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59:;:<=:. !"#$%&’()*+,-%)*. /%$&%0+1+%--23 $(*"#+(’%4 54’5"*)5 %6-

-%7 +0 /’8,"423 %9’()*"7 +))’"6%4(-+5 4 )%4#"$"--%7 $"3(-+/" $(*"#+(’%4.

:%$&%0+1+%--2" $(*"#+(’2 %9’(6(8* ;-+/(’.-2$+ )4%7)*4($+, *(/+$+ /(/

42)%/(5 &#%,-%)*., <")*/%)*. + ;)*%7,+4%)*. / /%##%0++, ,*% 6"’("* +3 -"0(-

$"-+$2$+ 4% $-%=+3 %*#()’53. >6-(/% )’%<-(5 )*#;/*;#( ?*+3 $(*"#+(’%4

*#"9;"* )&"1+(’.-23 *"%#"*+,")/+3 &%63%6%4 6’5 *%,-%=% %&+)(-+5 +3 $"3(-+-

,")/%=% &%4"6"-+5 &#+ -"+0%*"#$+,")/%$ -(=#;<"-++ 0( &#"6"’($+ ;&#;=%)*+.

@;A")*4;8* #(0’+,-2" *"%#++ 6’5 $%6"’+#%4(-+5 -"’+-"7-%=% 6"B%#$+-

#%4(-+5 /%$&%0+1+%--23 $(*"#+(’%4 [1–7]. C 6(--%7 #(9%*" &#"6’%<"- 4(#+-

(-* $(*"$(*+,")/%7 $%6"’+ &’()*+,-%)*+, %)-%4(--27 -( *"#$%6+-($+,")/%$

&%63%6" ) 4-;*#"--+$+ &(#($"*#($+ )%)*%5-+5 [8–10], /%*%#2" 44"6"-2 6’5

%&+)(-+5 $+/#%)*#;/*;#2 $(*"#+(’(, )/#2*%7 %* 4-"D-"=% -(9’86(*"’5, *(-

/%7 /(/ $+/#%*#"A+-2, $+/#%#(0#;D"-+5, 6+)’%/(1++ + 6#. C ,()*-%$ )’;,("

%&#"6"’58A+" )%%*-%D"-+5 &#+4"6"-2 / )%%*-%D"-+5$ ?-6%3#%--%7 *"%#++

*"#$%&’()*+,-%)*+ [11, 12].

1. #:>?@;=<A?=BA <:>A9<@9:C<DE F>@G:CC@9 C 9<HI>:<<=?= FA>A-
?:I>A?= C@CI@J<=J. E’5 &%)*#%"-+5 $%6"’+ &’()*+,-%)*+ &#+ -"+0%*"#-

$+,")/%$ -(=#;<"-++ +)&%’.0;"$ *"#$%6+-($+,")/+7 &%63%6 ) 4-;*#"--+$+

&(#($"*#($+ )%)*%5-+5, %&+#(5). -( #"0;’.*(*2 #(9%* [5, 7–10, 12]. F(&+D"$

0(/%- )%3#(-"-+5 ?-"#=++ 4 6+BB"#"-1+(’.-%7 B%#$", ( 4*%#%7 0(/%- *"#$%-

6+-($+/+ &#"6)*(4+$ 4 4+6" -"#(4"-)*4( :’(0+;)(-E8="$( [8]:

ωT
εh

εt
= → εqi

εxi
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εxi

+
1

T
qi
εT

εxi

+ qV , (1)

=6" ω G &’%*-%)*.; T G (9)%’8*-(5 *"$&"#(*;#(; h G $())%4(5 &’%*-%)*. ?--

*#%&++;
ε

εt
↓ (·) ↓ d

dt
; t G 4#"$5; qi G /%$&%-"-*2 4"/*%#( &’%*-%)*+ *"&’%4%=%

&%*%/( q; xi G &#%)*#(-)*4"--2" /%%#6+-(*2 *%,/+; qV G %9H"$-(5 &’%*-%)*.

$%A-%)*+ *"&’%423 +)*%,-+/%4 ()*%/%4) *"&’%*2; ϑD = ϖij ϱ̇ji → ω
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εA

εt
+ h

εT

εt

)

G 6+))+&(*+4-(5 B;-/1+5; i, j = 1, 2, 3; ϖij G /%$&%-"-*2 *"-0%#( -(&#5<"-

-+7; ϱij G /%$&%-"-*2 *"-0%#( $(’%7 6"B%#$(1++; A G $())%4(5 &’%*-%)*.

)4%9%6-%7 ?-"#=++ I"’.$=%’.1(.

