
!"#$%&’ ()*+ &,.-... .’/01"02. 3"4&5: 6"72%&’2 84"9"1:%/;/ #/#$/5%&5.

DOI: 10.37972/chgpu.2025.65.3.008 EDN: VBHKSU
<2=>%25 #$2$:5 +?@: 539.319

!. ". #$%&’()*, +. ,. -&.&/0

!"!#$%& ’$(&) *+’",-+(.-&) /$%"#*,0-&)
"-1+*"+-#,1 1 %$)+-"2$ %"2*,0,(3*-,/,

2,-#"-44%+

!"#$%$&$ ’()*+,- -,./"%0% %-. 1.2.!3+%"#0)4) 516, 7)#08/, 5)##%9
!""#$%&’(. ! "#$%&’ %$()*+#,&(- .%/"%(0 /"12’3’31- &’%"11 "#41%3#56307 13.#"1#3&%.
+5- /%(&"%’31- 8)$19’(817 #//"%8(12#41: ;3’"<’&19’(817 =%"2 +5- /%&’341#5%. (15%.07
1 2%2’3&307 3#/"-*’31: <’21&"%/307 218"%/%5-"307 )/")<17 &’5. >5- /%(&"%’31- &#817
/%&’341#5%. 3#1$%5’’ /%+7%+1& 2’&%+ ?-/"’+(&#.5’31:, /%@.%5-,A1: $’@ &")+# /%5)91&6 #/-
/"%8(12#41, @#+#33%: (&’/’31 . .1+’ /%513%21#563%: 513’:3%: 8%2$13#411 "#41%3#56307
13.#"1#3&%. %&3%(1&’563% <’21&"%/3%: <")//0 %&%$"#*’31: &"’72’"3%<% /"%(&"#3(&.#. !
"#28#7 3#(&%-A’<% 1((5’+%.#31- #3#51@1")’&(- /%530: 3’/"1.%+120: 3#$%" 1@ 86 13+1.1-
+)#56307 1 (%.2’(&307 <’21&"%/307 4’507 "#41%3#56307 #5<’$"#19’(817 13.#"1#3&%. +5-
(1(&’20 +.)7 (122’&"19307 1 +.)7 #3&1(122’&"19307 &’3@%"%. .&%"%<% "#3<#. B%5)9’330:
3#$%" 13.#"1#3&%. @#&’2 1(/%56@)’&(- +5- /%(&"%’31- 8)$19’(8%: ;3’"<’&19’(8%: =%"20 <’-
21&"%/3%<% 218"%/%5-"3%<% )/")<%<% &’5# 1 )8#@#31- /%53%<% 3#$%"# 1@ 37 %/"’+’5-,A17
/%(&%-3307. B%5)9’30 .(/%2%<#&’5630’ =%"2)50 +5- .0.%+# %/"’+’5-,A17 )"#.3’31: 218-
"%/%5-"3%: )/")<%(&1.
)*+,-./- 0*#.%: 3#3%2#(C&#$, 218"%2#(C&#$, ;3’"<’&19’(8#- =%"2#, 4’5%91(5’330: "#-
41%3#5630: #5<’$"#19’(81: 13.#"1#3&, 3’/"1.%+12#- (1(&’2# 13.#"1#3&%., 8)$19’(8#- #/-
/"%8(12#41-, <’21&"%/3%’ 218"%/%5-"3%’ )/")<%’ &’5%
!"#$%&’( )*+,(’- .$/,#0,*’1, 8#3+1+#& =1@18%-2#&’2#&19’(817 3#)8, (&#"C1: 3#-
)930: (%&")+318 5#$%"#&%"11 2%+’51"%.#31- . 2’7#318’ +’=%"21")’2%<% &.’"+%<% &’5#;
e-mail: murashkin@ipmnet.ru;
https://orcid.org/0000-0002-3267-4742; AuthorID: 129570
2$3$,* 4#’- 5’&6/$,*’1, +%8&%" =1@18%-2#&’2#&19’(817 3#)8, /"%=’((%", .’+)A1:
3#)930: (%&")+318 5#$%"#&%"11 2%+’51"%.#31- . 2’7#318’ +’=%"21")’2%<% &.’"+%<% &’5#;
e-mail: radayev@ipmnet.ru;
https://orcid.org/0000-0002-0866-2151; AuthorID: 103116

1*( &’$’2#.%"’(: 6=42A’&%B.!., C292"0 D.<. D1(&’20 4’507 "#-
41%3#56307 <’21&"%/307 13.#"1#3&%. . 2’7#318’ 218"%/%5-"3%<%
8%3&13))2# // !’(&318 E).#C(8%<% <%()+#"(&.’33%<% /’+#<%<19’(8%<%
)31.’"(1&’&# 12. F.G. G8%.5’.#. D’"1-: H’7#318# /"’+’563%<% (%(&%--
31-. 2025.I3(65). D. 152–170. DOI: 10.37972/chgpu.2025.65.3.008. EDN: VBHKSU

3$2$:5 /8=E1&’/02%2 %2 =#1/0&57 1&F"%G&& Creative Commons Attribution 4.0 International
(CC-BY 4.0).

© H)"#C813 J.!., K#+#’.L.M. 2025
:)#$&’%+/: 12.01.2025; ’(%"9$/ 8 ’,;/$<: 24.05.2025; )’&*+%0)8/"/: 24.12.25.

152



Vestn. Chuvash. Gos. Ped. Univ. im. I.Ya.Yakovleva Ser.: Mekh. Pred. Sost.

