3(#*= <3= (7) */$6& #*<

vεj

∣∣
S5

= vεj

∣∣
S5

= 0, S5 = {0 = ↑h, (ϖj,↽j) ↗ S4}, S6 = {0 = 0, (ϖj,↽j) ↗ S4}

p|
S7

= P (j)
1 , S7 = {↽j = ϑ/8↑ ↽b,↑7ϑ/8↑ ↽b, j = 1, 2,

↽3 = 5ϑ/8↑ ↽b,↑3ϑ/8↑ ↽b, (0,ϖj) ↗ [↑h, 0]↔ [ϑ/2↑ ϖb, ϑ/2 + ϖb]} (8)

p|
S8

= P (j)
2 , S8 = {↽j = 7ϑ/8 + ↽b,↑ϑ/8 + ↽b, j = 1, 2,

↽3 = 3ϑ/8 + ↽b,↑5ϑ/8 + ↽b, (0,ϖj) ↗ [↑h, 0]↔ [ϑ/2↑ ϖb, ϑ/2 + ϖb]}

E,+’*9’0$ 1%3(#*= ’+ ),(&*#()(3(A’0- %&(,(’+- I * II 2,+’*50 S9 (4R$/+

V1, 9$,$" :(&(,16 # ,+4(9*$ :+’+30 #&$:+$& A*<:(%&?, */$6& #*<

vεj

∣∣
S9,I

= vεj

∣∣
S9,II

, p|
S9,I

= p|
S9,II

, j = 1, 2, 3, S9 = {↽j = ±ϑ/8,±7ϑ/8, j = 1, 2,

↽3 = ±3ϑ/8,±5ϑ/8, (0,ϖj) ↗ [↑h, 0]↔ [ϑ/2↑ ϖb, ϑ/2 + ϖb], j = 1, 2, 3} (9)

P+%-(<0 A*<:(%&* ’+ L#-(<’0-M )(#$,-’(%&=- #-(<’0- %$2/$’&(# ,+4(9*-

:+’+3(# * L#0-(<’0-M )(#$,-’(%&=- ,+4(9*- :+’+3(# %1&?

Q(j)
1 =

∫ 0

→h

∫
ϖ/2+ωb

ϖ/2→ωb

vεjd0dϖ,↽j =
ϑ

8
↑ ↽b,↑

7ϑ

8
↑ ↽b, j = 1, 2,↽3 =

5ϑ

8
↑ ↽b,

↑3ϑ

8
↑ ↽b; Q(j)

2 =

∫ 0

→h

∫
ϖ/2+ωb

ϖ/2→ωb

vεjd0dϖ,↽j =
7ϑ

8
+ ↽b,↑

ϑ

8
+ ↽b, j = 1, 2,

↽3 =
3ϑ

8
+ ↽b,↑

5ϑ

8
+ ↽b; Q(j)

1,0 =

∫ 0

→h

∫
ϖ/2+ωb

ϖ/2→ωb

vεjd0dϖ,↽j =
3ϑ

8
,↑5ϑ

8
, j = 1, 2,

↽3 = ↑ϑ

8
,
7ϑ

8
; Q(j)

2,0 =

∫ 0

→h

∫
ϖ/2+ωb

ϖ/2→ωb

vεjd0dϖ,↽j =
5ϑ

8
,↑3ϑ

8
, j = 1, 2,↽3 =

ϑ

8
,↑7ϑ

8
∑3

j=1
(Q(j)

1 +Q(j)
2 ) =

∑3

j=1
(Q(j)

1,0 +Q(j)
2,0) (10)
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>$:&(, %:(,(%&* )$,$’(%+ /(/$’&+ */)13?%+ "+ %9$& <#*A$’*= A*<:(%&* (&-

