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1. #67879:7. ! "#$%&’()) *+),’ *$) -&./0)) +#$1+&$%+#")"2) * $%+&2-

%)./$%*) 3#"2,#4% .)562) -)%&"7, 1&.89#),7) 23 ’9)2$%7: $%+86%8+: 5#3&$2.2-

6#%7 2 1)"&-)%&"7. ;9)2$%7) -)%&"7 2,)4% ")$&1&$%#*2,7) 1+&9"&$%"7) :#-

+#6%)+2$%262 $<#%2’ 2 +#$%’<)"2’. =+&9"&$%/ "# $<#%2) * 10 2 -&.)) +#3 1+)-

*70#)% 1+&9"&$%"7) :#+#6%)+2$%262 +#$%’<)"2’. =&>%&,8 1+2,)")"2) %#62:

,#%)+2#.&*, 2,)4(2: "23684 %)1.&1+&*&?"&$%/ * 3 +#3# "2<) %)1.&1+&*&?"&-

$%2 6)+#,29)$6&5& $%+&2%)./"&5& 62+129#, 2,))% -&./084 1)+$1)6%2*8. @?"#-

6& "2362) :#+#6%)+2$%262 1+&9"&$%2 "# +#$%’<)"22 ") 1&3*&.’)% 1+2,)"’%/

’9)2$%7) ,#%)+2#.7 * $%+&2%)./"7: 6&"$%+86A2’:, 2$17%7*#4(2: +#$%’52-

*#4(2) "#1+’<)"2’. B#62) "#1+’<)"2’ *&3"26#4% 1+2 ?)C$%*22 2352-#4(2:

%)1.&*7: "#5+83&6 1&>%&,8 *&1+&$7 8$2.)"2’ 1+&9"&$%"7: :#+#6%)+2$%26 ’9)-

2$%7: -)%&"&* "# +#$%’52*#4(2) "#1+’<)"2’ ’*.’)%$’ *#<"&C 2 #6%8#./"&C.

@?"2, 23 $1&$&-&* 1&*70)"2’ 1+&9"&$%2 ’9)2$%7: -)%&"&* "# +#$%’<)"2) ’*-

.’)%$’ #+,2+&*#"2) ’9)2$%7: -)%&"&*. =+2,)")"2) $%#./"&C #+,#%8+7 *)?)% 6

$,’%24 ’9)2$%7: -)%&"&* * ,)$%#: $&1+26&$"&*)"2’ $ <)$%62, ,)%#..&,, 2 #+-

,#%8+# 1)+)$%#)% *71&."’%/ $*&2 D8"6A22. @?"2, 23 ,#%)+2#.&* 1&?:&?’(2:

?.’ #+,2+&*#"2’ ’9)2$%7: -)%&"&* ?.’ 1&*70)"2’ 1+&9"&$%"7: :#+#6%)+2-

$%26 ’*.’4%$’ 6&,1&32A2&""7) :&.$%7, $)%62 2 *&.&6"#, 2,)4(2) *7$&62)

:#+#6%)+2$%262 1+&9"&$%2 2 ") +#3+80#4(2) ’9)2$%84 $%+86%8+8 1+2 >6$-

1.8#%#A22 $%+&2%)./"7: ,#%)+2#.&*. !&1+&$#, 8$2.)"2’ <).)3&-)%&""7: 6&"-

$%+86A2C 6&,1&32A2&""7,2 ,#%)+2#.#,2 8?).’.&$/ *"2,#"2) * +#-&%#: [1–3],

2 "#0.& $*&) &%+#<)"2) * &%)9)$%*)""7: 2 3#+8-)<"7: "&+,#%2*"7: ,#%)+2#-

.#: [4–8]. E6$1)+2,)"%#./"7) 2$$.)?&*#"2’, 1&$*’()""7) 8$2.)"24 $%+&2%)./-

"7: 6&"$%+86A2C 23 ’9)2$%7: -)%&"&*, "# ?)C$%*2) %),1)+#%8+"7: "#5+83&6

1+2*)?)"7 * +#-&%#: [9–11]. F)%&?26# 2$$.)?&*#"2’ 6&"$%+86A2C 23 6&,1&32-

A2&""7: ,#%)+2#.&* &12$#"# * ,#%)+2#.#: [12–16].

2. 2;<7=:;>? : @7<A8?. F"&5&$.&C"7) ,#%)+2#.7 2,)4% +#3"7) :#-

+#6%)+2$%262 $.&)*. G.’ 89)%# +#3"&+&?"&$%2 $.&)* 1+2,)"’)%$’ ?*# ,)%&?#

– &1+)?).)"2) 1+2*)?)""7: :#+#6%)+2$%26 2 89)% 6#<?&5& $.&’ * &%?)./"&-

$%2. H#$$,&%+2, ,)%&? 1+2*)?)""7: :#+#6%)+2$%26, 1&3*&.’4(2C &1+)?).’%/

:#+#6%)+2$%26 ,"&5&$.&C"&5& ,#%)+2#.# * *2?) &?"&+&?"&5& ,#%)6+2#.#. H#$-

$,&%+2, 3#*2$2,&$%/ ,)<?8 "#1+’<)"2’,2 2 ?)D&+,#A2’,2 * 1.&$6&"#1+’-

<)""&, $&$%&’"22

{ω} = [E] {ε} , (1)

