
!"#$%&’ ()*+ &,.-... .’/01"02. 3"4&5: 6"72%&’2 84"9"1:%/;/ #/#$/5%&5.

DOI: 10.37972/chgpu.2025.63.1.009 EDN: NHERMI
<2=>%25 #$2$:5 +?@: 531.36

!.". #$%&’(
1,2

, ). *.+,-$(
3
, .. "./0123’(4

4,2

!"#$"%&’(")*+, )%&-*%-&+ -&+./"/’0
1"23%&+$’-$’%("22+

1
!"#$%&’()’*(*%+ ,%"%#" -’((%+(*’+ )#.’/011’+ #*#$0.%%, !"#$%&’()’*, -’((%2

2
3#4#5’&(*’0 ’)$0"01%0 61()%)7)# 85%*"#$1’+ .#)0.#)%*% 9!: -;<,

3#4#5’&(*, -’((%2

3
61()%)7) 85%*"#$1’+ .#)0.#)%*% 9!: -;<, !"#$%&’()’*, -’((%2

4
9#"=10&’()’>1?+ ,0$05#"=1?+ 71%&05(%)0), !"#$%&’()’*, -’((%2

!""#$%&’(. ! "#$%&’ (%)#*#+%, ,&% )-#../,’.)/’ 0"#1+’+/2 1 +#("23’+/24 &’%"// 0("0-
5%.&/ – 0"#1+’+/2 6’-7&"#8/-9/&,’--#, 21-2:&.2 )%8(%+’+&#8/ &’+*%"# ;/,,/ 1 -/+’<+%8
(%"2=)’ (% =’>%"8#?/28 ("/ 0.-%1// 1@(%-+’+/2 0"#1+’+/< "#1+%1’./2, *#)%+# A0)#, # &#)
3’ 5/(%&’*@ % ’1)-/=%1%.&/ ("%.&"#+.&1# 8’&"/#-7+%5% )%+&/+008#. B%)#*#+# ,&% =/1’"-
5’+?/2 C&%5% &’+*%"# "#1+# +0-:. D%-0,’+# .12*7 &’+*%"# ;/,,/ . &’+*%"%8 =’>%"8#?/<,
#)&0#-7+#2 =-2 %(/.#+/2 .&"0)&0"+%-=’>%"8#?/%++@4 %.%$’++%.&’< 8’4#+/,’.)%5% (%1’=’-
+/2 "#*-/,+@4 8#&’"/#-%1 +# %.+%1’ +’’1)-/=%1%< 5’%8’&"//. D%)#*#+%, ,&% 1 )-#../,’.)%8
0("05%8 .-0,#’ &’+*%" ;/,,/ .%1(#=#’& . &’+*%"%8 E+F&’<+#.

)*+,-./- 0*#.%: &’+*%" ;/,,/, &’+*%" E<+F&’<+#, 0"#1+’+/2 6’-7&"#8/-9/&,’--#, 0.-%-
1/2 .%18’.&+%.&/ G’+-!’+#+#.

!"#$%& ’%(#$)($*( +*,%-)"&*., )#+=/=#& >/*/)%-8#&’8#&/,’.)/4 +#0), =%?’+& )#-
>’="@ /+>%"8#&/)/ / /+>%"8#?/%++@4 &#8%3’++@4 &’4+%-%5/< !H ;IJ; e-mail:
kopestov@yandex.ru; https://orcid.org/0009-0005-4669-3070; AuthorID: 589056
/01"& 2*3)*- 4-",#)(56%&*., =%)&%" >/*/)%-8#&’8#&/,’.)/4 +#0), #)#=’8/) ;JK, ("%-
>’..%", =/"’)&%" LD9 B!M ;JK; e-mail: guzev@iam.dvo.ru; https://orcid.org/0000
-0001-9344-154X; AuthorID: 3404
789*:%&) ;-<=) +*,%-)"&(), =%)&%" >/*/)%-8#&’8#&/,’.)/4 +#0), ("%>’..%", ("%-
>’..%" D%-/&’4+/,’.)%5% /+.&/&0&# / L+.&/&0&# 8#&’8#&/)/ / )%8(7:&’"+@4 &’4+%-%5/<
B!HN; e-mail: lyubimova@dvfu.ru; https://orcid.org/0000-0003-4802-7352;
AuthorID: 372335