J#"6&%’%<+$, ,*% )%)*%5-+" #())$(*#+4("$%7 )&’%D-%7 )#"62 4 %/#")*-%-

)*+ ’89%7 *%,/+ &#%)*#(-)*4( $%<"* 92*. %&+)(-% ) &%$%A.8 ,"*2#"3 *"#$%-

6+-($+,")/+3 B;-/1+7: $())%423 &’%*-%)*"7 )4%9%6-%7 ?-"#=++ A + ?-*#%&++

h, *"-0%#( -(&#5<"-+7 ϖ̂, ( *(/<" 4"/*%#( &’%*-%)*+ *"&’%4%=% &%*%/( q [5]. K#-

=;$"-*($+ 6(--23 B;-/1+7 9;6"$ ),+*(*. )’"6;8A+" #"(/*+4-2" &"#"$"--2":

*"-0%# $(’%7 6"B%#$(1++ ϱ̂, (9)%’8*-;8 *"$&"#(*;#; T + *"-0%#-2" 4-;*#"--

-+" &(#($"*#2 )%)*%5-+5 ) /%$&%-"-*($+ ς(ω)
ij

= ς(ω)
ij

(ϱkl, T ), =6" φ = 1, ..., N , (

N G /%’+,")*4% 4-;*#"--+3 &(#($"*#%4, k, l = 1, 2, 3. !%=6( +0 )+)*"$2 (1), 4
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)%%*4"*)*4++ ) -"%93%6+$2$+ + 6%)*(*%,-2$+ ;)’%4+5$+ #"(’+0;"$%)*+ *"#-

$%$"3(-+,")/%=% &#%1"))(, &%’;,("$ [8]
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εϱij
, h = →εA

εT
, →ω
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ij
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ij
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ij
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↔ ↗ 1). !%=6( #(0’%<+$ %9H"$-;8 &’%*-%)*.

)4%9%6-%7 ?-"#=++ ωA(ϱij, T,ς
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) 4 #56 &% B%#$;’" !"7’%#( %*-%)+*"’.-% ?*+3
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E’5 /%-/#"*+0(1++ 6(--%=% )%%*-%D"-+5 %&#"6"’+$ /%’+,")*4% 4-;*#"--+3

&(#($"*#%4 )%)*%5-+5, +3 &#+#%6; + ?4%’81+%--2" ;#(4-"-+5.

1.1. !"#$%&""’& ()%)*&$%+ ,-,$-."’.: ’/ (%’%-0) ’ 12-345’-""+&

#%)2"&"’.. C -()*%5A"7 #(9%*" 9;6"$ #())$(*#+4(*. 64( *"-0%#-23 4-;*#"--
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= ς(S)

ij
, ↼ (T )

ijkl

ες(T )
kl

εz
+ ς(T )

ij
= ς(T )

ij
. (4)

F6"). ↼ (S)
ijkl

= ↼ (S)
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= ↼ (T )
ijkl
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ij

+ ς(T )
ij

)%%*4"*)*4"--%; ς(S)
ij

, ς(T )
ij

G

;)*(-%4+4D+")5 0-(,"-+5 ?*+3 &(#($"*#%4; z G 4-;*#"--"" 4#"$5, 6+BB"#"--

1+(’ /%*%#%=% %&#"6"’5"*)5 42#(<"-+"$ dz = d↽/f(↽) [6], =6" f(↽) = 1 + ⇀↽ G

$(*"#+(’.-(5 B;-/1+5, ⇀ = ⇀(T ) G $(*"#+(’.-27 &(#($"*#; d↽ G &#+#(A"-+"

$"#2 4-;*#"--"=% 4#"$"-+, %&#"6"’5"$%" /(/ [7]:

d↽ =
√

Pijkl dϱij dϱkl +m2 dT 2, (5)

=6" Pijkl = Pijkl(T ) G /%$&%-"-*2 )+$$"*#+,-%=% &%’%<+*"’.-% %&#"6"’"--%=%

*"-0%#( $(*"#+(’.-23 &(#($"*#%4 [5]; m = m(T ) G $(*"#+(’.-27 &(#($"*#

$%6"’+, %&+)24(8A+7 -"%9#(*+$;8 6"B%#$(1+8 &#+ +0$"-"-++ *"$&"#(*;#2

[7].
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C -()*%5A"7 #(9%*" %=#(-+,+$)5 #())$%*#"-+"$ )’"6;8A+3 4+6%4 *"-0%#%4:
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C #"0;’.*(*" &%’;,+$ -")450(--2" )+)*"$2 6+BB"#"-1+(’.-23 ;#(4-"-+7
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ij
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ij