I?)$/ &-&3"#9)"&

[E] =






Q11 Q12 0
Q21 Q22 0
0 0 Q66




 ;

{ω}T = {ωs, ωω, ωsω} ; {ε}T = {εs, εω, εsω} ;
Q11 = Es/ (1→ vsωvωs);Q12 = vsωEs/ (1→ vsωvωs);Q21 = vωsEs/ (1→ vsωvωs);

Q22 = Eω/ (1→ vsωvωs);Q66 = G66,
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5?) Es – ,&?8./ 81+85&$%2 * &$)*&, "#1+#*.)"22, Eω – ,&?8./ 81+85&$%2 *

1)+1)"?268.’+"&, "#1+#*.)"22, ϑ – 6&>DD2A2)"% =8#$$&"#, G – ,&?8./, 892-

%7*#4(2C $?*25, {ω}T = {ωs, ωω, ωsω}- *)6%&+ "#1+’<)"2C, {ε}T = {εs, εω, εsω}
– *)6%&+ ?)D&+,#A2C.

=+2 1&*&+&%) &$)C 6&&+?2"#% "# 85&. ϖ 6&>DD2A2)"% 3#*2$2,&$%2 (1) 1+2&--

+)%#)% *2?

[
Ē
]
=






Q̄11 Q̄12 Q̄16

Q̄21 Q̄22 Q̄26

Q̄61 Q̄62 Q̄66




 ,

I?)$/ &-&3"#9)"& Q̄11 = A4Q11 → s4Q22 + 2 (Q12 + 2Q66) s2c2;

Q̄12 = (Q11 +Q22 → 4Q66) s
2c2 +

(
s2 + c2

)
Q22;

Q̄16 =
(
c2Q11 → s2Q12 + (Q12 + 2Q66

) (
s2 → c2)

)
sc;

Q̄22 = s4Q11 → c4Q22 + 2 (Q12 + 2Q66) s
2c2; (2)

Q̄26 =
(
s2Q11 → c2Q12 → (Q12 + 2Q66

) (
s2 → c2)

)
sc;

Q̄66 = (Q11 → 2Q12 +Q22) s
2c2 +

(
s2 → c2

)
Q66;

s = sin ϖ; c = cos ϖ.

G)D&+,#A2’ $.&’, +#$1&.&<)""&5& "# +#$$%&’"22 z &% $+)?2""&C 1&*)+:"&-

$%2 ,&<"& 3#12$#%/ * *2?)

{ε} =
{
ε0
}
+ z

{
ϱ0

}
.

I?)$/ **)?)"& &-&3"#9)"2) {ε0}- ?)D&+,#A22 * $+)?2""&C 1&*)+:"&$%2, {ϱ0} -

?)D&+,#A22 6+2*23"7 $+)?2""&C 1&*)+:"&$%2.

! +)38./%#%) 1&.89#), 3#*2$2,&$%/ ,)<?8 "#1+’<)"2’,2 2 ?)D&+,#A2’,2

?.’ ,"&5&$.&C"&5& ,#%)+2#.# * *2?)

{ω} =
[
Ē
] {

ε0
}
+ z

[
Ē
] {

ϱ0
}
.

G.’ ,"&5&$.&C"&5& ,#%)+2#.#, 6 6&%&+&,8 &%"&$2%/$’ 2 ,"&5&$.&C"7C 6&,1&-

32A2&""7C ,#%)+2#.#, 1&.892,

{ω} =

[
→
Q

] {
ε0
}
+ z

[
→
Q

] {
ϱ0

}
.

I?)$/ &-&3"#9)"& {ε0} – ?)D&+,#A22 * $+)?2""&C 1&*)+:"&$%2, {ϱ0}- ?)D&+-

,#A22 6+2*23"7 $+)?2""&C 1&*)+:"&$%2.

G.’ "&+,#./"7: 8$2.2C 2 ,&,)"%&* 3#*2$2,&$%2 *75.’?’% $.)?84(2, &--

+#3&,

{N} =
∫

h/2

→h/2 {ω}dz, {N}T = (Nx, Ny, Nxy)

{M} =
∫

h/2

→h/2 {ω} zdz, {M}T = (Mx,My,Mxy)
(3)

=+&*)?’ 2"%)5+2+&*#"2) 8+#*")"2C (3) 1&.892, $.)?84(2) $&&%"&0)"2’


N
M


= [E]


εo

ϱo


, [E] =

[
[A] [B]
[B] [D]

]
(4)
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[A] =




A11 A12 A16

A21 A22 A26

A61 A62 A66



 , [B] =




B11 B12 B16

B21 B22 B26

B61 B62 B66



 , [D] =




D11 D12 D16

D21 D22 D26

D61 D62 D66



 .

{Aij, Bij, Cij} =


h/2

→h/2

Qij(1,z, z
2)dz (i, j = 1, 2, 6)

G.’ ,"&5&$.&C"&5& 6&,1&32A2&""&5& ,#%)+2#.# 1+2*)?)""7) :#+#6%)+2$%2-

62 ,&<"& 3#12$#%/ * *2?)