’(%*&$3?’( #-(<’0- * #0-(<’0- )(#$,-’(%&$. ,+4(9*- :+’+3(# */$$& #*<

M
(v) = (M (v)

x
,M (v)

y
,M (v)

z
)T = 2

∑2

j=1

∫ 0

→h

d0

∫
ϖ/2+ωb

ϖ/2→ωb

dϖj[M
(v)
εj

∣∣∣
εj=ϖ/8→εb

↑

↑M
(v)
εj

∣∣∣
εj=3ϖ/8

↑ M
(v)
εj

∣∣∣
εj=7ϖ/8+εb

+ M
(v)
εj

∣∣∣
εj=5ϖ/8

]+

+2

∫ 0

→h

d0

∫
ϖ/2+ωb

ϖ/2→ωb

dϖ3[M
(v)
ε3

∣∣
ε3=→3ϖ/8→εb

↑ M
(v)
ε3

∣∣
ε3=→ϖ/8

↑ M
(v)
ε3

∣∣
ε3=3ϖ/8+εb

+

+M
(v)
ε3

∣∣
ε3=ϖ/8

], M
(v)
εj

= (▷↼ ↑ ▷(↼ · er)er + vωjeεj ↑ vεjeωj)vεj , j = 1, 2, 3 (11)

S(/$’& %*3, <$.%&#167*- %( %&(,(’0 %3(= A*<:(%&* ’+ %8$,*9$%:16 )3+&-

8(,/1, % &(9’(%&?6 <( O(▷ψb) → 1 (),$<$3=$&%= #0,+A$’*$/

M = (Mx,My,Mz)
T = 4hϖb(P

(2)
2 ↑ P (2)

1 , P (3)
2 ↑ P (3)

1 , P (1)
2 ↑ P (1)

1 )T+

∫

S10

Mr|ϑ=0dS+

+2
∑2

j=1

∫
ϖ/2+ωb

ϖ/2→ωb

sinϖjdϖj

(∫ 3ϖ/8

ϖ/8→εb

Mr|ϑ=→h
d↽j +

∫ 7ϖ/8+εb

5ϖ/8

Mr|ϑ=→h
d↽j


+

+2

∫
ϖ/2+ωb

ϖ/2→ωb

sinϖ3dϖ3

(∫ 3ϖ/8+εb

ϖ/8

Mr|ϑ=→h
d↽3 +

∫ 7ϖ/8

5ϖ/8→εb

Mr|ϑ=→h
d↽3


↑

↑2h cosϖb

∑2

j=1

∫ 3ϖ/8

ϖ/8→εb

((peεj)
∣∣
ωj=→ωb+ϖ/2

↑ (peεj)
∣∣
ωj=ωb+ϖ/2

)d↽j+

+

∫ 7ϖ/8+εb

5ϖ/8

((peεj)
∣∣
ωj=→ωb+ϖ/2

↑ (peεj)
∣∣
ωj=ωb+ϖ/2

)d↽j


↑

↑2h cosϖb

∫ 3ϖ/8+εb

ϖ/8

((peε3)|ω3=→ωb+ϖ/2 ↑ (peε3)|ω3=ωb+ϖ/2)d↽3+ (12)

+

∫ 7ϖ/8

5ϖ/8→εb

((peε3)|ω3=→ωb+ϖ/2 ↑ (peε3)|ω3=ωb+ϖ/2)d↽3


↑

↑2
∑2

j=1

∫
ϖ/2+ωb

ϖ/2→ωb

sinϖjdϖj

(∫
ϖ/8

ϖ/8→εb

Mr|ϑ=0d↽j +

∫ 7ϖ/8+εb

7ϖ/8

Mr|ϑ=0d↽j


↑

↑2

∫
ϖ/2+ωb

ϖ/2→ωb

sinϖ3dϖ3

(∫ 3ϖ/8+εb

3ϖ/8

Mr|ϑ=0d↽3 +

∫ 5ϖ/8

5ϖ/8→εb

Mr|ϑ=0d↽3



Mr = (1/◁)(eεj1vωj/10 ↑ eωj1vεj/10), S10 = {0 = 0, (ϖj,↽j) /↗ S0}, j = 1, 2, 3
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> (11), (12) M
(v)
εj , Mr * eεj ),($:&*,16&%= ’+ (%* %*%&$/0 :((,<*’+& Oxyz.