+$"8* 4+6:
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kl

εz→
dz→,

=6" a(S)
ijkl
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G /%$&%-"-*2 *"-0%#%4 $(*"#+(’.-23 &(#($"*-

#%4; m,n = 1, 2, 3.
L)*(-%4+4D+")5 0-(,"-+5 4-;*#"--+3 &(#($"*#%4 %&#"6"’+$ )’"6;8A+$ %9-

#(0%$:

ς(S)
ij

= Xijklϱkl, ς(T )
ij

= Ỹijklϱ
(T )
kl

, (6)

=6" Xijkl, Ỹijkl G /%$&%-"-*2 )+$$"*#+,-23 *"-0%#%4 4-=% #(-=(.

1.2. 6(%&0&3.47&& ,--$"-8&"’& ’ #%)2"&"’& $&(3-(%-2-0"-,$’ *)$&*)$’9&-

,:-; *-0&3’ , 2"#$%&""’*’ ()%)*&$%)*’ ,-,$-."’.. >&#"6"’+4 /%’+,")*4%,

&#+#%6; + ?4%’81+%--2" ;#(4-"-+5 6’5 4-;*#"--+3 &(#($"*#%4, ( *(/<" +)-

/’8,+4 +3 40(+$-%" 4’+5-+", )%%*-%D"-+" (3) 6’5 %9H"$-%7 &’%*-%)*+ )4%9%6-

-%7 ?-"#=++ I"’.$=%’.1( &#+$"* 4+6:

ωA(ϱij, T,ς
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ij
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1
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F6"). 6’5 ;&#%A"-+5 0(&+)+ 44"6"-2 )’"6;8A+" %9%0-(,"-+5:
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)
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=6" B = B(T ) G $())%4(5 &’%*-%)*. )4%9%6-%7 ?-"#=++ I"’.$=%’.1( &#+ -;-

’"423 0-(,"-+53 6"B%#$(1++ + 4-;*#"--+3 &(#($"*#%4; F ↑
ij

= F ↑
ij
(T ), G↑

ij
=
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G↑
ij
(T ), D↑

ij
= D↑

ij
(T ) G /%$&%-"-*2 )+$$"*#+,-23 *"-0%#%4 2-=% #(-=(; M↑

ijkl
=

M↑
ijkl

(T ), N↑
ijkl

= N↑
ijkl

(T ), C↑
ijkl

= C↑
ijkl

(T ), H↑
ijkl

= H↑
ijkl

(T ), L↑
ijkl

= L↑
ijkl

(T ) G

/%$&%-"-*2 )+$$"*#+,-23 *"-0%#%4 4-=% #(-=(.

E’5 &%’;,"-+5 %&#"6"’58A"=% )%%*-%D"-+5 &%6)*(4+$ 42#(<"-+" (7) 4 &"#-

4%" ;#(4-"-+" (2) + ;,*"$ )%%*-%D"-+" (6). J%)’" ;&#%A"-+5 &%’;,+$:

ϖij = ϖ0
ij
(T )→ ϖ(S)

ij
(T ) +

(
C↑

ijkl
→ X̃ijpqa

(S)
pqmn

M↑
mnkl

)
ϱkl→ (8)

→
(
M↑

ijkl
→ X̃ijpqa

(S)
pqmn

H↑
mnkl

)
ς(S)
kl

+N↑
ijkl

ς(T )
kl

, p, q = 1, 2, 3,

=6" X̃ijpq = Xijkl

εϱkl
εϱpq

; ϖ0
ij
(T ) = D↑

ij
(T ) = C↑

ijkl
ϱ(T )
kl

G /%$&%-"-*2 *"-0%#( -(-

,(’.-23 -(&#5<"-+7 &#+ )*")-"--%$ -(=#"4" 4 )’;,(" %*);*)*4+5 4-;*#"--+3

&(#($"*#%4; ϖ(S)
ij

(T ) G /%$&%-"-*2 *"-0%#( -(,(’.-23 -(&#5<"-+7 &#+ )*")-

-"--%$ -(=#"4", 4204(--2" 4’+5-+"$ ;)*(-%4+4D"=%)5 0-(,"-+5 4-;*#"--"=%

&(#($"*#( )%)*%5-+5 ς(S)
ij

+ #(4-2":

ϖ(S)
ij

(T ) =
ες(S)

mn

εϱij
F ↑
mn

= X̃ijpqa
(S)
pqmn

F ↑
mn

, (9)