Aij =


n

k=1Qij
(hk→hk→1) i, j = 1, 2, 6

Bij =


n

k=1Qij
(h2

k
→h2

k→1) i, j = 1, 2, 6
Dij =


n

k=1Qij
(h3

k
→h3

k→1) i, j = 1, 2, 6
(5)

I?)$/ **)?)"& &-&3"#9)"2) Aij, Bij, Dij – ,),-+#""#’, 2352-"&-,),-+#""#’ 2

2352-"#’ <)$%6&$%/

J# +2$8"6) 1 1&6#3#"7 1#+#,)%+7, 1+2,)"’),7) * D&+,8.) (5)

!"#. 1. $%&’()*+(", - .(&/&#0&1(&. 2&.3&’"4"&((&. .)5+6")0+

=&.89)""7) 3#*2$2,&$%2 &1+)?).’4% 1+2*)?)""7) :#+#6%)+2$%262 ,"&5&-

$.&C"&C $%+86%8+7, 2,)4()C +#3.29"7) :#+#6%)+2$%262 $.&)*, 1+2,)"2%)./"&

6 ,"&5&$.&C"&C 6&,1&32A2&""&C $%+86%8+) 1+2 +#3.29"7: 85.#: +#$1&.&<)"2’

*&.&6&"

F)%&?7 8$2.)"2’ <).)3&-)%&""7: 6&"$%+86A2C 18%), #+,2+&*#"2’ 6&,1&-

32A2&""7,2 :&.$%#,2 1+2*)?)"7 "# +2$8"6#: 2.

=+2,)+ 8$2.)"2’ $%+&2%)./"7: 6&"$%+86A2C ,"&5&$.&C"7,2 6&,1&32A2&"-

"7,2 :&.$%#,2 1+2*)?)" "# +2$8"6) 3

@?"2, 23 &$"&*"7: 1&.&<2%)./"7: :#+#6%)+2$%26 6&,1&32A2&""&5& ,#%)+2-

#.# &%"&$2%$’ 6&++&32&""#’ $%&C6&$%/, ,#.7C 8?)./"7C *)$ 2 *7$&6#’ 8?)./-

"#’ 1+&9"&$%/ * 2 -2,5 +#3# 1+)*70#4(#’ 8?)./"84 1+&9"&$%/ %2%#"#, "#2-&.))

1+&9"&5& &?"&+&?"&5& ,)%#..# $ ,#.7, 8?)./"7, *)$&,.

! %#-.2A#: 1 2 2 1+2*)?)"7 D2326&-,):#"29)$62) :#+#6%)+2$%262 ,#%)+2#-

.&* 2$1&./38),7) * +#-&%).

! %#-.2A) 1 1&6#3#"&, 9%& 1+&9"&$%"7) :#+#6%)+2$%262 $<#%2’ 5#3&$2.26#%#

* 11 +#3 -&./0) :#+#6%)+2$%26 "# +#$%’<)"2).
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!"#. 2. 7+5&89 :#"0+(", ;+0+’&%+5&((9< 2&(#56:24"1 2&.3&’"4"&((9." <&0#5)."
36" 6+2&(#56:24""

!"#$%&’&(")

*"+(& 500
,+-.-’/0$- %$%)$10&- 1 ,+-.-’/0$- %$%)$10&- 2

2$34%)&*$-

0"3+15-0&-

%5")&1, Rb,

6,"

2$34%)&*$-

0"3+15-0&-

+"%)15--

0&1, εt,

6,"

2$34%)&*$-

0"3+15-0&-

%.7&8", Rs,

6,"

2$34%)&*$-

0"3+15-0&-

%5")&1, Rb,

6,"

2$34%)&*$-

0"3+15-0&-

+"%)15--

0&1, εt,

6,"

2$34%)&*$-

0"3+15-0&-

%.7&8",

6,"

1,6 0,14 0,2 2,4 0,31 0,46

=)%0"4) 1. =)%0"4) #-&1#5- /)’&#"0"2)5) .)62" 500

3. )7BC>D<;<?. K$$.)?&*#.#$/ $%+&2%)./"#’ $%)"&*#’ 1#")./ 23 ’9)2$%&-

5& -)%&"#: 5#3&$2.26#%# $ 1#+#,)%+#,2: 02+2"# - 1,8 ,, *7$&%# – 1 ,, %&.(2-

"# - 0,2 ,. #+,2+&*#""#’ 6&,1&32A2&""7,2 *&.&6"#,2 9)+)3 0,1 ,. 1& *7$&-

%). !")0"’’ "#5+836# – "&+,#./"#’ +#*"&,)+"& +#$1+)?).)""#’ "#5+836# "#

*)+:"44 5+#"/, $&3?#4(#’ 2352-#4(2C ,&,)"% 2 +#$%’52*#4(#’ "#5+836# *)-

.292"&C, 1+2.&<)""#’ "&+,#./"& 6 %&+A#, ,&?).2, 2,2%2+84(#’ %)1.&*84
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!"#. 3. >#"0+("+ #56&"5+0?(9< @0+.+(5&- 2&.3&’"4"&((9." <&0#5)."