C#="? )$,$)+<(# <+#3$’*. # "(3(&’*:(#0- )$,$:369+&$3=- % ,+%-(<+/* A*<-

:(%&* * 1),+#3=67*/* )$,$/$7$’*=/* uj "(3(&’*:(#0- )(=%:(# */$$& #*<

1↑ k2
s
P (j)
1 = (Q(j)

1 /(1 + uj))
2, 1↑ k2

s
P (j)
2 = (Q(j)

2 /(1↑ uj))
2

(13)

P (j)
1

∣∣∣
t=0

= P (j)
2

∣∣∣
t=0

= Pj, Q
(j)
1

∣∣∣
t=0

= Q(j)
2

∣∣∣
t=0

= Q(j)
0 , 1↑ k2

s
Pj = (Q(j)

0 )2, j = 1, 2, 3

>0-(<’(. %*2’+3 C!E w(j)
1 , j = 1, 2, 3 %#="+’ % *"/$,=$/(. :(/)(’$’&(. 123(-

#(. %:(,(%&* ↼ = (↼x,↼y,↼z)T , #0-(<’0/ %*2’+3(/ :(,,$:&*,167$2( 1%&,(.-

%&#+ w(j)
2 , j = 1, 2, 3 * <+3$$ % 1),+#3=67*/* )$,$/$7$’*=/* uj, j = 1, 2, 3

"(3(&’*:(#0- )(=%:(# 1,+#’$’*=/*

Tẅ(1)
1 + ẇ(1)

1 = ↼z, T ẅ(2)
1 + ẇ(2)

1 = ↼x, T ẅ(3)
1 + ẇ(3)

1 = ↼y

τ2ẇ
(j)
2 + w(j)

2 = τ1ẇ
(j)
1 + w(j)

1 , Tuu̇j + uj = kuw
(j)
2 , j = 1, 2, 3

(14)

uj|t=0 = w(j)
1

∣∣∣
t=0

= ẇ(j)
1

∣∣∣
t=0

= w(j)
2

∣∣∣
t=0

= 0, j = 1, 2, 3 (15)

S+&$/+&*9$%:+= /(<$3? (1)-(15) ),$<%&+#3=$& %#="+’’16 %*%&$/1 (40:’(#$’-

’0- <*88$,$’5*+3?’0- 1,+#’$’*. * 1,+#’$’*. # 9+%&’0- ),(*"#(<’0-, &.$.

),$<%&+#3=$& %(4(. :(/4*’*,(#+’’16 <*’+/*9$%:16 %*%&$/1 (OGB). O(/)(-

’$’&+/* #-(<’(. #$:&(,-81’:5** OGB =#3=6&%= ),($:5** +4%(36&’(. 123(#+=

%:(,(%&* #’$@’$. %8$,0 ’+ (%* %*%&$/0 :((,<*’+& Ox0y0z0, &.$. !x0(t), !y0(t),
!z0(t). O(/)(’$’&+/* #0-(<’(. #$:&(,-81’:5** OGB %31A+& 1230 )(#(,(&+

#’1&,$’’$. %8$,0 (&’(%*&$3?’( *’$,5*+3?’(. %*%&$/0 :((,<*’+& ϱ(t), ς(t),
φ(t). C+,+/$&,+/* (4,+&’0- %#="$. %31A*& ’+4(, #$3*9*’ p = (τ1, τ2, ku)T .

3. !JC@O;=>; I@<;K> J@<<;CP>:FQO;R@ AK@G. G+3?’$.@$$ 1),(7$-

’*$ /(<$3* %#="+’( % &$/, 9&( <#*A$’*$ A*<:(%&* # ,+4(9$/ :+’+3$ )(<(4’(

),=/(3*’$.’(-)+,+33$3?’(/1 <#*A$’*6 A*<:(%&* /$A<1 <#1/= )+,+33$3?’0-

/* %&$’:+/*, * ’+*4(3?@$$ #3*=’*$ (:+"0#+6& )$,$&$:+’*= A*<:(%&* /$A<1

,+4(9*/* :+’+3+/* ),* (<*’+:(#0- j. > ;&(/ %319+$ 1,+#’$’*$ ’$%A*/+$/(-

%&* * L1:(,(9$’’0$M 1,+#’$’*= J+#?$-B&(:%+ (5) "’+9*&$3?’( 1),(7+6&%= *

),*’*/+6& #*<, +’+3(2*9’0. (7). G+3?’$.@$$ ),*/$’$’*$ (<’(%&(,(’’$2( *’-

&$2,+3?’(2( ),$(4,+"(#+’*= T+)3+%+ )( #,$/$’* f̃(2) = L[f(t)] =
↓
0 f(t)e→ϱtdt

)("#(3=$& )(319*&? )$,$<+&(9’0$ 81’:5** ”!(2,p) * ”S(2,p), %#="0#+67*$

*"(4,+A$’*= T+)3+%+ #-(<’(. * #0-(<’(. #$:&(,-81’:5*.