=6" F ↑
mn

= K↑
mnkl

ϱ(T )
kl

, K↑
mnkl

= K↑
mnkl

(T ) G /%$&%-"-*2 )+$$"*#+,-%=% *"-0%-

#( 4-=% #(-=(. F6"). ϱ(T )
kl

G /%$&%-"-*2 *"-0%#( *"$&"#(*;#-%7 6"B%#$(1++,

%&#"6"’5"$2" /(/: ϱ(T )
kl

=
∫

T

T0
φ(T )
kl

dT →
, =6" φ(T )

kl
= φ(T )

kl
(T ) G /%$&%-"-*2 *"-0%-

#( *"$&"#(*;#-23 /%?BB+1+"-*%4 ’+-"7-%=% #()D+#"-+5, T0 G *"$&"#(*;#(

")*")*4"--%=% )%)*%5-+5.

J"#"&+D"$ )%%*-%D"-+" (8) 4 )’"6;8A"$ 4+6":

ϖij =
(
C↑

ijkl
→ X̃ijpqa

(S)
pqmn

M↑
mnkl

)
ϱkl →

(
C↑

ijkl
→ X̃ijpqa

(S)
pqmn

K↑
mnkl

)
ϱ(T )
kl

→ (10)

→
(
M↑

ijkl
→ X̃ijpqa

(S)
pqmn

H↑
mnkl

)
ς(S)
kl

+N↑
ijkl

ς(T )
kl

.

C ,()*-%$ )’;,(", /%=6( K↑
mnkl

= M↑
mnkl

, 6(--%" )%%*-%D"-+" $%<-% ;&#%-

)*+*.:

ϖij = Cijkl

(
ϱkl → ϱ(T )

kl

)
→Mijklς

(S)
kl

+Nijklς
(T )
kl

, (11)

=6"

Cijkl = C↑
ijkl

→ X̃ijpqa
(S)
pqmn

M↑
mnkl

, Mijkl = M↑
ijkl

→ X̃ijpqa
(S)
pqmn

H↑
mnkl

, Nijkl = N↑
ijkl

.

F6"). Cijkl = Cijkl(T ) G /%$&%-"-*2 *"-0%#( 4-=% #(-=( ?BB"/*+4-23 ;&#;-

=+3 <")*/%)*"7; Mijkl = Mijkl(T ), Nijkl = Nijkl(T ) G /%$&%-"-*2 *"-0%#%4 4-=%

#(-=(.
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E’5 42,+)’"-+5 $())%4%7 &’%*-%)*+ ?-*#%&++ &%6)*(4+$ 42#(<"-+" (7) 4%

4*%#%" ;#(4-"-+" (2) + ;,*"$ )%%*-%D"-+" (9). J%)’" ;&#%A"-+5 &%’;,+$:

h = →dB

dT
→ 1

ω

(
1

2

dC↑
ijkl

dT
ϱkl →

dC↑
ijkl

dT
ϱ(T )
kl

→
dM↑

ijkl

dT
ς(S)
kl

+
dN↑

ijkl

dT
ς(T )
kl

)
ϱij+ (12)

+
1

ω

εG↑
kl

εT
ς(T )
kl

+
1

ω
G↑

kl
a(T )
klmn

Ỹmnpq

εϱ(T )
pq

εT
+

+
1

ω

(
C↑

ijpq
ϱij →K↑

ijpq
ς(S)
ij

→
(
N↑

ijkl
ϱij + L↑

ijkl
ς(T )
ij

)
a(T )
klmn

Ỹmnpq

) εϱ(T )
pq

εT
→

→1

ω

dK↑
ijkl

dT
ς(S)
ij

ϱ(T )
kl

→ 1

2

1

ω

(
dH↑

ijkl

dT
ς(S)
ij

ς(S)
kl

+
dL↑

ijkl

dT
ς(T )
ij

ς(T )
kl

)
,

=6" )’(=("$2"
1

ω
G↑

kl
a(T )
klmn

Ỹmnpq

εϱ(T )
pq

εT
+

1

ω

εG↑
kl

εT
ς(T )
kl

%*4",(8* 0( +0$"-"-+" ?--

*#%&++ &#+ )*")-"--%$ -(=#"4", 4204(--%" 4’+5-+"$ ;)*(-%4+4D"=%)5 0-(,"-

-+5 4-;*#"--"=% &(#($"*#( )%)*%5-+5 ς(T )
kl

+ "=% ?4%’81++ )%%*4"*)*4"--%.

!%=6( /%$&%-"-*2 *"-0%#( G↑
kl

$%<-% %&#"6"’+*. /(/ G↑
kl

= R↑
klij

ϱ(T )
ij

, =6"

R↑
klij

= R↑
klij

(T ) G /%$&%-"-*2 )+$$"*#+,-%=% *"-0%#( 4-=% #(-=(.