1*( &’$’2#.%"’(: *"#$/0 @. <., )=A"0 6. B., CDE&,/02 F.<. A’%8’&-
"/,’.)#2 .&"0)&0"# 0"#1+’+/< 6’-7&"#8/-9/&,’--# // !’.&+/) O01#F-
.)%5% 5%.0=#".&1’++%5% (’=#5%5/,’.)%5% 0+/1’"./&’&# /8.L.P.P)%1-’1#.
G’"/2: 9’4#+/)# ("’=’-7+%5% .%.&%2+/2. 2025. Q1(63). G. 100–108.
DOI: 10.37972/chgpu.2025.63.1.009. EDN: NHERMI

3$2$:5 /8=E1&’/02%2 %2 =#1/0&57 1&G"%A&& Creative Commons Attribution 4.0 International
(CC-BY 4.0).

© D’.&%1 R. K., A0*’1 9.J., S:$/8%1# M. K. 2025
@’()78%"#: 01.02.25; 85%12)# & 80>#)=: 14.04.25; ’874"%*’&#1#: 17.06.25.

100



Vestn. Chuvash. Gos. Ped. Univ. im. I.Ya.Yakovleva Ser.: Mekh. Pred. Sost.

DOI: 10.37972/chgpu.2025.63.1.009 EDN: NHERMI
Research Article

K.N.Pestov
1,2

,M.A. Guzev
3
,O.N. Luybimova

4,2

GEOMETRIC STRUCTURE OF THE BELTRAMI-MITCHELL
EQUATIONS

1
I.NRussian Customs Academy Vladivostok Branch, Vladivostok, Russia

2
I.N.Khabarovsk Division of the Institute of Applied Mathematics, Far Eastern Branch of

the Russian Academy of Sciences, Vladivostok, Russia

3
I.N. Institute for Applied Mathematics Far Eastern Branch of Russian Academy

Sciences, Vladivostok, Russia

4
I.N. Far Eastern Federal University, Vladivostok, Russia

Abstract. The paper demonstrates that the classical equations of stress in elasticity theory, known
as the Beltrami–Mitchell equations, can be expressed as components of the Ricci tensor when
considering linear deformations. This is provided that the conditions of equilibrium, Hooke’s law,
and the assumption of a Euclidean space for the material continuum are satisfied. It is proven that
the divergence of the Ricci tensor is zero in this case. A relationship between the Ricci tensor and
the strain tensor is derived, which is significant for describing the structural and deformational
characteristics of the mechanical behavior of materials based on non-Euclidean geometries. It is
demonstrated that in the elastic case, the Ricci tensor equals the Einstein tensor.
Keywords: Ricci tensor, Einstein tensor, Beltrami-Mitchell equations, compatibility conditions of
Saint-Venant.

Konstantin N. Pestov, Candidate of Physical and Mathematical Sciences; e-mail:
kopestov@yandex.ru;
https://orcid.org/0009-0005-4669-3070; AuthorID: 589056
Mihail A. Guzev, Doctor of Physical and Mathematical Sciences, Professor; e-mail:
guzev@iam.dvo.ru;
https://orcid.org/0000-0001-9344-154X; AuthorID: 3404
Olga N. Lyubimova, Doctor of Physical and Mathematical Sciences, Professor; e-mail:
lyubimova@dvfu.ru;
https://orcid.org/0000-0003-4802-7352; AuthorID: 372335

to cite this article: PestovK.N., GuzevM.A., Luybimova O.N. Geometric
structure of the Beltrami-Mitchell equations // Vestn. Chuvash. Gos. Ped.
Univ. im. I.Ya. Yakovleva Ser.: Mekh. Pred. Sost. 2025. No 1(63). p. 100–108.
DOI: 10.37972/chgpu.2025.63.1.009