(ϱ̃(2), ς̃(2), φ̃(2))T = ”!(2,p)(!̃x(2), !̃y(2), !̃z(2))
T+

+”S(2,p)LsL[(sign!x(t), sign!y(t), sign!z(t))
T ]
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G+3$$ 1<(4’( ),*#$%&* =#’0$ #0,+A$’*= )$,$<+&(9’0- 81’:5** )(%3$ (4-

,+&’(2( )$,$-(<+ : ,+"/$,’0/ 8*"*9$%:*/ )+,+/$&,+/ 2*,(%&+4*3*"*,(#+’-

’(. )3+&8(,/0 (µ = ⇀⇁ – <*’+/*9$%:+= #=":(%&? A*<:(%&*)

”!(2,p) = Q!(2)/D(2), ”S(2,p) = Q(2)/D(2), Q!(2) = #!(2)Q(2)
D(2) = ITTuτ225 + I [Tu τ2 + T (Tu + τ2)]24 + {I(Tu + τ2)#ς(2) [[Tu τ2+
+T (Tu + τ2)]}23 + [I + #ς(2) (Tu + τ2)]22 + [#ς(2) + #L(2) kukτ1]2+ #L(2)kuk,
Q(2) = TTuτ223 + [Tu τ2 + T (Tu + τ2)]22 + (Tu + τ2)2+ 1

#!(2) =

8
3 ϑµR4


1↑ 3b

4R


↽2(2) + 4RbhS1(2)#3(2)

(
1↑ ”5(ϱ)

Rbφ1(ϱ)


+

+4µbεR2S2(2)]

1 + ↼

R


, #ς(2) =

8
3ϑµR

4

1↑ 3b

4R


↽3(2)+

+
[
4µR2bεS3(2)↑ 4bhRS1(2)#3(2)

(
1↑ ”5(ϱ)

Rbφ1(ϱ)

] 
1↑ h

R



ψ1(2) =

↽

ϱ

 1
2
ch

(
(h+↼)

≃
ϱ/↽

)
→1

sh
(
(h+↼)

≃
ϱ/↽

) ,↽2(2) =
(ϱ/↽)1/2

sh
(
↼

≃
ϱ/↽

) ,↽3(2) =

ϱ

↽

1/2 ch
(
↼

≃
ϱ/↽

)

sh
(
↼

≃
ϱ/↽

)

S2(2) = ψ2(2) + ↽2(2), S3(2) = ψ3(2) + ↽3(2)(1↑ h/R)→1

S1(2) = 1↑ φ1(ϱ)+ε1(ϱ)
h

,ψ2(2) =
≃

ϱ/↽

sh
(
(h+↼)

≃
ϱ/↽

) ,↽1(2) =

↽

ϱ

 1
2
ch

(
↼

≃
ϱ/↽

)
→1

sh
(
↼

≃
ϱ/↽

)

#3(2) =
µ⇀Rφ1(ϱ)
(h+↼)φ(ϱ)

(
1↑ 1

1+S(ϱ)


, S(2) = 2b(h+↼)

Q0µ⇀
(Pm ↑ P0)ψ(2)(1↑ 3)2

3 = 6↽ac⇀
b(h+↼)3

[
⇁

2(Pm→P0)

]1/2
↑ 9µ↽(ac⇀)2

(Pm→P0)b2(h+↼)6

#5(2) =
”3(ϱ)+µ⇀Rε1(ϱ)/(2b↼ε(ϱ))

”2(ϱ)+µ⇀/(2b↼ε(ϱ)) ,#2(2) =
µ⇀

b(h+↼)φ(ϱ)

(
1↑ 1

1+S(ϱ)



↽(2) = ↽

ϱ
↑ 2

↼


↽

ϱ

 3
2
ch

(
↼

≃
ϱ/↽

)
→1

sh
(
↼

≃
ϱ/↽

) ,ψ(2) = ↽

ϱ
↑ 2

(h+↼)


↽

ϱ

 3
2
ch

(
(h+↼)

≃
ϱ/↽

)
→1

sh
(
(h+↼)

≃
ϱ/↽

)

U*%3$’’($ /(<$3*,(#+’*$ #0-(<’0- 81’:5*. #0)(3’=3(%? <3= 8*"*9$%:(.