DOI: 10.37972/chgpu.2025.65.3.008 EDN: VBHKSU
Research Article

E. V. Murashkin, Y. N. Radayev

SYSTEMS OF INTEGER RATIONAL HEMITROPIC INVARIANTS
IN MICROPOLAR CONTINUUM MECHANICS

Ishlinsky Institute for Problems in Mechanics of RAS, Moscow, Russia

Abstract. The paper deals with an application of theory of invariant to determinig cubic approxi-
mations of energy forms of potentials of force and couple stressed in hemitropic micropolar elastic
solids. At this aim, the most suitable are A-representations, which allow one to easily obtain an
approximation of suNcient accuracy for the stress potentials as a polynomial linear combination
of rational invariants with respect to the hemitropic group of three-dimensional transformations
are proposed. Within the framework of this study, a complete irreducible set of 86 individual
and joint hemitropic integer rational algebraic invariants for systems of two symmetric and two
antisymmetric second-rank tensors is considered. This set of invariants is then used to determine
a cubic energy form of hemitropic micropolar elastic solid and specify a complete set of 37
constitutive constants. Requisite formulae are derived for obtaining constitutive equations of
micropolar elasticity.
Keywords: nanoscale, microscale, energy form, integer rational algebraic invariant, irreducible
system of invariants, cubic approximation, hemitropic micropolar elastic solid

Evgenii V. Murashkin, Cand. Sci. Phys. & Math., MD, Senior Researcher, Ishlinsky Institute for
Problems in Mechanics of the Russian Academy of Sciences; e-mail: evmurashkin@gmail.ru;
https://orcid.org/0000-0002-3267-4742; AuthorID: 129570
Yuri N. Radayev, Dr. Sci. Phys. & Math., Prof., Leading Researcher, Ishlinsky Institute for
Problems in Mechanics of the Russian Academy of Sciences; e-mail: radayev@ipmnet.ru;
https://orcid.org/0000-0002-0866-2151; AuthorID: 103116

to cite this article: Murashkin E.V., RadayevY.N. Systems of integer rational
hemitropic invariants in micropolar continuum mechanics // Vestn. Chuvash. Gos.
Ped. Univ. im. I.Ya. Yakovleva Ser.: Mekh. Pred. Sost. 2025. No 3(65). p. 152–170.
DOI: 10.37972/chgpu.2025.65.3.008

This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

Received: 12.01.2025; accepted: 24.05.2025; published: 24.12.25.
153



154 B. !. 6+CHI@-<, D. <. CH?HB!

15676896. !"#$%& ’()"*$’%+",-%. %/0’$%’/1#0 [1–6] %2""1 0’3/#" 4/’-
+"/%" 5$% 5#,1$#"/%% ’55$#-,%2’6%7 4’8’//#7 ,1"5"/% 8(& 9/"$)"1%+",-%.
:#$2 5#1"/6%’(#0 /’5$&3"/%7 0 2".’/%-" ,5(#;/<. ,$"8 [7–18]. = #,#*"/-
/#,1% 91# ,5$’0"8(%0# 5$% 5#,1$#"/%% 2’1"2’1%+",-%. 2#8"("7 )"2%1$#5/<.
2%-$#5#(&$/<. >5$>)%. ,$"8. = 91#2 ,(>+’", /’%*#("" 5#8.#8&?%2 &0(&"1-
,& A-5$"8,1’0("/%" [17, 18] 9/"$)"1%+",-%. :#$2, &0(&@?"",& (%/"7/#7 -#2-
*%/’6%"7 %/8%0%8>’(A/<. % ,#02",1/<. 6"(<. $’6%#/’(A/<. ’()"*$’%+",-%.
%/0’$%’/1#0 ’,%22"1$%+/#)# 1"/4#$’ 8":#$2’6%7 % )$’8%"/1’ 5#(& 2%-$#5#-
0#$#1#0 #1/#,%1"(A/# )"2%1$#5/#7 )$>55<.

B,/#0/<2 5#/&1%"2 1"#$%% ’()"*$’%+",-%. %/0’$%’/1#0 &0(&"1,& %/8%0%-
8>’(A/<7 %/0’$%’/1 1"/4#$’. B5$"8"("/%" %/8%0%8>’(A/#)# 5,"08#%0’$%’/1’
’()"*$’%+",-#)# 0",’ a 8(& 5,"08#1"/4#$’ 2#3/# /’71% 0 2#/#)$’:%% [1]. C’-
2"1%2, +1# 5$% a = 0 %/0’$%’/1 /#,%1 /’40’/%" ’*,#(@1/#)# %/0’$%’/1’, 5$%
a →= 0 D #1/#,%1"(A/#)# %(% 5,"08#%/0’$%’/1’.

!#+/# 1’-3" #5$"8"(&"1,& ,#02",1/<7 %/0’$%’/1 /’*#$’, ,#,1#&?")# %4
/",-#(A-%. 1"/4#$#0.

E#$#;# %40",1/#, +1# 8(& 4’8’//#7 ,%,1"2< 1"/4#$#0 2#3/# 5#,1$#%1A *",-
-#/"+/#" 2/#3",10# %/0’$%’/1#0 (%/8%0%8>’(A/<./,#02",1/<.). F,(% ,$"8%
/%. %2"@1,& /"$’0/<" 1#38",10"//# />(@, 1# +%,(# 1’-#0<. 1’-3" *>8"1 *",-
-#/"+/<2; 91# &,/# .#1& *< %4 1#)#, +1# 6"(’& $’6%#/’(A/’& :>/-6%& (, +%,(#-
0<2% -#9::%6%"/1’2%) #1 /",-#(A-%. %/0’$%’/1#0 ,%,1"2< 1’-3" *>8"1 (5$%
%40",1/<. >,(#0%&.) %/0’$%’/1#2 1#7 3" ,%,1"2<; 1’-%2 ,0#7,10#2 #*(’8’"1,
0# 0,&-#2 ,(>+’", 5$#%40"8"/%& %/0’$%’/1#0.