This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

Received: 01.02.25; accepted: 14.04.25; published: 17.06.25.
101



102 @. <.*H3IF!, 6.B. )+JH!, F. <. CKL-6F!B

.4565785. !"#$$%&’$(%)% *’+,-.+/)% -01’(*#)%, -2%$/3#45%)% $-$*-6-

+%’ $2"-7+-8 $.’9/ 3 *’-.%% :2.:;-$*%, 63"64*$6 3’(*-. 2’.’)’5’+%6, *’+-

,-./ 9’<-.)#=%8 % +#2.6>’+%8. ?- :>’ 3 2.%$:*$*3%% .#,"%&+/@ 9’<’(*+/@

$*.:(*:. 3-,+%(#’* +’-0@-9%)-$*A 3 .#$7%.’+%% ;%2-*’, )’@#+%(% $2"-7+-8

$.’9/ % 3- 33’9’+%% +-3/@ *’+,-.+/@ -01’(*-3. B ("#$$%&’$(%@ )-9’"6@ (-+-

*%+:#"A+-’ .#$$)-*.’+%’ $2"-7+-8 $.’9/ .#3+-$%"A+- ;%2-*’,’ ’3("%9-3-$*%

)#*’.%#"A+-;- (-+*%+::)#, &*- $--*3’*$*3:’* *.%3%#"A+-$*% *’+,-.# C%)#+#,

3 "%+’8+-) 2.%0"%>’+%% 2- 9’<-.)#=%6) D*- $-32#9#’* $ :.#3+’+%6)% $-3-

)’$*+-$*% E’+-B’+#+# [1,2]. E"’9$*3%’) $-3)’$*+-$*% 9’<-.)#=%8, "%+’8+-$*%

:2.:;-;- (-+*%+::)# 63"64*$6 :.#3+’+%6 F’"A*.#)%-G%*&’""# [3]

!ω̂ +
1

1 + ε
→→Tr(ω̂) +→ϑF + (→ϑF )T +

ε

1↑ ε
ĝ→· ϑF = 0, (1)

;9’ ε - (-D<<%=%’+* H:#$$-+#, ω̂ *’+,-. +#2.6>’+%8, ϑF - 3’(*-. 3+’7+%@ -01-

’)+/@ $%", (→ϑF )T - *.#+$2-+%.-3#++/8 *’+,-. ( →ϑF , ĝ - )’*.%&’$(%8 *’+,-.,

→, ! - $--*3’*$*3’++- -2’.#*-./ I#)%"A*-+# % J#2"#$#, (· ) - $(#"6.+-’ 2.--

%,3’9’+%’.

K.#3+’+%6 (1) 3 ("#$$%&’$(%@ :&’0+%(#@ [1,2] 63"64*$6 .’,:"A*#*-), 9%<<’-

.’+=%.-3#+%6, ;.:22%.-3(% % (-)0%+#=%% :.#3+’+%8 .#3+-3’$%6, $-3)’$*+-$*%

% ,#(-+# I:(#, 3 [4] 2-":&’+/ %, 3#.%#=%-++-;- 2.%+=%2# !#$*%"A6+-. B .#0--

*’ [5] 9’"#’*$6 2-2/*(# -0-05’+%6 D*%@ :.#3+’+%8 9"6 .%)#+-3/@ 2.-$*.#+$*3

$ +’’3("%9-3-8 )’*.%(-8 3 -*&’*+-8 (-+<%;:.#=%% 2:*’) 2.’-0.#,-3#+%6 (-)-

2-+’+* *’+,-.# C%)#+#, +- (#( % 9"6 ("#$$%&’$(-;- $":&#6 3 :$"-3%6@ $-3)’$*-

+-$*% 9’<-.)#=%8.