6")-+&"’

6$.4’/

43+48$%)&

E, !,"

2$34%)&*$-

0"3+15-0&-

+"%)15-0&1, Rs,

6,"

2$34%)&*$-

0"3+15-0&-

%5")&1, ε,

6,"

9.-’/0:; 7-%,

(8/*
3

98’-+$.0$- 7$’$(0$ 145 1100 700 1400

<)-(’$7$’$(0$ 22-32 645 530 2100

=)%0"4) 2. A"’"2&-.+<)("*+#2"+ <)6)25+6"#5"2" :/0+-&0&2() " #5+20&-&0&2()[15]

"#5+8368. ! 6#9)$%*) ,)%&?# 2$$.)?&*#"2’ 1+2,)"’.$’ ,)%&? 6&")9"7: >.),)"-

%&* [17–21]. =+&*)?#""&) 2$$.)?&*#"2) "#1+’<)""&-?)D&+,2+&*#""&5& $&$%&’-

"2’ 1+2 ?)C$%*22 2352-#4()5& ,&,)"%# 2 %),1)+#%8+"&5& *&3?)C$%*2’ 1&6#-

3#"& "# +2$8"6#: 4-6. =+&*)?)""7) #"#.2%29)$62) +#$9)%7 * 1+)?1&.&<)"22,

9%& 1+&9"&$%"7) :#+#6%)+2$%262 $%)"&*&C 1#").2 23 ’9)2$%&5& -)%&"# -8?8%

2,)%/ &?2"#6&*7) 1+&9"&$%"7) :#+#6%)+2$%262 +#$%’<)"2’ 2 $<#%2’ 1&3*&-

.2.& &1+)?).2%/ 1#+#,)%+7 1&1)+)9"7: $)9)"2C #+,2+84(2: 6&,1&32%"7:

$%)+<")C. =&.89)""7) +)38./%#%7 1&3*&.2.2 8*).292%/ ")$8(84 $1&$&-"&$%/

$%)"&*&C $%+&2%)./"&C 6&"$%+86A22 1+2 2352-#4(2: 2 %),1)+#%8+"7: "#5+83-

6#:, 1+2 ?)C$%*22 6&%&+7: *&3"26#4% +#$%’52*#4(2) "#1+’<)"2’ * 11 +#3,

9%& $&&%*)%$%*8)% +#*)"$%*8 1+&9"&$%"7: :#+#6%)+2$%26 +#$%’<)"2’ 2 $<#%2’

5#3&$2.26#%#. =+2,)")"2) #1+&-2+&*#""7: $2$%), #*%&,#%232+&*#""&5& 1+&-

)6%2+&*#"2’, $:&?2,&$%/ +)38./%#%&* +#$9)%#, 18%), $58()"2’ $)%62 6&")9"7:

>.),)"%&* 1+)?1&.#5#)% ?&$%&*)+"&$%/ 1&.89)""7: +)38./%#%&*
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J# +2$8"6) 4 1&6#3#"# ,&?)./ $%)"&*&C $%+&2%)./"&C 1#").2 23 ’9)2$%&5&

-)%&"#: 5#3&$2.26#%#, #+,2+&*#""#’ 6&,1&32%"7,2 *&.&6"#,2

!"#. 4. 7&8+0? #5+(&-&1 #56&"5+0?(&1 3)(+0" "’ ,*+"#5&/& %+5&(): /)’&#"0"2)5), )6-
."6&-)((), 2&.3&’"4"&((9." -&0&2()."

J# +2$8"6) 5 1+2*)?)"& "#1+’<)""&-?)D&+,2+&*#""&) $&$%&’"2) $%)"&*&C

1#").2 1+2 ?)C$%*22 2352-#4()5& ,&,)"%# 2 %),1)+#%8+"&5& *&3?)C$%*2’ #)

") #+,2+&*#""&C -) #+,2+&*#""&C 6&,1&32A2&""7,2 $%)+<"’,2.

#) -)

!"#. 5. B)36,;+((&-8+C&6."6&-)((&+ #&#5&,("+ #5+(&-&1 3)(+0" &5 "’/"%)DE+/& .&-
.+(5) " 5+.3+6)5:6(&/& -&’8+1#5-", )) %+’ )6."6&-)(",, %) # )6."6&-)("+., 7F)

J# +2$8"6) 6 1&6#3#"# ,&3#26# 1)+),)()"2C $%)"&*&C 1#").2 1+2 ?)C$%*22

2352-#4()5& ,&,)"%# 2 %),1)+#%8+"&C "#5+8362 -)3 #+,2+&*#"2’ #) 2 $ #+,2-

+&*#"2), -).

L"#.2%29)$6&) 2$$.)?&*#"2) ")$8()C $1&$&-"&$%2 $%)"&*&C 1#").2 *7$&%&C

h=1 ,., 02+2"&C L=1,8 ,., %&.(2"&C b=0,2,., 8$2.)""&C 6&,1&32A2&""7,2
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#) -)

!"#. 6. 7&’)"2) 3+6+.+E+("1 #5+(&-&1 3)(+0" 36" 8+1#5-"" "’/"%)DE+/& .&.+(5) "
5+30&-&1 ()/6:’2" %+’ )6."6&-)(", )) " # )6."6&-)("+. %), ...