= ,0&4% , >-’4’//<2 #*,1#&1"(A,10#2 0#4/%-’"1 5#/&1%" /"5$%0#8%2#)# %/-
0’$%’/1’ ,%,1"2<, 1.". 1’-#)# %/0’$%’/1’, -#1#$<7 /" &0(&"1,& 6"(#7 $’6%#-
/’(A/#7 :>/-6%"7 #1 /"-#1#$<. 8$>)%. %/0’$%’/1#0 1#7 3" ,%,1"2<. G/#3"-
,10# 0,". /"5$%0#8%2<. %/0’$%’/1#0 ,%,1"2< /’4<0’"1,& "H 5#(/#7 ,%,1"2#7
%/0’$%’/1#0. I/’+" )#0#$&, %/0’$%’/1< ,%,1"2< 1"/4#$#0 #*$’4>@1 "H 5#(/>@
,%,1"2> %/0’$%’/1#0, ",(% 0,&-%7 %/0’$%’/1 ,%,1"2< 5$"8,1’0(&"1 ,#*#7 6"-
(>@ $’6%#/’(A/>@ :>/-6%@ %/0’$%’/1#0 % ",(%, -$#2" 1#)#, /%-’-#7 %4 %/0’-
$%’/1#0 /" &0(&"1,& 6"(#7 $’6%#/’(A/#7 :>/-6%"7 #,1’(A/<. (%(% /"-#1#$<.
%4 /%.).

J’,1#&?"" %,,("8#0’/%" /’5$’0("/# /’ 5#,("8#0’1"(A/#" %,5#(A4#0’/%" $"-
4>(A1’1#0 1"#$%% ’()"*$’%+",-%. %/0’$%’/1#0 5$% 5#,1$#"/%% 9/"$)"1%+",-%.
:#$2 5#1"/6%’(#0 ,%(#0<. % 2#2"/1/<. /’5$&3"/%7 2%-$#5#(&$/<. >5$>)%.
1"(. K 91#7 6"(A@ 5$%0#8%1,& % ’/’(%4%$>"1,& 5#(/’& /"5$%0#8%2’& ,%,1"2’
86 %/8%0%8>’(A/<. % ,#02",1/<. 6"(<. $’6%#/’(A/<. ’()"*$’%+",-%. %/0’-
$%’/1#0 ,%22"1$%+/<. % ’/1%,%22"1$%+/<. ,#,1’0(&@?%. ’,%22"1$%+/#)#
1"/4#$’ 8":#$2’6%7 % 1"/4#$’ %4)%*’–-$>+"/%&. K%,1"2’ %/0’$%’/1#0 4’1"2
%,5#(A4>"1,& 8(& 5#,1$#"/%& ->*%+",-#7 ’55$#-,%2’6%% 9/"$)"1%+",-#7 :#$-
2< )"2%1$#5/#)# 1"(’.

I4(#3"/%" 0 4/’+%1"(A/#7 ,1"5"/% %,5#(A4>"1 1"$2%/#(#)%@, #*#4/’+"/%&,
2"1#8< % $"4>(A1’1<, $’40%1<" 0 5$"8<8>?%. ,1’1A&. [17–30].



3-3JB6K LBMKN CHL-O<HMP<KN )B6-JCO*<KN 155

1. "85:;9:8<8=6 >?67=, @A;:BCDE96 F6?=G ;:F9@8:?H8=G A:B9>
985:;9:8<@5 @<8@>9<6?H8@ I6J9<;@K8@G I;CKK= K;6@A;:B@5:89G. L’,-
,2#1$%2 ,%,1"2> 80>. ,%22"1$%+/<. A, B % 80>. ’/1%,%22"1$%+/<. V, W
1"/4#$#0 01#$#)# $’/)’. K("8>"1 #12"1%1A, +1# $’,,>38"/%& # ,#02",1/<. % %/-
8%0%8>’(A/<. %/0’$%’/1’. 1’-#7 ,%,1"2< ,>?",10"//# 4’0%,&1 #1 $’42"$/#,1%
5$#,1$’/,10’. M#(#3%2 8’("", +1# #/’ $’0/’ 3. M#(/<7 /’*#$ %/8%0%8>’(A/<.
% ,#02",1/<. )"2%1$#5/<. %/0’$%’/1#0 >-’4’//#7 ,%,1"2< 1"/4#$#0 ,#,1#%1
%4 86 /"5$%0#8%2<. 9("2"/1#0 [2, 5, 6]:

1 .) tr [A]; 2 .) tr [A2]; 3 .) tr [A3]; 4 .) tr [B];

5 .) tr [B2]; 6 .) tr [B3]; 7 .) tr [V2]; 8 .) tr [W2];

9 .) tr [AB]; 10 .) tr [A2B]; 11 .) tr [B2A]; 12 .) tr [A2B2];

13 .) tr [V2A]; 14 .) tr [V2A2]; 15 .) tr [V2AVA2]; 16 .) tr [V2B];

17 .) tr [V2B2]; 18 .) tr [V2BVB2]; 19 .) tr [W2A]; 20 .) tr [W2A2];

21 .) tr [W2AWA2]; 22 .) tr [W2B]; 23 .) tr [W2B2]; 24 .) tr [W2BWB2];

25 .) tr [VW]; 26 .) tr [VAB]; 27 .) tr [VA2B]; 28 .) tr [VB2A];

29 .) tr [VA2B2]; 30 .) tr [VA2BA]; 31 .) tr [VB2AB]; 32 .) tr [VA2B2A];

33 .) tr [VB2A2B]; 34 .) tr [V2AB]; 35 .) tr [V2A2B]; 36 .) tr [V2B2A];

37 .) tr [V2AVB]; 38 .) tr [V2AVB2]; 39 .) tr [V2BVA2]; 40 .) tr [WAB];

41 .) tr [WA2B]; 42 .) tr [WB2A]; 43 .) tr [WA2B2]; 44 .) tr [WA2BA];

45 .) tr [WB2AB]; 46 .) tr [WA2B2A]; 47 .) tr [WB2A2B]; 48 .) tr [W2AB];

49 .) tr [W2A2B]; 50 .) tr [W2B2A]; 51 .) tr [W2AWB]; 52 .) tr [W2AWB2];

53 .) tr [W2BWA2]; 54 .) tr [VWA]; 55 .) tr [VWA2]; 56 .) tr [V2WA];