J"#"&+D"$ )%%*-%D"-+" (12) 4 )’"6;8A"$ 4+6":

h = →dB

dT
→ 1

ω

(
1

2

dC↑
ijkl

dT
ϱkl →

dC↑
ijkl

dT
ϱ(T )
kl

→
dM↑

ijkl

dT
ς(S)
kl

+
dN↑

ijkl

dT
ς(T )
kl

)
ϱij+ (13)

+
1

ω

(
C↑

ijpq
ϱij →K↑

ijpq
ς(S)
ij

+R↑
ijpq

ς(T )
ij

) εϱ(T )
pq

εT
→

→1

ω

(
N↑

ijkl
ϱij →R↑

ijkl
ϱ(T )
ij

+ L↑
ijkl

ς(T )
ij

)
a(T )
klmn

Ỹmnpq

εϱ(T )
pq

εT
→

→1

ω

(
dK↑

ijkl

dT
ς(S)
ij

→
dR↑

ijkl

dT
ς(T )
ij

)
ϱ(T )
kl

→ 1

2

1

ω

(
dH↑

ijkl

dT
ς(S)
ij

ς(S)
kl

+
dL↑

ijkl

dT
ς(T )
ij

ς(T )
kl

)
.

!"-0%#2 K̂
↑
, R̂

↑
, M̂

↑
, N̂

↑
, Ĥ

↑
, L̂

↑
-"%93%6+$% %&#"6"’5*. ) ;,"*%$ %=#(-+,"-+7,

-(/’(624("$23 6+))+&(*+4-2$ -"#(4"-)*4%$ (2).

E’5 &%’;,"-+5 ;#(4-"-+5 *"&’%&#%4%6-%)*+ &%6)*(4+$ 42#(<"-+" (13) 4 (1).

J%)’" ;&#%A"-+5 &%’;,+$:

ωcṪ = TWij ˙ϱij →
εqi
εxi

+ qV + ϑ↑
D
+ ϑD. (14)
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F6"). c G ?BB"/*+4-(5 ;6"’.-(5 $())%4(5 *"&’%"$/%)*., %&#"6"’5"$(5 /(/

c = cϑ →
1

ω
T

(
1

2

d2C↑
ijkl

dT 2
ϱkl →

d2C↑
ijkl

dT 2
ϱ(T )
kl

→
d2M↑

ijkl

dT 2
ς(S)
kl

+
d2N↑

ijkl

dT 2
ς(T )
kl

)
ϱij+

+
2

ω
T

(
dC↑

ijpq

dT
ϱij →

dK↑
ijpq

dT
ς(S)
ij

+
dR↑

ijpq

dT
ς(T )
ij

)
εϱ(T )

pq

εT
→

→1

ω
T

(
dN↑

ijkl

dT
ϱij →

dR↑
ijkl

dT
ϱ(T )
ij

→R↑
ijkl

εϱ(T )
ij

εT
+

dL↑
ijkl

dT
ς(T )
ij

)
a(T )
klmn

Ỹmnpq

εϱ(T )
pq

εT
→

→1

ω
T

(
d2K↑

ijkl

dT 2
ς(S)
ij

→
d2R↑

ijkl

dT 2
ς(T )
ij

)
ϱ(T )
kl

→

→1

2

1

ω
T

(
d2H↑

ijkl

dT 2
ς(S)
ij

ς(S)
kl

+
d2L↑

ijkl

dT 2
ς(T )
ij

ς(T )
kl

)
,

=6" cϑ = →T
d2B

dT 2
G ;6"’.-(5 $())%4(5 *"&’%"$/%)*. &#+ &%)*%5--%$ %9H"$";

Wij G /%$&%-"-*2 )+$$"*#+,-%=% *"-0%#( 4*%#%=% #(-=(, #(4-2"

Wij =
dC↑

ijkl

dT

(
ϱkl → ϱ(T )

kl

)
→
(
C↑

ijpq
→N↑

ijkl
a(T )
klmn

Ỹmnpq

) εϱ(T )
pq

εT
→
dM↑

ijkl

dT
ς(S)
kl

+
dN↑

ijkl

dT
ς(T )
kl

;