L9+#(-, %,3’$*+-, &*- :2.:;#6 9’<-.)#=%6 3 -05’) $":&#’ +’ 63"6’*$6 $-3-

)’$*+-8 [6]. M-;9# 3-,+%(#’* ’$*’$*3’++#6 ,#9#&# .#$$)-*.’*A (#( %,)’+6*$6

("#$$%&’$(%’ :.#3+’+%6 F’"A*.#)%-G%*&’""# 9"6 +’$-3)’$*+/@ :2.:;%@ 9’-

<-.)#=%8. M#( (#( :$"-3%6 E’+-B’+#+# D(3%3#"’+*+/ *.%3%#"A+-$*% *’+,-.#

C%)#+#, *- $--*3’*$*3’++- -*(#, -* %@ 3/2-"+’+%6 2.%3-9%* ( +’-0@-9%)-$*%

#+#"%,# ’;- +’+:"’3/@ (-)2-+’+*. N"6 *.’@)’.+-;- 2.-$*.#+$*3# *’+,-. (.%-

3%,+/ C%)#+# 2-"+-$*A4 -2.’9’"6’*$6 $%))’*.%&+/) *’+,-.-) 3*-.-;- .#+;#

- *’+,-.-) C%&&% R̂ [7].

Rij = Rk

ijk
,

Rijkl = Rikgjl ↑Rilgjk +Rjlgik ↑Rjkgil +
R

2
(gilgjk ↑ gikgjl) , i, j, k, l = 1, 2, 3,

;9’ R = Tr(R̂) = Rmngmn
- $"’9 *’+,-.# C%&&% ($(#"6.+#6 (.%3%,+#),gjk - (-)-

2-+’+*/ ĝ. E"’9-3#*’"A+-, +’-0@-9%) #+#"%, $36,% *’+,-.# C%&&% $ *’+,-.#)%

9’<-.)#=%8 % +#2.6>’+%8.

L$+-3+#6 %9’6 2-":&’+%6 *’+,-.# C%&&% 3 +#2.6>’+%6@ &’.’, 2-$"’9-3#-

*’"A+-’ 3/&%$"’+%’ )’*.%(%, $36,+-$*% 2.% :$"-3%% "%+’8+/@ .’-"-;%&’$(%@
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$--*+-7’+%8 9"6 9’<-.)%.-3#++-;- $-$*-6+%6 % -2.’9’"%"- $*.:(*:.: +#-

$*-65’8 .#0-*/. B .’,:"A*#*’, 3--2’.3/@, 2-(#,#+-, &*- 3 ("#$$%&’$(-) $":-

&#’ :$"-3%6 .#3’+$*3# +:"4 (-)2-+’+* *’+,-.# C%&&% 63"64*$6 :.#3+’+%6)%

F’"A*.#)%-G%*&’""#. B--3*-./@, 2-":&’+- -0-05’+%’ :.#3+’+%8 F’"A*.#)%-

G%*&’""# +# +’’3("%9-3/’ )-9’"%.

1. C49:; <57:=>? &8@@8 A <57:=>7BC D=E5C 65F=>C?G8H. H:$*A

$2"-7+#6 $.’9# 3 +’9’<-.)%.-3#++-) $-$*-6+%% -2%$/3#’*$6 3 +’(-*-.-8 (.%-

3-"%+’8+-8 $%$*’)’ (--.9%+#* (x1, x2, x3) $ (-)2-+’+*#)% )’*.%&’$(-;- *’+,-.#

gij % (-)2-+’+*#)% $36,+-$*% J’3%-O%3%*# ”i

kl
, (-)2-+’+*/ *’+,-.# C%&&% Rjk

3 9#++-) $":&#’ .#3+/ +:"4.