57 .) tr [W2VA]; 58 .) tr [V2WA2]; 59 .) tr [W2VA2]; 60 .) tr [V2AWA2];

61 .) tr [W2AVA2]; 62 .) tr [VWB]; 63 .) tr [VWB2]; 64 .) tr [V2WB];

65 .) tr [W2VB]; 66 .) tr [V2WB2]; 67 .) tr [W2VB2]; 68 .) tr [V2BWB2];

69 .) tr [W2BVB2]; 70 .) tr [VWAB]; 71 .) tr [VWBA]; 72 .) tr [VWA2B];

73 .) tr [VWB2A]; 74 .) tr [WVA2B]; 75 .) tr [WVB2A]; 76 .) tr [VWA2B2];

77 .) tr [VWA2BA]; 78 .) tr [VWB2AB]; 79 .) tr [V2WAB]; 80 .) tr [W2VAB];

81 .) tr [V2AWB]; 82 .) tr [W2AVB]; 83 .) tr [V2BWA2]; 84 .) tr [V2AWB2];

85 .) tr [W2BVA2]; 86 .) tr [W2AVB2].
(1)

!"#$% & "’(## )*"#+ ,-*$.’/% ,-#0’1&2 34*/0#44#5, -0,&63#"#4&7 /#46,0,3. 8’9":;
&6 &43’0&’4/4:< $(#",3 $4’)9’#/$7 &4"&3&"*’(%4:+ &"#4/&=&.’1&,44:+ 4,+#0,+
1 .)↑ 86 .).

>’94, 6’+#/&/%, ?/, 3 $&(* ’$$,1&’/&34,$/& 34*/0#44#5, -0,&63#"#4&7 &43’0&’4-
/: (1) +,94, 3:?&$(&/% 0’6(&?4:+& $-,$,)’+&. @’-0&+#0:

(W2)BV(A2) = W(WB)(VA)A = W(WB)V(AA).
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> +,4,50’=&& [1, c. 327] A.B. A*0#3&? $*C#$/3#44, &$-,(%6*#/ $+#D’44:# .,+-,-
4#4/: /#46,0,3 "(7 0’$?#/’ ’(5#)0’&?#$.&< &43’0&’4/,3. E’.,; $-,$,) ,.’6:3’#/$7
*",)4:+ & 4# 6’3&$&/ ,/ +#/0&.& -0,$/0’4$/3’. > /’.,+ $(*?’# &43’0&’4/: (1) 3
6’"’44,; .0&3,(&4#;4,; .,,0"&4’/4,; $&$/#+# -0&+*/ 3&":

1 .) A·s
s·; 2 .)A·k

s·A
·s
k·; 3 .)A·k

s·A
·l
k·A

·s
l· ;

4 .)B·s
s· ; 5 .)B·k

s·B
·s
k·; 6 .)B·k

s·B
·l
k·B

·s
l· ;

7 .)V ·k
s· V

·s
k· ; 8 .)W ·k

s· W
·s
k· ; 9 .)A·k

s·B
·s
k·;

10 .)A·k
s·A

·l
k·B

·s
l· ; 11 .)B·k

s·B
·l
k·A

·s
l· ; 12 .)A·k

s·A
·l
k·B

·m
l· B

·s
m·;

13 .)V ·k
s· V

·l
k·A

·s
l· ; 14 .)V ·k

s· V
·l
k·A

·m
l· A

·s
m·; 15 .)V ·k

s· V
·l
k·A

·m
l· V

·p
m·A

·q
p·A

·s
q·;

16 .)V ·k
s· V

·l
k·B

·s
l· ; 17 .)V ·k

s· V
·l
k·B

·m
l· B

·s
m·; 18 .)V ·k

s· V
·l
k·B

·m
l· V

·p
m·B

·q
p·B

·s
q·;

19 .)W ·k
s· W

·l
k·A

·s
l· ; 20 .)W ·k

s· W
·l
k·A

·m
l· A

·s
m·; 21 .)W ·k

s· W
·l
k·A

·m
l· W

·p
m·A

·q
p·A

·s
q·;

22 .)W ·k
s· W

·l
k·B

·s
l· ; 23 .)W ·k

s· W
·l
k·B

·m
l· B

·s
m·; 24 .)W ·k

s· W
·l
k·B

·m
l· W

·p
m·B

·q
p·B

·s
q·;

25 .)V ·k
s· W

·s
k· ; 26 .)V ·k

s· A
·l
k·B

·s
l· ; 27 .)V ·k

s· A
·l
k·A

·m
l· B

·s
m·;

28 .)V ·k
s· B

·l
k·B

·m
l· A

·s
m·; 29 .)V ·k

s· A
·l
k·A

·m
l· B

·p
m·B

·s
p·; 30 .)V ·k

s· A
·l
k·A

·m
l· B

·p
m·A

·s
p·;

31 .)V ·k
s· B

·l
k·B

·m
l· A

·p
m·B

·s
p·; 32 .)V ·k

s· A
·l
k·A

·m
l· B

·p
m·B

·q
p·A

·s
q·; 33 .)V ·k

s· B
·l
k·B

·m
l· A

·p
m·A

·q
p·B

·s
q·;

34 .)V ·k
s· V

·l
k·A

·m
l· B

·s
m·; 35 .)V ·k

s· V
·l
k·A

·m
l· A

·p
m·B

·s
p·; 36 .)V ·k

s· V
·l
k·B

·m
l· B

·p
m·A

·s
p·;

37 .)V ·k
s· V

·l
k·A

·m
l· V

·p
m·B

·s
p·; 38 .)V ·k

s· V
·l
k·A

·m
l· V

·p
m·B

·q
p·B

·s
q·; 39 .)V ·k

s· V
·l
k·B

·m
l· V

·p
m·A

·q
p·A

·s
q·;