$%)+<"’,2. =.&(#?/ 6&,1&32A2&""&C #+,#%8+7 &1+)?).’.#$/ * 1+)?1&.&<)-

"22, 9%& ")C%+#./"#’ &$/ ,&?).2 +#$1&.&<)"# "# +#$$%&’"22 0,5 , &% &$"&*#-

"2’, 9%& $&&%*)%$%*8)% &?2"#6&*7, 1+&9"&$%"7, :#+#6%)+2$%26#, ,#%)+2#.#

,&?).2, *71&.")""&5& 23 5#3&$2$.26#%# (%#-.2A# 1). G)C$%*84(2) "#5+8362 –

2352-#4(2C ,&,)"% *).292"# 6&%&+&5& &1+)?).’.#$/ 23 #"#.2%29)$62: +#$9)-

%&* * 1+)?1&.&<)"22, 9%& ?&18$%2,#’ *).292"# %+)(2"7 * &-.#$%2 +#$%’52-

*#4(2: "#1+’<)"2C -8?)% ") -&.)) 0,03 $,. 2 %),1)+#%8+"#’ "#5+836#, 1+2.&-

<)""#’ 6 *")0"2, -&6&*7, 5+#"’,. M+#"29"7) 8$.&*2’ – <)$%6&) 3#(),.)"2)

*")0"2: -&6&*7: 5+#")C. $%)"&*&C 1#").2. ! #+,#%8+"7) $%)+<"2 +#$1&.&<)-

"7 +#*"&,)+"& "# *7$&%) $ 0#5&, a=0,1 , &% &$"&*#"2’. J# +2$8"6) 6 1&6#3#"7

&-&3"#9)"2’, 1+2,)"’),7) * #"#.2%29)$6&, +#$9)%) +2$8"6) 6.

!"#. 7. $%&’()*+(",, 36"(,59+ - 6)#*+5+

I#?#?2, ")C%+#./"84 &$/ "# +#$$%&’"22 1&.&*2"7 *7$&%7 $%)"&*&C 1#").2:

0,5 ,., $ %),, 9%&-7 5#3&$2.26#%"7C ,#%)+2#. 2,). &?2"#6&*7) 3"#9)"2’ "#

+#$%’<)"2) 2 $<#%2) 1+2 2352-) $%)"&*&C 1#").2. @1+)?).2, ")&-:&?2,&) 1&-

1)+)9"&) $)9)"2) 85.)+&?"7: *&.&6&", +#$1&.&<)""7: "# +#$$%&’"2’: &% ")C-

%+#./"&C &$2 * 3&") +#$%’<)"2’ $%)"&*&C 1#").2 1+2 2352-): 0,1; 0,2; 0,3; 0,4,.
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B&5?# ,&,)"% 2")+A22 5#3&$2.26#%# &% ")C%+#./"&C &$2 &1+)?).’)%$’ 1& D&+-

,8.):

I==
bh3

24
= 104166 c,4

F&,)"% 2")+A22 85.)*&.&6"#, &%"&$2%)./"& ")C%+#./"&C &$2 * 1+)?1&.&<)"22,

9%& 1.&(#?/ 1&1)+)9"&5& $)9)"2’ F ") 3#*2$2% &% +#$1&.&<)"2’ 1& *7$&%).

Ixy=F (402 + 302 + 202 + 102)

@1+)?).2, ")&-:&?2,84 1.&(#?/ 1&1)+)9"&5& $)9)"2’ 85.)*&.&6"# 23 &%"&-

0)"2’ ,&,)"%&* 2")+A22 5#3&$2.26#%# 2 85.)*&.&6"# &%"&$2%)./"& ")C%+#./-

"&C &$2

F =
Ix
Ixy

= 34, 72 $,
2

@1+)?).2, ?&18$%2,&) "#1+’<)"2) +#$%’<)"2’, 1+2 6&%&+&, 1&’*.’)%$’

%+)(2"# 02+2"&C l=0,03 $, * 3&") +#$%’<)"2’ "# "2<")C 5+#"2 $%)"&*&C 1#-

").2.

ωl = E l = 435 65/$,2.

! ,)$%) +#$1&.&<)"2’ #+,2+&*#"2’ $%)"&*&C 1#").2 85.)*&.&6"# - 40 $,

&% ")C%+#./"&C .2"22, *).292"# %+)(2"7 $&$%#*2% l1=0,024 $, 2 "#1+’<)"2)

-8?)% ωl1 = 348 65/$,
2

N9%), ?#.)) +#3.292) * 1+&9"&$%2 $&$%#*.’4(2: 1+&9"&$%2 5#3&$2.26#%#

"# $<#%2) 2 ?&18$%2,&) "#1+’<)"2) * 85.)+&?"&C "2%2 1+2 ?&18$%2,&C 02-

+2") %+)(2"7 * "2<")C +#$%’"8%&C 3&") $%)"&*&C 1#").2. =.&(#?/ #+,#%8+7

85.)+&?"&C "2%2 $&$%#*2%

Fy =
FRb

ωl1
= 1, 28$,2

F&,)"% 2")+A22 85.)+&?"&C "2%2 &%"&$2%)./"& ")C%+#./"&C &$2 1+2 1&.8-

9)""&C 1.&(#?2 85.)+&?"&5& *&.&6"# -8?)%

I=y= 3831, 4 c,4

F&,)"% $&1+&%2*.)"2’ &%"&$2%)./"& ")C%+#./"&C &$2 ?.’ 85.)1.#$%26#

&1+)?).’)%$’ 6#6

Wxy=
Ixy
40

= 95, 79 c,3

F&,)"% $&1+&%2*.)"2’ $)9)"2’ ?.’ 5#3&$2.26#%"&5& ,#%)+2#.#

Wx=
bh2

12
= 4167 c,3

@1+)?).2, ?&18$%2,7C 2352-#4(2C ,&,)"% 23 1+&9"&$%2 5#3&$2.26#%# "#

$<#%2)