B 9’<-.)%.-3#++-) $-$*-6+%% (-)2-+’+*/ )’*.%&’$(-;- *’+,-.# g̃ij % (-)-

2-+’+*/ $36,+-$*% ”̃i

kl
, #$$-=%%.-3#++-8 $ D*-8 )’*.%(-8, -2.’9’"64* *’+,-.

C%&&% $ (-)2-+’+*#)%

R̃jk =
ϖ”̃i

ji

ϖxk
↑

ϖ”̃i

jk

ϖxi
+ ”̃i

km
”̃m

ji
↑ ”̃i

im
”̃m

jk
, (2)

;9’ (-)2-+’+*/ $36,+-$*% J’3%-O%3%*# .#3+/

”̃i

kl
=

1

2
g̃im

(
ϖg̃mk

ϖxl
+

ϖg̃ml

ϖxk
↑ ϖg̃kl

ϖxm

)
. (3)

!-)2-+’+*/ )’*.%&’$(%@ *’+,-.-3 3 9’<-.)%.-3#++-) % +’9’<-.)%.-3#+-

+-) $-$*-6+%6@ $36,#+/ &’.’, (-)2-+’+*/ *’+,-.# 9’<-.)#=%% ϱij [8]

g̃ij = gij + 2ϱij. (4)

!-)2-+’+*/ -0.#*+-8 )’*.%(% 3 "%+’8+-) 2.%0"%>’+%%

g̃ij = gij ↑ 2ϱij. (5)

H-9$*#3"66 (4) % (5) 3 (3) % -;.#+%&%3#6$A 2’.3/) 2-.69(-) 2- 9’<-.)#=%-

6), %)’’* )’$*- .#3’+$*3-

”̃i

kl
=

1

2
gim

(
ϖgmk

ϖxl
+

ϖgml

ϖxk
↑ ϖgkl

ϖxm

)
+ gim

(
ϖϱmk

ϖxl
+

ϖϱml

ϖxk
↑ ϖϱkl

ϖxm

)
↑

↑ϱim
(
ϖgmk

ϖxl
+

ϖgml

ϖxk
↑ ϖgkl

ϖxm

)
= ”i

kl
+ gim

(
ϖϱmk

ϖxl
+

ϖϱml

ϖxk
↑ ϖϱkl

ϖxm

)
↑ 2ϱim”mkl.

(6)

P$2-"A,:6 -2’.#=%% 2-9+6*%6 % -2:$(#+%6 %+9’($-3

ϱim”mkl = ϱmpg
im”p

kl



104 @. <.*H3IF!, 6.B. )+JH!, F. <. CKL-6F!B

3/.#>’+%’ (6) 2.’-0.#,:’*$6 ( 3%9:

”̃i

kl
= ”i

kl
+ gim




ϖϱmk

ϖxl
↑ ”p

kl
ϱmp ↑ ”p

ml
ϱpk

︸ ︷︷ ︸
→lωmk

+
ϖϱml

ϖxk
↑ ”p

kl
ϱmp ↑ ”p

km
ϱpl

︸ ︷︷ ︸
→kωml



↑

↑gim
(
ϖϱkl
ϖxp

↑ ”p

km
ϱpl ↑ ”p

ml
ϱpk

)

︸ ︷︷ ︸
→mωkl

= ”i

kl
+→lϱ

i

k
+→kϱ

i

l
↑→iϱkl.