40 .)W ·k
s· A

·l
k·B

·s
l· ; 41 .)W ·k

s· A
·l
k·A

·m
l· B

·s
m·; 42 .)W ·k

s· B
·l
k·B

·m
l· A

·s
m·;

43 .)W ·k
s· A

·l
k·A

·m
l· B

·p
m·B

·s
p·; 44 .)W ·k

s· A
·l
k·A

·m
l· B

·p
m·A

·s
p·; 45 .)W ·k

s· B
·l
k·B

·m
l· A

·p
m·B

·s
p·;

46 .)W ·k
s· A

·l
k·A

·m
l· B

·p
m·B

·q
p·A

·s
q·; 47 .)W ·k

s· B
·l
k·B

·m
l· A

·p
m·A

·q
p·B

·s
q·; 48 .)W ·k

s· W
·l
k·A

·m
l· B

·s
m·;

49 .)W ·k
s· W

·l
k·A

·m
l· A

·p
m·B

·s
p·; 50 .)W ·k

s· W
·l
k·B

·m
l· B

·p
m·A

·s
p·; 51 .)W ·k

s· W
·l
k·A

·m
l· W

·p
m·B

·s
p·;

52 .)W ·k
s· W

·l
k·A

·m
l· W

·p
m·B

·q
p·B

·s
q·; 53 .)W ·k

s· W
·l
k·B

·m
l· W

·p
m·A

·q
p·A

·s
q·; 54 .)V ·k

s· W
·l
k·A

·s
l· ;

55 .)V ·k
s· W

·l
k·A

·m
l· A

·s
m·; 56 .)V ·k

s· V
·l
k·W

·m
l· A

·s
m·; 57 .)W ·k

s· W
·l
k·V

·m
l· A

·s
m·;

58 .)V ·k
s· V

·l
k·W

·m
l· A

·p
m·A

·s
p·; 59 .)W ·k

s· W
·l
k·V

·m
l· A

·p
m·A

·s
p·; 60 .)V ·k

s· V
·l
k·A

·m
l· W

·p
m·A

·q
p·A

·s
q·;

61 .)W ·k
s· W

·l
k·A

·m
l· V

·p
m·A

·q
p·A

·s
q·; 62 .)V ·k

s· W
·l
k·B

·s
l· ; 63 .)V ·k

s· W
·l
k·B

·m
l· B

·s
m·;

64 .)V ·k
s· V

·l
k·W

·m
l· B

·s
m·; 65 .)W ·k

s· W
·l
k·V

·m
l· B

·s
m·; 66 .)V ·k

s· V
·l
k·W

·m
l· B

·p
m·B

·s
p·;

67 .)W ·k
s· W

·l
k·V

·m
l· B

·p
m·B

·s
p·; 68 .)V ·k

s· V
·l
k·B

·m
l· W

·p
m·B

·q
p·B

·s
q·; 69 .)W ·k

s· W
·l
k·B

·m
l· V

·p
m·B

·q
p·B

·s
q·;

70 .)V ·k
s· W

·l
k·A

·m
l· B

·s
m·; 71 .)V ·k

s· W
·l
k·B

·m
l· A

·s
m·; 72 .)V ·k

s· W
·l
k·A

·m
l· A

·p
m·B

·s
p·;

73 .)V ·k
s· W

·l
k·B

·m
l· B

·p
m·A

·s
p·; 74 .)W ·k

s· V
·l
k·A

·m
l· A

·p
m·B

·s
p·; 75 .)W ·k

s· V
·l
k·B

·m
l· B

·p
m·A

·s
p·;

76 .)V ·k
s· W

·l
k·A

·m
l· A

·p
m·B

·q
p·B

·s
q·; 77 .)V ·k

s· W
·l
k·A

·m
l· A

·p
m·B

·q
p·A

·s
q·; 78 .)V ·k

s· W
·l
k·B

·m
l· B

·p
m·A

·q
p·B

·s
q·;

79 .)V ·k
s· V

·l
k·W

·m
l· A

·p
m·B

·s
p·; 80 .)W ·k

s· W
·l
k·V

·m
l· A

·p
m·B

·s
p·; 81 .)V ·k

s· V
·l
k·A

·m
l· W

·p
m·B

·s
p·;

82 .)W ·k
s· W

·l
k·A

·m
l· V

·p
m·B

·s
p·; 83 .)V ·k

s· V
·l
k·B

·m
l· W

·p
m·A

·q
p·A

·s
q·; 84 .)V ·k

s· V
·l
k·A

·m
l· W

·p
m·B

·q
p·B

·s
q·;

85 .)W ·k
s· W

·l
k·B

·m
l· V

·p
m·A

·q
p·A

·s
q·; 86 .)W ·k

s· W
·l
k·A

·m
l· V

·p
m·B

·q
p·B

·s
q·.
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F(#"*#/ ,/+#/&/%, ?/, 3 +,4,50’=&& [2, C. 65, E’)(&1’ 2] & ## ’45(&;$.,+ ,0&5&-
4’(# -0&$*/$/3*2/ ",$’"4:# ,-#?’/.&. F0#"& &4"&3&"*’(%4:< &43’0&’4/,3 +’/0&-
1: a -0&$*/$/3*#/ &43’0&’4/ b3. > $/0,.# "(7 4’),0’ $,3+#$/4:< &43’0&’4/,3 "3*<
$&++#/0&?4:< & "3*< ’4/&$&++#/0&?4:< +’/0&1 3/,0,5, 0’45’ a, b, u & v ,/$*/$/3*-
2/ &43’0&’4/: u2avb2→† (&43’0&’4/: 83 .) ↑ 86 .) 3 $-&$.# (1)), 3+#$/, &43’0&’4/,3
uva2b→† (&43’0&’4/: 72 .) ↑ 75 .) 3 $-&$.# (1)) -0&$*/$/3*2/ &43’0&’4/: uva2b→ &
uvba2→. G"4’.,, 3 0*.,3,"$/3*7$% $/’/%7+& [5, 6] +,94, $,$/’3&/% 3#04:; -,(4:;
4’),0 &4"&3&"*’(%4:< & $,3+#$/4:< 5#+&/0,-4:< &43’0&’4/,3 "3*< $&++#/0&?4:<
& "3*< ’4/&$&++#/0&?4:< /#46,0,3 3/,0,5, 0’45’ ($+. [6, P. 80, Table 1]). G"4’.,,
-#03*2 ?’$/% $/’/%& [5] $(#"*#/ ?&/’/% $ ,$/,0,94,$/%2, /... -, */3#09"#4&2 $’+,5,
’3/,0’ 3 4#; /’.9# -0&$*/$/3*2/ 4#/,?4,$/&.