ϑ↑
D

G 6%&%’-+*"’.-%" *"#$%6+-($+,")/%" )’(=("$%", %&+)24(8A"" &#%1"))2

#())"5-+5 ?-"#=++, 4204(--2" 4’+5-+"$ 4-;*#"--+3 &(#($"*#%4 )%)*%5-+5, +

%&#"6"’5"$%" /(/

ϑ↑
D
= T

(
dM↑

ijkl

dT
ϱkl →

dK↑
ijkl

dT
ϱ(T )
kl

→K↑
ijkl

εϱ(T )
kl

εT
→

dH↑
ijkl

dT
ς(S)
kl

)
ς̇(S)
ij

→

→T

(
dN↑

ijkl

dT
ϱkl →

dR↑
ijkl

dT
ϱ(T )
kl

→
(
R↑

ijpq
→ L↑

ijkl
a(T )
klmn

Ỹmnpq

) εϱ(T )
pq

εT
+

dL↑
ijkl

dT
ς(T )
kl

)
ς̇(T )
ij

.

L#(4-"-+5 (10) + (14) )%4$")*-% ) ;#(4-"-+"$ #(4-%4")+5 + )%%*-%D"-+5$+

:%D+, ( *(/<" ) -(,(’.-2$+ + =#(-+,-2$+ ;)’%4+5$+ B%#$+#;8* )450(--;8

/#("4;8 0(6(,; *"#$%&’()*+,-%)*+ ) 4-;*#"--+$+ &(#($"*#($+ )%)*%5-+5.

2. 5A>=A<I K<;@E>@<<@L I:@>== FMACI=N<@CI= F>= <:=O@I:>?=N:-
CB@? <AP>HQ:<==. E’5 &%’;,"-+5 %&#"6"’58A+3 )%%*-%D"-+7 ?-6%3#%--%7

*"%#++ &’()*+,-%)*+ 4 ;)’%4+53 -"+0%*"#$+,")/%=% -(=#;<"-+5 &#+$"$ )’"6;-

8A+" 6%&;A"-+5 [8]:

Mijkl = Nijkl = Cijkl, Xmnkl = Ỹmnkl = Imnkl,

=6" Imnkl G "6+-+,-27 *"-0%# 4-=% #(-=(.
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C ?*%$ )’;,(" )%%*-%D"-+" (11), ;,+*24(5 ;)*(-%4+4D+")5 0-(,"-+5 4-;*-

#"--+3 &(#($"*#%4 )%)*%5-+5 (6), &#+$"* )’"6;8A+7 4+6:

ϖij = Cijkl

∫
z

0

exp
(
→a(S)

klmn
(z → z→)

) εϱmn

εz→
dz→→ (15)

→Cijkl

∫
z

0

exp
(
→a(T )

klmn
(z → z→)

) εϱ(T )
mn

εz→
dz→ = ϖ(S)

ij
→ ϖ(T )

ij
,

=6" /%$&%-"-*2 4)&%$%=(*"’.-23 *"-0%#%4 -(&#5<"-+7 ϖ(S)
ij

+ ϖ(T )
ij

#(4-2:

ϖ(S)
ij

= Cijkl

∫
z

0

exp
(
→a(S)

klmn
(z → z→)

) εϱmn

εz→
dz→,

ϖ(T )
ij

= Cijkl

∫
z

0

exp
(
→a(T )

klmn
(z → z→)

) dϱ(T )
mn

εz→
dz→.

J#%6+BB"#"-1+#%4(4 )%%*-%D"-+5 (15) &% 4-;*#"--"$; 4#"$"-+, &%’;,+$:

dϖij = Cijkl

(
dϱkl →

(
a(S)
klmn

Smnpqϖ
(S)
pq

→ a(T )
klmn

Smnpqϖ
(T )
pq

)
dz

)
+ (16)

+

(
dCijkl

dT
Sklmnϖmn → Cijklφ

(T )
kl

)
dT,

=6" Sijkl = Sijkl(T ) G /%$&%-"-*2 *"-0%#( 4-=% #(-=( ?BB"/*+4-23 /%?BB+1+-

"-*%4 &%6(*’+4%)*+, %&#"6"’5"$2" +0 )%%*-%D"-+5 SijklCklmn = Iijmn.

>9#(*-%" )%%*-%D"-+":

dϱij = Sijkldϖkl +
(
a(S)
ijkl

Sklmnϖ
(S)
mn

→ a(T )
ijkl

Sklmnϖ
(T )
mn

)
dz→ (17)

→Sijkl

dCklmn

dT
SmnpqϖpqdT + φ(T )

ij
dT.