M=RbWx = 66666, 7 65 $,

=&5&""#’ "#5+836# "# *)+:"44 5+#"/ $%)"&*&C 1#").2 1+2 >%&, $&$%#*2%

q =8 M
bh2 = 53.3 65/$,
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G&18$%2,7C 2352-#4(2C ,&,)"% $%)"&*&C 23 5#3&$2.26#%# -)3 #+,2+&*#"2’

$&$%#*2%

Mg=ωg1Wx = 5833.3 65 $,

! +)38./%#%) 1+&*)?)""&5& +#$9)%# 2 #"#.23# $%)"&*&C 1#").2 23 5#3&$2.2-

6#%# "# ?&18$%2,7C 2352-#4(2C ,&,)"%, $ +#*"7,2 :#+#6%)+2$%26#,2 ’9)2-

$%&5& -)%&"#: 5#3&$).26#%# "# +#$%’<)"2) 2 $<#%2), 18%), #+,2+&*#"2’ 3&"7

+#$%’<)"2’ $%)"&*&C 1#").2 85.)"2%’,2 1+2 2352-) 1&.892.2 ?&18$%2,7C 23-

52-#4(2C ,&,)"% 66666,7 65 $,.

J)$8(#’ $1&$&-"&$%/ $%)"&*&C 1#").2 "# 2352- 8*).292.#$/ "# $.)?84(84

*).292"8

n=
M

Mg
= 11

L"#.23 +)38./%#%&* +#$9)%# 1&6#3#., 9%& #+,2+&*#"2) ’9)2$%&5& -)%&"#: 5#-

3&$2.26#%# 6&,1&32%"7,2 "2%’,2 3"#92%)./"& 1&*70#)% ")$8(84 $1&$&-"&$%/

5#3&$2.26#%# "# 2352-.

#?6A8?. ! +)38./%#%) 1+&*)?)""&5& 2$$.)?&*#"2’ 1&.89)"7 +)38./%#%7,

1&3*&.’4(2) 1&*7$2%/ 1+&9"&$%"7) :#+#6%)+2$%262 ’9)2$%7: -)%&"&*. ;9)2-

$%7) -)%&"7 2,)4% -&./0&) 1+2,)")"2) * $&*+),)""&, $%+&2%)./$%*), -.#5&-

?#+’ "2362, %)1.&1+&*&?’(2: :#+#6%)+2$%26#,. J2362) :#+#6%)+2$%262 1+&9-

"&$%2 +#$%’<)"2’, 1& $+#*")"24 $ :#+#6%)+2$%26#,2 $<#%2’ (%#-.2A# 1), ")

1&3*&.’)% 1+2,)"’%/ ’9)2$%7) -)%&""7: * 6&"$%+86A2’:, 2$17%7*#4(2: +#$-

%’<)"2). B#62) "#1+’<)"2’ *&3"26#4% 1+2 2352-"7: 2 %),1)+#%8+"7: "#5+83-

6#:, # * $.89#) 1+2,)")"2’ ’9)2$%7: -)%&"&* 1+2 %#62: "#5+836#: * ’9)2$%7:

6&"$%+86A2’: *&3"26#4% %+)(2"7, 1+)*70#4(2) ?&18$%2,7): 0.03 $,. =&>%&-

,8 *&1+&$7 +)0)"2’ 1+&-.),7 8$2.)"2’ ?&18$%2,7: "2362: +#$%’52*#4(2:

"#1+’<)"2C, 18%), 1+2,)")"2’ 6&,1&32A2&""7: $)%&6 2 *&.&6&" * &-.#$%’:

+#$%’52*#4(2: "#1+’<)"2C ’*.’)%$’ *#<"&C 2 #6%8#./"&C %),&C. =+&*)?)"-

"7) +#$9)%7 2 #"#.23 1&6#3#., 9%& 6&,1&32A2&""7) *&.&6"# 2 $)%62, +#$1&.&-

<)""7) * 3&"#: +#$%’52*#4(2: "#1+’<)"2C ’9)2$%7: -)%&"&* 1&3*&.’)% 1&-

*7$2%/ 1+&9"&$%"7) :#+#6%)+2$%262 +#$%’<)"2’ $&1&$%#*2,7) $ ?&18$%2,7-

,2 "#1+’<)"2’,2 $<#%2’, # 2,)""& * 10 2 -&.)) +#3, 9%& 1&3*&.’)% 1+2,)"’%/

’9)2$%7) -)%&"7 * 6&"$%+86A2’: 2$17%7*#4(2: +#$%’52*#4(2) "#1+’<)"2’.