H(7 1#(#; 4’D#5, &$$(#",3’4&7 4#,)<,"&+, 367/% (&D% 20 5#+&/0,-4:< &43’0&’4-
/,3 -#03,;, 3/,0,; & /0#/%#; $/#-#4#; &6 -,(4:; 4’),0’ &4"&3&"*’(%4:< & $,3+#$/-
4:< 5#+&/0,-4:< &43’0&’4/,3 (1):

1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 7 ; 8 ; 9 ; 10 ; 11 ; 13 ; 16 ; 19 ; 22 ; 25 ; 26 ; 40 ; 54 ; 62 . (2)

F4’?’(’ 3:)#0#+ (&4#;4:# &43’0&’4/: &6 $-&$.’ (1):

1 ; 4 . (3)

F(#"*#/ 6’+#/&/%, ?/, (&4#;4:# &43’0&’4/: (3) +,5*/ ):/% 6’"’4: ’(%/#04’/&34:+
$-,$,),+, /.#. 3 /#0+&4’< A

k·
·k & B

k·
·k .

F=,0+&0*#+ 6’/#+ 4’),0 .3’"0’/&?4:< &43’0&’4/,3 &6 -0&3#"#44,5, I(#+#4/,3
$-&$.’ (1). J$4,, ?/, *.’6’44:# &43’0&’4/: $*/% (4,+#0’ *.’6:3’2/ 4’ $’+& &43’-
0&’4/:):

2 ; 5 ; 1 ↓ 1 , 1 ↓ 4 ; 4 ↓ 4 ; 7 ; 8 ; 9 ; 25 . (4)

@’),0 (4) $,$/,&/ &6 9 .3’"0’/&?4:< 5#+&/0,-4:< &43’0&’4/,3, .,/,0:# ):(&
&$-,(%6,3’4: "(7 -,$/0,#4&7 .3’"0’/&?4,; I4#05#/&?#$.,; =,0+: [17, 18].

H(7 ,-0#"#(#4&7 ’--0,.$&+’1&; ),(## 3:$,.,; $/#-#4& (/0#/%#;, ?#/3#0/,;, -7/,;,
D#$/,; ...) I4#05#/&?#$.&< =,0+ 3 .,4#?4,+ &/,5# 4#,)<,"&+, 0’$D&0&/% $&$/#+*
0’1&,4’(%4:< &43’0&’4/,3 ", &43’0&’4/,3 ),(## 3:$,.&< 1#(:< $/#-#4#; (3, 4, 5,
...). 8*)&?#$.&# 5#+&/0,-4:# &43’0&’4/: &4/#0#$4: /#+, ?/, $ &< -,+,C%2 (#5.,
4’<,"7/$7 .3’"0’/&?4:# -,-0’3.& . (&4#;4:+ ,-0#"#(72C&+ *0’34#4&7+ /#,0&&
+&.0,-,(704,; *-0*5,$/&.

@’;"#+ "’(## 4#-0&3,"&+*2 $&$/#+* .*)&?#$.&< &43’0&’4/,3, -0#"$/’3(72C&<
$,),; $,3+#$/4:# -0,&63#"#4&7 &43’0&’4/,3 &6 $-&$.’ (2) ,)C#; $/#-#4& 3. K,(4:;
-#0#?#4% &6 28 .*)&?#$.&< 5#+&/0,-4:< &43’0&’4/,3 -0&4&+’#/ 3&":

7 ↓ 1 , 7 ↓ 4 ; 8 ↓ 1 , 8 ↓ 4 ; 1 3
, 1 2 ↓ 4, 1↓ 4 2

, 1 ↓ 2 , 1 ↓ 5 , 1 ↓ 9 ,

1 ↓ 25 ; 4 3
, 4 ↓ 2 , 4 ↓ 5 , 4 ↓ 9 , 4 ↓ 25 ; 3 ; 6 ; 10 ; 11 ; 12 ; 16 ; 14 ;

22 ; 26 ; 40 ; 54 ; 62 ;

(5)

,)L#"&477 .,/,0:; $ .3’"0’/&?4:+ 4’),0,+ (4) +,94, -,(*?&/% .*)&?#$.*2 ’--0,.-
$&+’1&2 I4#05#/&?#$.,; =,0+: ,),)C#44,5, 5#+&/0,-4,5, +&.0,-,(704,5, *-0*5,-
5, /#(’, 3:-,(4&3 3+#$/, A, B, V, W, -,"$/’4,3.*, *.’6’44*2 4&9# 3 $(#"*2C#+
0’6"#(#.