L0-,+#&#6 $%))’*.%&+/8 2- +%>+%) %+9’($#) *’+,-. #<<%++-8 9’<-.)#-

=%% [9]

Ei

kl
= →lϱ

i

k
+→kϱ

i

l
↑→iϱkl, (7)

2-":&#’*$6

”̃i

kl
= ”i

kl
+ Ei

kl
(8)

H-9$*#3"66 (8) 3 <-.):": (-)2-+’+* *’+,-.# C%&&% (2) % 2.-3-96 3/&%$"’-

+%6

R̃jk =
ϖ(”i

ji
+ Ei

ji
)

ϖxk
↑

ϖ(”i

jk
+ Ei

jk
)

ϖxi
+
(
”i

km
+ Ei

km

) (
”m

ji
+ Em

jl

)
↑
(
”i

im
+ Ei

im

) (
”m

jk
+ Em

jk

)
=

= Rjk +
ϖEi

ji

ϖxk
↑

ϖEi

jk

ϖxi
+ ”i

km
Em

ji
+ ”m

ji
Ei

km
↑ ”m

jk
Ei

im
↑ ”i

im
Em

jk
+ Ei

km
Em

ji
↑ Em

jk
Ei

im
=

=
ϖEi

ji

ϖxk
↑ ”m

jk
Ei

im
↑

(
ϖEi

jk

ϖxi
↑ ”i

km
Em

ji
↑ ”m

ji
Ei

km
+ ”i

im
Em

jk


+ Ei

km
Em

ji
+ Em

jk
Ei

im
=

= →kE
i

ji
↑→iE

i

jk
+ Ei

km
Em

ji
↑ Em

jk
Ei

im
,

%"% 3 *’+,-.+-8 <-.)’

˜̂R = →Tr(Ê)↑→· Ê + Ê· · Ê ↑ Ê·Tr(Ê). (9)

Q-.):"# (9) #+#"-;%&+# 3/.#>’+%4 9"6 ,#(-+# 2.’-0.#,-3#+%6 *’+,-.# C%-

)#+# 2.% 9’<-.)#=%% )’*.%(% 0’, (.:&’+%6 [9], -;.#+%&%3#6$A 2’.3/) 2-.69-

(-), %)’’)

R̃jk = →kE
i

ji
↑→iE

i

jk
.

B-,3.#5#6$A ( 9’<-.)#=%6) 2- <-.):"#) (7)

R̃jk = →k

(
→jϱ

i

i
+→iϱ

i

j
↑→iϱij

)
↑→i

(
→jϱ

i

k
+→kϱ

i

j
↑→iϱjk

)
=

= →k→jϱ
i

i
+→k→iϱ

i

j
↑→k→iϱij ↑→i→jϱ

i

k
↑→i→kϱ

i

j
+→i→iϱjk =

= →k→jϱ
i

i
+→i→iϱjk ↑

(
→i→jϱik +→i→kϱij

)
.

M’+,-. C%&&% )->’* 0/*A 2’.’2%$#+ 3 3%9’

˜̂R = !ϱ̂+→→Tr(ϱ̂)↑→(→· ϱ̂)↑ (→(→· ϱ̂))T . (10)
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E%))’*.%&+-$*A 2.#3-8 &#$*% -0’$2’&%3#’*$6 $%))’*.%&+-$*A4 *’+,-.# 9’-

<-.)#=%8, ’3("%9-3-$*A4 %$@-9+-;- 2.-$*.#+$*3#, 3 (-*-.-) (-3#.%#+*+/’

2.-%,3-9+/’ (-)):*%.:4*, # *#(>’ $%))’*.%,#=%’8 3/.#>’+%6 → (→· ϱ̂).

2. )49:; <57:=>? &8@@8 A D=E5C 7?D>9I578H. R#(-+ I:(# &’.’,

(-D<<%=%’+*/ J#)D 3 *’+,-.+-) 3%9’

ϱ̂ =
1

2µ

(
ω̂ ↑ ς

3ς+ 2µ
Tr(ω̂)ĝ

)
.