@%.292) 8$2.)"2’ ’9)2$%7: 6&"$%+86A2C 6&,1&32A2&""7,2 $)%6#,2 2 *&.&6-

"#,2 1& $+#*")"24 $ ,)%#..29)$6&C #+,#%8+&C 3#6.49#)%$’ * *&3"26"&*)"22

"#1+’<)"2C $,’%2’ ’9)2$%7: -)%&"&* 1+2 $&1+26&$"&*)"22 $ ,)%#..29)$6&C

#+,#%8+&C 2 6#6 $.)?$%*2) 8%+#%&C #+,#%8+&C $*&2: D8"6A2C. =&.89)""7) +)-

38./%#%7 :&+&0& $&5.#$84%$’ $ >6$1)+2,)"%#./"7,2 ?#""7,2 1+2*)?)""7,2

* +#-&%#: [22, 23].

!"#"$%&’($)%"

*+,-. -/0121/. 100%.
3145,6+0 64072781/. G-5&69 8+20)6"6:D5 &5#:5#5-"+ ,-(9< " 3&5+(4")0?(9<
2&(C0"25&- "(5+6+#&-, #-,’)((9< # 3:%0"2)4"+1 ()#5&,E+1 #5)5?".
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&801946+ 564-48621/-46:. G-5&69 ’),-0,D5 &% &5#:5#5-"" -(+H(+/& C"()(#"-
6&-)(", 36" 36&-+8+("" "##0+8&-)(",.

ADDITIONAL INFORMATION

Authors’ contribution. 100%.
Competing interests. The authors declare that they have no competing interests.
Funding. This study was not supported by any external sources of funding.

$&’(;<’=;<
[1] Ghernouti Y., Rabehi B. EMectiveness of Hybrid and Partially Confined Concrete Subjected to

Axial Compressive Loading Using CFRP and GFRP Composite Materials // Slovak Journal
of Civil Engineering. 2020. O. 28, I 4. >. 8–14.

[2] Spyrakos C.C. [0 .-.]. Experimental and Analytical Study on Reinforced Concrete Beams in
Bending Strengthened with FRP // The Open Construction & Building Technology Journal.
2014. O. 8. >. 153–160.

[3] Lau Denvid, Pam Hoat Joen. Experimental study of hybrid FRP reinforced concrete beams //
Engineering Structures. 2010. O. 32. >. 3857–3865.

[4] Experimental and Analytical Study on Reinforced Concrete Beams in Bending Strengthened
with FRP / C.C. Spyrakos [0 .-.] // The Open Construction and Building Technology Journal.
2014. O. 8. >. 153–163.

[5] Guide for Design and Construction of Externally Bonded FRP Systems for Strengthening
Concrete Structures / American Concrete Institute. 2008. ACI 440.2R-08.

[6] Guide for the Design and Construction of Externally Bonded FRP Systems for Strengthening
Existing Structures / CNR. Rome, 2004. CNR-DT 200/2004, 144 p.

[7] Willam K.J., Warnke E.D. Constitutive Model for the Triaxial Behavior of Concrete //
Proceedings, International Association for Bridge and Structural Engineering. O. 19. 1975.
>. 174.

[8] A General Approach to Calculation of Displacements of Concrete Structures / ACI. 2000.
ACI-435.

[9] Strengthening of concrete beams by CFRP: Experimental study and finite element analysis /
Y. Ghernouti [0 .-.] // J. Build. Mater. Struct. 2014. O. 1. >. 47–57.

[10] Bonacci J.F., Maalej M. Externally bonded fiber-reinforced polymer for rehabilitation of
corrosion damaged concrete beams // ACI Structural Journal. 2000. O. 97, I 5. >. 703–711.

[11] Shear strengthening of reinforced concrete beams using carbon fiber reinforced polymer
laminate: A review / Marwan Bllkasem Salah Alferjani [0 .-.] // American Journal of Civil
Engineering. 2014. O. 2, I 1. >. 1–7.

[12] Khayrnasov K.Z. Methodology for Modeling and Determining the Frequency Response Trace
of Robotic Composite Structures // Przeglad Elektrotechnicny. 2020. O. 96, I 10. >. 39–42.

[13] Khayrnasov K.Z. Reinforcement of reinforced concrete structures with composite
materials // IOP Conference Series: Materials Science and Engineering. O. 1030. 2021.
>. 012070. DOI: 10.1088/1757-899X/1030/1/012070.

[14] Tamrazyan A. Reduce the impact of dynamic strength of concrete under fire conditions on
bearing capacity of reinforced concrete columns // Applied Mechanics and Materials. 2014.
O. 475–476. >. 1563–1566.

[15] Jones R.M. Mechanics of composite materials. London : Taylor & Francis, 1999. 538 &.
[16] Roos R., Kress G., Ermanni F. A Post-Processing Method for Interlaminar Normal Stresses

in Doubly Curved Laminates // Composite Structures. 2007. O. 81, I 3. >. 463–470.
[17] Moaveni S. Finite Element Analysis Theory and Application with ANSYS. UK : Pearson

Education, 2015. 929 &.
[18] Zienkiewicz O.C., Taylor R.L., Zhu J.Z. Finite Element Method: Its Basis And Fundamental.

Oxford : Butterworth-Heinemann, 2013. 756 &.



*G!HIJ<-J *KG(<G3L<HA AMKM@LJK-3L-@ .(J-3LHA ... 121

[19] Koutromanos I. Applied Fundamentals of Finite Element Analysis Linear Finite Element
Analysis. N.Y : John Wiley & Sons, 2018. 731 &.