158 B. !. 6+CHI@-<, D. <. CH?HB!

2. !"#$%": &’(#)%*&+, +--".&*#$+/#, 01%"2%3#)%*&.4 5."$6 2%$#3-
".-1.2. $#&".-.7,"1.2. ’-"’2.2. 3%7+ G-&0’7$% 4’ 0#6*(%/’/: -0#":"*C#5,
0’6"#(’ -,$/0,&+ $&$/#+* &4"&3&"*’(%4:< & $,3+#$/4:< 1#(:< 0’1&,4’(%4:< ’(5#)-
0’&?#$.&< &43’0&’4/,3 $&++#/0&?4:< & ’4/&$&++#/0&?4:< ?’$/#; ’$&++#/0&?4:<
/#46,0,3 "#=,0+’1&; & /#46,0’ &65&)’–.0*?#4&7. H(7 I/,5, 3 "’44:< 3:D# =,0+*-
(’< M$(#"*#/ 3:-,(4&/% 6’+#4*:

A = sym ω, B = symε,

V = asym ω, W = asymε.
(6)

> $+#D’44:< .,+-,4#4/’< $,,/4,D#4&7 (6) -0&+*/ 3&" 3

A
·k
s· =

1

2

[
ω
·k
s· + ω

k·
·s
]
, B

·k
s· =

1

2

[
ε
·k
s· + ε

k·
·s
]
,

V
·k
s· =

1

2

[
ω
·k
s· ↑ ω

k·
·s
]
, W

·k
s· =

1

2

[
ε
·k
s· ↑ ε

k·
·s
]
.

(7)

F+#D’44:# /#46,04:# .,+-,4#4/: 3 (7) +,5*/ ):/% 6’"’4: ’(%/#04’/&34:+ I.-
3&3’(#4/4:+ $-,$,),+ (4’-0&+#0, Ak·

·s & B
k·
·s).

>,$-,(%6,3’3D&$% 6’+#4,; (6) & -0&4&+’7 3 0’$?#/ $<#+* 4*+#0’1&& &6 0’),/ [17,
18], $&$/#+’ .3’"0’/&?4:< 5#+&/0,-4:< &43’0&’4/,3 (4) -0&+#/ 3&"

2I
1
=

1

4

[
ω
·s
s· + ω

k·
·k
]2
,

2I
2
=

1

4

[
ε
·s
s· + ε

k·
·k
]2
,

2I
3
=

1

4

[
ω
·k
s· + ω

k·
·s
][
ω
·s
k· + ω

s·
·k
]
,

2I
4
=

1

4

[
ε
·k
s· + ε

k·
·s
][
ε
·s
k· + ε

s·
·k
]
,

2I
5
=

1

4

[
ω
·k
s· ↑ ω

k·
·s
][
ω
·s
k· ↑ ω

s·
·k
]
,

2I
6
=

1

4

[
ε
·k
s· ↑ ε

k·
·s
][
ε
·s
k· ↑ ε

s·
·k
]
,

2I
7
=

1

4

[
ω
·s
s· + ω

k·
·k
][
ε
·s
s· + ε

k·
·k
]
,

2I
8
=

1

4

[
ω
·k
s· + ω

k·
·s
][
ε
·s
k· + ε

s·
·k
]
,

2I
9
=

1

4

[
ω
·k
s· ↑ ω

k·
·s
][
ε
·s
k· ↑ ε

s·
·k
]
,

(8)

3O&2’&12, 9&% .0"#*’31- .1+# ω
·k
s· + ω

k·
·s 8%""’8&3% 13&’"/"’&1"),&(- 8#8 ()22# +.)7

&’3@%"%., /%(8%568) ω
·k
s· =

T
ω
k·
·s .
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’ $&$/#+* 5#+&/0,-4:< .*)&?#$.&< &43’0&’4/,3, -,(*?#44*2 3 -0#":"*C#+ 0’6"#(#
$/’/%&, -0&+#+ 3 =,0+#