M-;9# *’+,-. C%&&% (10) 2.%3-9%*$6 ( 3%9:

R̂ =
1

2µ

(
!ω̂ +

2ς+ 2µ

3ς+ 2µ
→→Tr(ω̂)↑ ς

3ς+ 2µ
!Tr(ω̂)ĝ ↑→(→· ω̂)↑ (→(→· ω̂))T

)
,

(11)

&*- #+#"-;%&+- 2-(-)2-+’+*+-8 $36,% *’+,-.# C%&&% $ +#2.6>’+%6)% 2-":-

&’++-8 9"6 9’(#.*-3-8 $%$*’)’ (--.9%+#* 3 .#0-*’ [10].

3. ->?475789 15E;<>?C8-$8<@5EE?. H.% 3/2-"+’+%% :.#3+’+%8 .#3-

+-3’$%6

→· ω̂ + ϑF = 0

*’+,-. C%&&% (11) 2.’-0.#,:’*$6 3

R̂ =
1

2µ

(
!ω̂ +

2ς+ 2µ

3ς+ 2µ
→→Tr(ω̂)↑ ς

3ς+ 2µ
!Tr(ω̂)ĝ +→ϑF +


→ϑF

T
)
. (12)

B )’@#+%(’ $2"-7+-8 $.’9/ @-.-7- %,3’$*+-, &*- 7’$*A (-)2-+’+* *’+,-.#

9’<-.)#=%8 :9-3"’*3-.64* 9-2-"+%*’"A+/) -;.#+%&’+%6), (-*-./’ +#,/3#-

4*$6 :$"-3%6)% $-3)’$*+-$*% E’+-B’+#+#. S*% :$"-3%6 $3-96*$6 ( *-):, &*-

*’+,-. C%)#+# 3/&%$"’++/8 9"6 )’*.%&’$(-;- *’+,-.# 9’<-.)%.-3#++-;- $--

$*-6+%6 % $--*3’*$*3:45%’ ’): *’+,-. C%&&% % $(#"6.+#6 (.%3%,+# -0.#5#-

4*$6 3 +:"A. P$2-"A,:6 :$"-3%’ .#3’+$*3# $(#"6.+-8 (.%3%,+/ +:"4

1

µ

(
ς+ 2µ

3ς+ 2µ
!Tr(ω̂)↑→· (→· ω̂)

)
= 0 (13)

3 (-)2-+’+*#@ *’+,-.# C%&&% (12) )->+- %$("4&%*A $"#;#’)-’ !Tr(ω̂) % 2-":-

&%*A

R̂ =
1

2µ

(
!ω̂ +

2ς+ 2µ

3ς+ 2µ
→→Tr(ω̂) +→ϑF +


→ϑF

T

+
ς

ς+ 2µ
ĝ→· ϑF

)
. (14)

C#3’+$*3- +:"4 *’+,-.# C%&&% (14) % ’$*A :.#3+’+%6 F’"A*.#)%-G%*&’""#

!ω̂ +
2ς+ 2µ

3ς+ 2µ
→→Tr(ω̂) +→ϑF +


→ϑF

T

+
ς

ς+ 2µ
ĝ→· ϑF = 0. (15)

P*#(, (-)2-+’+*/ *’+,-.# C%&&% 3 "%+’8+-8 *’-.%% :2.:;-$*% 3 +#2.6>’-

+%6@ %)’4* 3%9 +’+:"’3/@ $-$*#3"645%@ :.#3+’+%8 F’"A*.#)%-G%*&’""#.
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4. )<>JK<J>? J>?47578H 15E;<>?C8-$8<@5EE? H.% -*$:*$*3%% -01-

’)+/@ $%" :.#3+’+%’ (15) $3’9’*$6 (

R̂e =
1

2µ

(
!ω̂ +

2ς+ 2µ

3ς+ 2µ
→→Tr(ω̂)

)
= 0.