[20] Bathe K.J. Finite Element Procedures. USA : Prentice Hall, Pearson Education, Inc, 2006.
1037 &.

[21] Koutromanos I. Applied Fundamentals of Finite Element Analysis. Linear Finite Element
Analysis. N.Y : John Wiley & Sons, 2018. 356 &.

[22] Ceroni F. Experimental performances of RC beams strengthened with FRP materials //
Construction and Building Materials. 2010. O. 24. >. 1547–1559.

[23] Granovsky A.V. [0 .-.]. The use of a composite mesh on a strong lining under the action
of the touch, simulating temperature eMects // Industrial and civil construction. 2020. I 3.
>. 25–32.

REFERENCES

[1] Ghernouti Y., Rabehi B. EMectiveness of Hybrid and Partially Confined Concrete Subjected to
Axial Compressive Loading Using CFRP and GFRP Composite Materials // Slovak Journal
of Civil Engineering. 2020. Vol. 28, no. 4. P. 8–14.

[2] Spyrakos C.C. [et al.]. Experimental and Analytical Study on Reinforced Concrete Beams in
Bending Strengthened with FRP // The Open Construction & Building Technology Journal.
2014. Vol. 8. P. 153–160.

[3] Lau Denvid, Pam Hoat Joen. Experimental study of hybrid FRP reinforced concrete beams //
Engineering Structures. 2010. Vol. 32. P. 3857–3865.

[4] Experimental and Analytical Study on Reinforced Concrete Beams in Bending Strengthened
with FRP / C.C. Spyrakos [et al.] // The Open Construction and Building Technology Journal.
2014. Vol. 8. P. 153–163.

[5] Guide for Design and Construction of Externally Bonded FRP Systems for Strengthening
Concrete Structures / American Concrete Institute. 2008. ACI 440.2R-08.

[6] Guide for the Design and Construction of Externally Bonded FRP Systems for Strengthening
Existing Structures / CNR. Rome, 2004. CNR-DT 200/2004, 144 p.

[7] Willam K.J., Warnke E.D. Constitutive Model for the Triaxial Behavior of Concrete //
Proceedings, International Association for Bridge and Structural Engineering. Vol. 19. 1975.
P. 174.

[8] A General Approach to Calculation of Displacements of Concrete Structures / ACI. 2000.
ACI-435.

[9] Strengthening of concrete beams by CFRP: Experimental study and finite element analysis /
Y. Ghernouti [et al.] // J. Build. Mater. Struct. 2014. Vol. 1. P. 47–57.

[10] Bonacci J.F., Maalej M. Externally bonded fiber-reinforced polymer for rehabilitation of
corrosion damaged concrete beams // ACI Structural Journal. 2000. Vol. 97, no. 5. P. 703–711.

[11] Shear strengthening of reinforced concrete beams using carbon fiber reinforced polymer
laminate: A review / Marwan Bllkasem Salah Alferjani [et al.] // American Journal of Civil
Engineering. 2014. Vol. 2, no. 1. P. 1–7.

[12] Khayrnasov K.Z. Methodology for Modeling and Determining the Frequency Response Trace
of Robotic Composite Structures // Przeglad Elektrotechnicny. 2020. Vol. 96, no. 10. P. 39–42.

[13] Khayrnasov K.Z. Reinforcement of reinforced concrete structures with composite
materials // IOP Conference Series: Materials Science and Engineering. Vol. 1030. 2021.
P. 012070. DOI: 10.1088/1757-899X/1030/1/012070.

[14] Tamrazyan A. Reduce the impact of dynamic strength of concrete under fire conditions on
bearing capacity of reinforced concrete columns // Applied Mechanics and Materials. 2014.
Vol. 475–476. P. 1563–1566.

[15] Jones R.M. Mechanics of composite materials. London : Taylor & Francis, 1999. 538 p.



122 @. C.AMNK<M3G!

[16] Roos R., Kress G., Ermanni F. A Post-Processing Method for Interlaminar Normal Stresses
in Doubly Curved Laminates // Composite Structures. 2007. Vol. 81, no. 3. P. 463–470.

[17] Moaveni S. Finite Element Analysis Theory and Application with ANSYS. UK : Pearson
Education, 2015. 929 p.

[18] Zienkiewicz O.C., Taylor R.L., Zhu J.Z. Finite Element Method: Its Basis And Fundamental.
Oxford : Butterworth-Heinemann, 2013. 756 p.

[19] Koutromanos I. Applied Fundamentals of Finite Element Analysis Linear Finite Element
Analysis. N.Y : John Wiley & Sons, 2018. 731 p.

[20] Bathe K.J. Finite Element Procedures. USA : Prentice Hall, Pearson Education, Inc, 2006.
1037 p.

[21] Koutromanos I. Applied Fundamentals of Finite Element Analysis. Linear Finite Element
Analysis. N.Y : John Wiley & Sons, 2018. 356 p.

[22] Ceroni F. Experimental performances of RC beams strengthened with FRP materials //
Construction and Building Materials. 2010. Vol. 24. P. 1547–1559.

[23] Granovsky A.V. [et al.]. The use of a composite mesh on a strong lining under the action
of the touch, simulating temperature eMects // Industrial and civil construction. 2020. no. 3.
P. 25–32.