3J
1
=

1

8

[
ω
·s
s· + ω

k·
·k
]3
,

3J
2
=

1

8

[
ε
·s
s· + ε

k·
·k
]3
,

3J
3
=

1

8

[
ω
·k
s· + ω

k·
·s
][
ω
·l
k· + ω

l·
·k
][
ω
·s
l· + ω

s·
·l
]
,

3J
4
=

1

8

[
ε
·k
s· + ε

k·
·s
][
ε
·l
k· + ε

l·
·k
][
ε
·s
l· + ε

s·
·l
]
,

3J
5
=

1

8

[
ω
·k
s· + ω

k·
·s
][
ω
·s
k· + ω

s·
·k
][
ω
·l
l· + ω

m·
·m
]
,

3J
6
=

1

8

[
ω
·k
s· + ω

k·
·s
][
ω
·s
k· + ω

s·
·k
][
ε
·l
l· + ε

m·
·m
]
,

3J
7
=

1

8

[
ε
·k
s· + ε

k·
·s
][
ε
·s
k· + ε

s·
·k
][
ω
·l
l· + ω

m·
·m
]
,

3J
8
=

1

8

[
ε
·k
s· + ε

k·
·s
][
ε
·s
k· + ε

s·
·k
][
ε
·l
l· + ε

m·
·m
]
,

3J
9
=

1

8

[
ω
·l
l· + ω

m·
·m
]2[

ε
·s
s· + ε

k·
·k
]
,

3J
10

=
1

8

[
ε
·s
s· + ε

k·
·k
]2[

ω
·l
l· + ω

m·
·m
]
,

3J
11

=
1

8

[
ω
·k
s· + ω

k·
·s
][
ε
·s
k· + ε

s·
·k
][
ω
·l
l· + ω

m·
·m
]
,

3J
12

=
1

8

[
ω
·k
s· + ω

k·
·s
][
ε
·s
k· + ε

s·
·k
][
ε
·l
l· + ε

m·
·m
]
,

3J
13

=
1

8

[
ω
·k
s· + ω

k·
·s
][
ω
·l
k· + ω

l·
·k
][
ε
·s
l· + ε

s·
·l
]
,

3J
14

=
1

8

[
ε
·k
s· + ε

k·
·s
][
ε
·l
k· + ε

l·
·k
][
ω
·s
l· + ω

s·
·l
]
,

3J
15

=
1

8

[
ω
·k
s· + ω

k·
·s
][
ε
·l
k· + ε

l·
·k
][
ω
·s
l· ↑ ω

s·
·l
]
,

3J
16

=
1

8

[
ω
·k
s· + ω

k·
·s
][
ε
·l
k· + ε

l·
·k
][
ε
·s
l· ↑ ε

s·
·l
]
,

3J
17

=
1

8

[
ω
·s
s· + ω

m·
·m
][
ω
·l
k· ↑ ω

l·
·k
][
ω
·k
l· ↑ ω

k·
·l
]
,

3J
18

=
1

8

[
ε
·s
s· + ε

m·
·m
][
ω
·l
k· ↑ ω

l·
·k
][
ω
·k
l· ↑ ω

k·
·l
]
,

3J
19

=
1

8

[
ω
·s
s· + ω

m·
·m
][
ε
·l
k· ↑ ε

l·
·k
][
ε
·k
l· ↑ ε

k·
·l
]
,

3J
20

=
1

8

[
ε
·s
s· + ε

m·
·m
][
ε
·l
k· ↑ ε

l·
·k
][
ε
·k
l· ↑ ε

k·
·l
]
,

3J
21

=
1

8

[
ω
·k
s· + ω

k·
·s
][
ω
·l
k· ↑ ω

l·
·k
][
ω
·s
l· ↑ ω

s·
·l
]
,

3J
22

=
1

8

[
ε
·k
s· + ε

k·
·s
][
ω
·l
k· ↑ ω

l·
·k
][
ω
·s
l· ↑ ω

s·
·l
]
,

3J
23

=
1

8

[
ω
·k
s· + ω

k·
·s
][
ε
·l
k· ↑ ε

l·
·k
][
ε
·s
l· ↑ ε

s·
·l
]
,

3J
24

=
1

8

[
ε
·k
s· + ε

k·
·s
][
ε
·l
k· ↑ ε

l·
·k
][
ε
·s
l· ↑ ε

s·
·l
]
,

3J
25

=
1

8

[
ω
·k
s· + ω

k·
·s
][
ω
·l
k· ↑ ω

l·
·k
][
ε
·s
l· ↑ ε

s·
·l
]
,

3J
26

=
1

8

[
ε
·k
s· + ε

k·
·s
][
ω
·l
k· ↑ ω

l·
·k
][
ε
·s
l· ↑ ε

s·
·l
]
,

3J
27

=
1

8

[
ω
·s
s· + ω

m·
·m
][
ω
·l
k· ↑ ω

l·
·k
][
ε
·k
l· ↑ ε

k·
·l
]
,

3J
28

=
1

8

[
ε
·s
s· + ε

m·
·m
][
ω
·l
k· ↑ ω

l·
·k
][
ε
·k
l· ↑ ε

k·
·l
]
.

(9)

N--0#"$/’3(#4&# .*)&?#$.,; ’--0,.$&+’1&& I4#05#/&?#$.,; =,0+: 5#+&/0,-4,5,
+&.0,-,(704,5, *-0*5,5, /#(’, $,,/3#/$/3*2C## $&$/#+# .3’"0’/&?4:< (8) & .*)&-
?#$.&< (9) &43’0&’4/,3, 6’-&D#+ 3 .,+-’./4,; =,0+#:

U =
9∑

c=1

2
C
c

2I
c
+

28∑

a=1

3
C
a

3J
a
, (10)

5"# 33#"#4: 4,3:# ,),64’?#4&7 "(7 ,-0#"#(72C&< +,"*(#;: 2
C
c

(c = 1, ..., 9) O ,-0#-
"#(72C&# +,"*(& .3’"0’/&?4,5, -0&)(&9#4&7; 3

C
a

(a = 1, ..., 28) O ,-0#"#(72C&#
+,"*(&, $376’44:# $ .3’"0’/&?4:+& -,-0’3.’+&; 2I

c
(c = 1, ..., 9) O .3’"0’/&?4:#

&43’0&’4/:; 3J
a

(a = 1, ..., 28) O .*)&?#$.&# &43’0&’4/:. F/,&/ ,/+#/&/% ?*3$/3&-
/#(%4,$/% 4#.,/,0:< ,-0#"#(72C&< +,"*(#; . 6#0.’(%4:+ ,/0’9#4&7+ & &43#0$&7+
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/0#<+#04,5, -0,$/0’4$/3’, ?/, $376’4, $ 3,6+,94,$/%2 -0&$3,#4&7 4#?#/4,5, ’(5#)-
0’&?#$.,5, 3#$’ /#46,0* &65&)’–.0*?#4&7.

K,$(# I/,5, $/’4,3&/$7 -,47/4’ ’(5#)0’&?#$.’7 $*C4,$/% 37 ,-0#"#(72C&< -,-
$/,744:< 2

C
c

(c = 1, ..., 9) & 3
C
a

(a = 1, ..., 28): I/, 4#,-0#"#(#44:# .,I==&1&#4/: 3
(&4#;4,; .,+)&4’1&& 4#-0&3,"&+,; $&$/#+: .3’"0’/&?4:< & .*)&?#$.&< &43’0&’4-
/,3 (8) & (9).

3. 8*-.$.2+3%7916% 5."$’76 :7, ;6;.:+ .-"%:%7,<=#> ’"+;1%1#4 2%-
$#3".-1.4 $#&".-.7,"1.4 ’-"’2.*3#. G-0#"#(72C&# *0’34#4&7 "(7 $&(,3:<
& +,+#4/4:< 4’-079#4&;, $,,/3#/$/3*2C&# I4#05#/&?#$.,; =,0+# (10), -,(*?#4:
.’. 3 3&"#

t
s·
·k =

ϑU

ϑ (ω·ks·)
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>:?&$(&+ 3$-,+,5’/#(%4:# -0,&63,"4:# "(7 -,(*?#4&7 (11). H(7 I/,5, 4’;"#+
$4’?’(’ -0,&63,"4:# ,/ .3’"0’/&?4:< &43’0&’4/,3. > I/,+ $(*?’# &+##+:
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G/+#/&+, ?/, "(7 "#(%/ 80,4#.#0’ $-0’3#"(&3: 0’3#4$/3’:
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K0,&63,"4:# ,/ .*)&?#$.&< &43’0&’4/,3 -0&+*/ 3&":
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