F6"). &#+#(A"-+" 4-;*#"--"=% 4#"$"-+ dz %&#"6"’5"$ +0 ;#(4-"-+5 dz =
d↽/f(↽), 4 /%*%#%$ $(*"#+(’.-(5 B;-/1+5 f(↽) 0(6(-( /(/ f(↽) = 1+ ⇀↽, =6" ⇀
G $(*"#+(’.-27 &(#($"*# $%6"’+. J#+#(A"-+" $"#2 4-;*#"--"=% 4#"$"-+ d↽
%&#"6"’5"$ +0 ;#(4-"-+5 (5).

M0 )%%*-%D"-+5 (15) )’"6;"*, ,*% &#+ z ⇒ 0 $(*"#+(’ 6"B%#$+#;"*)5 ;&#;=%,

*% ")*.
εϖij

εϱkl
= Cijkl.

J#+ 424%6" ?*+3 ;#(4-"-+7 92’ #())$%*#"- %9A+7 )’;,(7, 4 /%*%#%$ 4)"

&(#($"*#2 $(*"#+(’( 0(4+)5* %* *"$&"#(*;#2. >=#(-+,+$)5 )’;,("$, /%=6( %*

*"$&"#(*;#2 0(4+)5* *%’./% /%$&%-"-*2 Cijkl,φ
(T )
ij

, Pijkl + ⇀. E’5 %9")&","-+5

-"&#"#24-%)*+ &% *"$&"#(*;#" /%$&%-"-*2 *"-0%#( Pijkl(T ) + $(*"#+(’.-%=%

&(#($"*#( ⇀(T ) 0(6(6+$ )’"6;8A+$ %9#(0%$:

Pijkl(T ) = Pijkl (T0) · !(T ), ⇀(T ) = ⇀ (T0) +”(T ),

=6" Pijkl (T0) , ⇀ (T0) G $(*"#+(’.-2" &(#($"*#2 &#+ *"$&"#(*;#" ")*")*4"--%-

=% )%)*%5-+5; !(T ),”(T ) G B;-/1++, -"&#"#24-2" &% *"$&"#(*;#", &#+,"$



6GMJ6GM-(J3@G. 6I?JKL *KG3M-(<I3M-... 61

! (T0) = 1 + ” (T0) = 0. C %9A"$ )’;,(" B;-/1+5 !(T ) $%<"* +$"*. *"-0%#-27

4+6.

3. .>=?:> >ACN:IA ;MJ ;:?@<CI>AG== F@MHN:<<DE C@@I<@R:<=L.
E’5 6"$%-)*#(1++ &%’;,"--23 )%%*-%D"-+7 (16)–(17) #())$%*#+$ $%6"’+#%4(-

-+" *"#$%)+’%4%=% -(=#;<"-+5 %6-%-(&#(4’"--%=% 4%’%/-+)*%=% /%$&%0+1+%--

-%=% $(*"#+(’( AS4/PEEK ) #(0’+,-2$+ ;=’($+ (#$+#%4(-+5, &#"6&%’(=(5,

,*% 0(6(,( *"#$+,")/+ -")450(--(5. N(#(/*"#+)*+/+ 6(--%=% $(*"#+(’( &#+-

4"6"-2 4 *(9’. 1.

@4%7)*4( O(0$"#-%)*.
!"$&"#(*;#(,

↓C

24(T0) 66 121 177

E1 IJ( 127,6 129,5 128,2 127,5

E2 IJ( 10,3 9,6 8,3 4,9

G12 IJ( 6,0 5,4 4,9 2,8

⇁12 0,33

φ(T )
11 ⇑10↔6C↔1 3, 15 · 10↔5 · T 2 → 0, 004 · T + 0, 1362

φ(T )
22 ⇑10↔6C↔1

30,19

!"#$%&" 1. ’"(")*+(%,*%)% -./0 1S4/PEEK [3]

P(*"#+(’.-2" &(#($"*#2, %&#"6"’58A+" -"’+-"7-%" &%4"6"-+" $(*"#+(’(,

;)*(-(4’+4("$ -( %)-%4" -(+’;,D"=% )%4&(6"-+5 ?/)&"#+$"-*(’.-23 + *"%#"-

*+,")/+3 #"0;’.*(*%4. J%)/%’./; >C:P AS4/PEEK -" &%64"#<"- *"#$+,"-

)/%$; =+)*"#"0+); [3], &#+-+$("$,
[
a(S)

]
=

[
a(T )