T$*’$*3’++/) -0.#,-), 3-,+%(#’* 3-2.-$ - *-), 63"6’*$6 "% $%))’*.%&+/8

*’+,-. 3*-.-;- .#+;#

R̂f =
1

2µ

(
→ϑF +


→ϑF

T

+
ς

ς+ 2µ
ĝ→· ϑF

)

*’+,-.-) C%&&%. N"6 3/6$+’+%6 D*-;- +’-0@-9%)- 2.-3’.%*A 9%<<’.’+=%#"A-

+-’ *->9’$*3- F%#+(%

→· R̂ =
1

2
→Tr(R̂). (16)

B/&%$"’+%’ 2.#3-8 &#$*% (16) 9#’*

1

2
→Rf =

1

4µ
→

(
→iFi +→iFi +

ς

ς+ 2µ
gi
i
→kFk

)
=

5ς+ 4µ

4µ(ς+ 2µ)
→(→· ϑF ).

B/&%$"’+%’ "’3-8 &#$*% (16) 9#’*

→· R̂f =
1

2µ

(
!ϑF +

2ς+ 2µ

ς+ 2µ
→(→· ϑF )

)
.

L&’3%9+-, .#3’+$*3- (16) +’ 3/2-"+6’*$6, %, &’;- $"’9:’* &*- *’+,-. C%&&%

(14) +’ )->’* 0/*A #99%*%3+- 2.’9$*#3"’+ (#( $:))# *’+,-.-3 R̂e + R̂f
0’,

2-*’.% $*.:(*:./.

M#(%) -0.#,-), ,#2%$A :.#3+’+%8 F’"A*.#)%-G%*&’""# 3 3%9’ (1) *’.6’*

$*.:(*:.: *’+,-.# C%&&%, 3 *- 3.’)6 (#( 3%9 (14) $-@.#+6’* ’’ 3 &#$*% 3/-

2-"+’+%6 *->9’$*3# (16).

P$2-"A,:6 *’+,-. C%&&% 3 3%9’ (11), )->+- 3/&%$"%*A *’+,-. S8+7*’8+#

Ĝ = R̂↑ R

2
ĝ,

(-*-./8 -0"#9#’* *’) $3-8$*3-), &*- ’;- 9%3’.;’+=%6 .#3+# +:"4

→· Ĝ = 0. (17)

B ("#$$%&’$(-) ’3("%9-3-) $":&#’ $ :&’*-) (12) % *’+,-. S8+7*’8+# $-32#-

9#’* $ *’+,-.-) C%&&%.

?’*.:9+- 2.-3’.%*A, &*- (17) $ :&’*-) (13) *->9’$*3’++- 3/2-"+6’*$6 9"6

(14)

→· Ĝ =
1

2µ
→·

(
!ω̂ +

2ς+ 2µ

3ς+ 2µ
→→Tr(ω̂) +→ϑF +


→ϑF

T

+
ς

ς+ 2µ
(→· ϑF )ĝ

)
=

=
1

2µ

(
!(→· ω̂) +!ϑF +

2ς+ 2µ

3ς+ 2µ
→
(
↑3ς+ 2µ

ς+ 2µ
→· ϑF

)
+→(→· ϑF ) +

ς

ς+ 2µ
→(→· ϑF )

)
= 0.
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M#(%) -0.#,-), 2-(#,#+-, &*- (16) % (17) *->9’$*3’++- 3/2-"+64*$6 9"6 :.#3-

+’+%8 F’"A*.#)%-G%*&’""#.

!"#"$%&’($)%"

*+,-. -/0121/. !"#$% $&’()(& )$&*(+,*,*.
3145,6+0 64072781/. -&’(). %,"#$)/)01’ (’20’2’&/, 3&*.4 / 5(’,*+/$#6*.4
"(*7#/"’(& /*’,),2(&, 2&38$**.4 2 509#/"$+/,: *$2’(3;,: 2’$’6/.
&801946+ 564-48621/-46:. <$9(’$ &.5(#*,*$ & )$="$4 >(20%$)2’&,**(>( 8$%$*/3
?@A B!C <-D E 075-00459-25-00.
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