/(<$3* 2*,(%&+4*3*"*,(#+’’(. )3+&8(,/0 % )+,+/$&,+/* R = 0.15 /, b =
3 · 10→2

/, h = 3 · 10→4
/, ω = 10→4

/, S0 = (ac)/2 = 2 · 10→6
/
2

, Pm = 27 · 104
C+, ⇀ = 2 · 103 :2//

3
, Q0 = 26.62 · 10→6

/
3
/% (,+%-(< ,+4(9$. A*<:(%&*), k = 2,

T = 2 ·10→3
%, Tu = 3 ·10→3

%, I = 0.254 :2/
2
, Ls = 10→3

J/. >-(<’($ #("/17$’*$

),*’=&( # #*<$ !x0(t) = 1(t), !y0(t) = !z0(t) = 0, 2<$ 1(t) – 81’:5*= $<*’*9’(-

2( %:+9:+ N$#*%+.<+. G3= 1319@$’*= :+9$%&#+ #0-(<’0- 81’:5*. #0)(3’=3%=

#04(, )+,+/$&,(# (4,+&’0- %#="$. p ’+ (%’(#$ +<+)&*#’(2( +32(,*&/+ )+,+-

/$&,*9$%:(2( %*’&$"+, +’+3(2*9’(2( [7]. G+’’0$ ’+ ,*%. 2a %((&#$&%&#16& )+-

,+/$&,+/ (4,+&’0- %#="$. p = (4, 50, 1000)T <( #0)(3’$’*= )+,+/$&,*9$%:(2(

%*’&$"+. J+ ,*%. 2b )(:+"+’+ )$,$-(<’+= 81’:5*= )(%3$ ),*/$’$’*= +<+)&*#-

’(2( +32(,*&/+ )+,+/$&,*9$%:(2( %*’&$"+, # ,$"13?&+&$ 9$2( ’+.<$’0 "’+9$-

’*= )+,+/$&,(# (4,+&’0- %#="$. p = (9.841 · 10→3, 7.65 · 10→9, 790.7)T . > <+’’(/

%319+$, /+:%*/+3?’($ "’+9$’*$ 123(#(. (@*4:* )3+#+67$. 2*,(%&+4*3*"*,(-

#+’’(. )3+&8(,/0 1/$’?@+$&%= ),*/$,’( # 16 ,+" (⇐ 1 123(#+= %$:1’<+), 9&(

),*$/3$/( <3= %*%&$/ *’$,5*+3?’(. ’+#*2+5**.
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!"#. 2. 54.%6&4/ 3)&*7""

!"#"$%&’($)%"
*+,-. -/0121/. 8. $. 9&6(/:;/&*% 1%#’,&%+*, <,6,;", &,1"#,&"/ ’/*#’, ()*%1"#",
#%=2,#%+,&"/ 3"&,2>&%: +/(#"" ()*%1"#", ?. @. A%(’/&*% 1(%+/6/&"/ +4;"#2"’/2>-
&4. B*#1/("0/&’%+, C. D. $(42%+, %E<%( 2"’/(,’)(4 1% ’/0/ #’,’>", (/6,*’"(%+,&"/
’/*#’, ()*%1"#".
3145,6+0 64072781/. 9+’%(4 6/*2,("()F’ %’#)’#’+"/ -+&4. " 1%’/&7",2>&4.
*%&32"*’%+ "&’/(/#%+, #+-<,&&4. # 1)E2"*,7"/: &,#’%-G/: #’,’>".
&801946+ 564-48621/-46:. 9+’%(4 <,-+2-F’ %E %’#)’#’+"" +&/H&/=% 3"&,&#"-
(%+,&"- 1(" 1(%+/6/&"" "##2/6%+,&"-.
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