]
+ m = 0, ,*% )%%*4"*)*4;"*

%*);*)*4+8 -"%9#(*+$%7 6"B%#$(1++ &#+ *"$&"#(*;#-%$ -(=#;<"-++. P(*"-

#+(’.-27 &(#($"*# ⇀ (T0) &#+-+$("$ #(4-2$ -;’8, &%)/%’./; /#+42" 6"B%#-

$+#%4(-+5 &#+ *"$&"#(*;#" ")*")*4"--%=% )%)*%5-+5 -" +$"8* 42#(<"--%=%

’+-"7-%=% ;,()*/( &#+ #(04+*%7 6"B%#$(1++. F-(,"-+" %)*(’.-23 $(*"#+(’.-

-23 &(#($"*#%4 +$"8* )’"6;8A+7 4+6:

[P (T0)] =




1, 064 2, 16 0
2, 16 7, 332 0
0 0 11, 907



 ,
[
a(S)

]
=




0, 246 0 0
0 9, 013 0
0 0 19, 978



 ;

B;-/1++ !(T ) + ”(T ) 6’5 T ↑ T0 0(6(-2 )’"6;8A+$ %9#(0%$:

!(T ) = 1, 68 · 10↔4 · (T → T0)
2 + 0, 01 · (T → T0) + 1, 0;

”(T ) = 8, 06 · 10↔5 · (T → T0)
2 + 2, 07 · 10↔3 · (T → T0) .
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C /(,")*4" $%6"’+#;"$%=% ?/)&"#+$"-*( #())$%*#+$ 4-"%)"4%" #()*5<"-+"

&#+ #(0’+,-23 *"$&"#(*;#(3. O(),"* 42&%’-"- 4 64( ?*(&(: 1-27 ?*(& G &#"6-

4(#+*"’.-27 -(=#"4, 2-%7 ?*(& G #()*5<"-+" &#+ &%)*%5--%7 *"$&"#(*;#". J%-

’;,"--2" #"0;’.*(*2 &#+4"6"-2 -( #+). 1. I#(B+/+ 6"$%-)*#+#;8* 3%#%D""

2%,. 1. 3%"4("556 7+89(5%(9:";%< AS4/PEEK =(% *+5=+("*>("?: 24°C (a), 66°C (b),
121°C (c), 177°C (d). @=$9A;"< $%;%< B (",C+*, *9C)% B D),=+(%5+;* [3]

)%=’()%4(-+" #(),"*-23 0-(,"-+7 &% ?-6%3#%--%7 *"%#++ *"#$%&’()*+,-%)*+ )

?/)&"#+$"-*(’.-2$+ 6(--2$+.

4. 3ABMSN:<=:. C #(9%*" &#"6’%<"- 4(#+(-* $(*"$(*+,")/%7 $%6"’+

&’()*+,-%)*+ 6’5 /%$&%0+1+%--23 $(*"#+(’%4 &#+ -"+0%*"#$+,")/%$ -(=#;-

<"-++. J%’;,"-2 %&#"6"’58A+" )%%*-%D"-+5 + ;#(4-"-+" *"&’%&#%4%6-%)*+

6’5 B%#$+#%4(-+5 )450(--%7 /#("4%7 0(6(,+ *"#$%&’()*+,-%)*+. C ,()*-%$

)’;,(" $%6"’. &#+4"6"-( / )%%*-%D"-+5$ ?-6%3#%--%7 *"%#++ *"#$%&’()*+,-

-%)*+. J#%4"6"--2" #(),"*2 &%/(0(’+ 3%#%D"" )%=’()%4(-+" ) ?/)&"#+$"-*(’.-

-2$+ 6(--2$+.
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!"#"$%&’($)%"
*+,-. -/0121/. .. E. F%5%; B ("G("#9*)" )9;&+=&%% 597+$%(9:";%<, ,94$",9:"-
;%+ 8%;"$H;9I :+(,%% (>)9=%,%, 3. 2. 2"?%59: B =9,*(9+;%+ 5"*+5"*%C+,)9I 597+$%,
=(9:+7+;%+ C%,$+;;6? (",C+*9:, ;"=%,";%+ *+),*" (>)9=%,%, J. K. @":+$H+:" B =9-
,*(9+;%+ 5"*+5"*%C+,)9I 597+$%, (+7")*%(9:";%+ *+),*" (>)9=%,%.
3145,6+0 64072781/. 1:*9(6 7+)$"(%(>L* 9*,>*,*:%+ <:;6? % =9*+;&%"$H;6?
)9;8$%)*9: %;*+(+,9:, ,:<G";;6? , =>#$%)"&%+I ;",*9<M+I ,*"*H%.
&801946+ 564-48621/-46:. 2"#9*" :6=9$;+;" =(% =977+(N)+ 0%;%,*+(,*:" ;"-
>)% % :6,A+49 9#("G9:";%< 29,,%% ()97 =(9+)*" FSFN-2024-0004).
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