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’89:9;<9. !"#$%&’(, )&( *’(+,$ %("-.#.$*/$ *.&$0,.1/, 2 2(&(0/* *(3’(
(&’$%&, 4(1,*$0/, 5,&6*/ , *’(+($ -06+($ 7#178&%7 40(-62&.*,, %(%&(79,-
*, ," n 2(*4(’$’& (%0$-), # 0$"61:&.&$ )$+( (’, 40$-%&.#178&%7 *(-$17*,
%41(;’(< %0$-/ %( %1(3’/*, 0$(1(+,)$%2,*, %#(<%&#.*,, )&( , (40$-$17$&
.2&6.1:’(%&: ,%%1$-(#.’,7 , 40,*$’$’,7 (5(59$’’/= *(-$1$< 6406+(#7"2(-
41.%&,)$%2,= (EVP) %0$-.

>-$%: (&*$&,* [1], )&( *(-$1: Sω
p 40$-%&.#17$& %(5(< 4(%1$-(#.&$1:’($ %(-

$-,’$’,$ ω (ω = 1, 2, . . . , L) *(-$1$< &$1. S1
p = H → Stv → K, %(%&(79$+( ,"

4(%1$-(#.&$1:’( %($-,’$’’/= &$1: ?62. – H, @$’-A$’.’. – Stv, B$1:#,’. – K.
C0, D&(* 6 2.3-(< Sω

p *(-$1, %(5%&#$’’/$ 2(’%&.’&/, . ),%1( ω (40$-$17$&
4(07-(2 (5(59$’’(< *(-$1,.

1. %=>?<@<A9B>=9 ;CD?EF9;;=-:9G=?H<?=8C;;=9 B=B@=E;<9 >?IJ=-
8=K DLCB@<;M D?< BFC@<<. A 0.*2.= (5(59$’’(< *(-$1, EVP &$1. [1] ,%%1$-
-6$&%7 ’.4073$’’(--$E(0*,0(#.’’($ %(%&(7’,$ , 6%&(<),#(%&: 206+(#(< 41.-
%&,’/ 40, #%$%&(0(’’$* %3.&,, 6%,1,7*, ,’&$’%,#’(%&, q. F(19,’. 41.%&,’/
2h , 0.-,6% R.

@1$-67 [1,2], ".4,;$* %((&’(;$’,7, 2(&(0/$ 4(1’(%&:8 (40$-$178& %#(<%&#.
(5(59$’’(< *(-$1, Sω

p .
F$1( (%&.$&%7 6406+,* 40, 6%1(#,,

SijS
ij < k2

1, Sij = εij →
1

3
εkkϑij, k1 ↭ k2 ↭ · · · ↭ kL, (1)

+-$ Sij – 2(*4(’$’&/ -$#,.&(0. &$’"(0. ’.4073$’,<. C0, D&(* -17 4(%1$-(#.-
&$1:’( %($-,’$’’/= *(-$1$< #/4(1’7$&%7 ".2(’ ?62.

εω
ij = ϖωϱ

eω
nnϑij + 2µωϱ

eω
ij , ↑

∑
ω = 1, 2, . . . , L, (2)

+-$ ϖω, µω – 4.0.*$&0/ G.*$.
C0, -(%&,3$’,, 6%1(#,7 SijSij ↭ k2

1 4(1’.7 -$E(0*.H,7 %1.+.$&%7 ," 6406-
+(< , 41.%&,)$%2(< %(%&.#1789,=

ϱij = ϱ1ij + ϱ2ij + · · ·+ ϱLij = ϱe1ij + ϱp1ij + ϱe2ij + ϱp2ij + · · ·+ ϱeLij + ϱpLij . (3)

!" (3) #,-’(, )&( 4(1’.7 -$E(0*.H,7 %*$%, 40$-%&.#17$& %(5(< %6**6 -$-
E(0*.H,< (&-$1:’/= $$ 2(*4(’$’& ϱ1ij, ϱ

2
ij, . . . , ϱ

L
ij, &.2 2.2 *(-$1, Sω

p %($-,’$’/
4(%1$-(#.&$1:’(.

A 41.%&,)$%2(< (51.%&, %*$%: 7#17$&%7 ’$%3,*.$*(<, )&( #$-$& 2 #/4(1’$-
’,8 6%1(#,7

ϱpωnn = 0 (ω = 1, 2, . . . , L). (4)

F(+-. *(3’( %-$1.&: #/#(-, )&( 2(*4(’$’&/ &$’"(0. -$#,.&(0. &$’"(0. -$-
E(0*.H,< epωij %(#4.-.8& % 2(*4(’$’&.*, &$’"(0. -$E(0*.H,< ϱpωij .

F.23$ ," 4(%1$-(#.&$1:’(+( %($-,’$’,7 *(-$1$< %1$-6$& 0.#$’%&#( ’.407-
3$’,<, 40,1(3$’’/= 2 2.3-(< ," *(-$1$<

S1
ij = S2

ij = · · · = SL
ij = Sij

(
ε1
ij = ε2

ij = · · · = εL
ij

)
. (5)
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A 41.%&,)$%2(< (51.%&, -17 185(< 2(*4(’$’&/ %*$%, #/4(1’7$&%7 6%1(#,$
41.%&,)’(%&,

(
Sij → cωϱ

pω
ij → ςωϱ̇

pω
ij

) (
Sij → cωϱ

pω
ij → ςωϱ̇

pω
ij

)
= k2

ω ↑
∑

ω = 1, 2, . . . , L, (6)

+-$ cω – 2(DEE,H,$’& 640()’$’,7, ςω – 2(DEE,H,$’& #7"2(%&,, kω – 40$-$1
&$26)$%&, -17 2.3-(< ," *(-$1$< Sω

p .
I%%(H,,0(#.’’/< ".2(’ 41.%&,)$%2(+( &$)$’,7, %#7"/#.89,< 2(*4(’$’&/

&$’"(0. %2(0(%&$< 41.%&,)$%2,= -$E(0*.H,< ϱ̇pωij % 2(*4(’$’&.*, &$’"(0. ’.-
4073$’,<, ,*$$& #,-

ϱ̇pωij = φω

(
Sij → cωϱ

pω
ij → ςωϱ̇

pω
ij

)
↑
∑

ω = 1, 2, . . . , L, (7)

+-$ φω – %2.170’/< 4(1(3,&$1:’/< *’(3,&$1: -17 *(-$1, Sω
p .

@((&’(;$’,7 B(;, %#7"/#.8& 4(1’/$ 2(*4(’$’&/ &$’"(0. *.1/= -$E(0*.-
H,< % 2(*4(’$’&.*, #$2&(0. 4$0$*$9$’,<

2ϱij = ↓iuj +↓jui, (8)

+-$ %,*#(1 (5("’.).$& ↔j 2(#.0,.’&’68 40(,"#(-’68 4( j-(< 2(*4(’$’&$.
J0.#’$’,7 0.#’(#$%,7

↓iε
i
j = 0 (9)

".*/2.8& %,%&$*6 60.#’$’,< (1)-(8), 2(&(0/$ ,%4(1:"68&%7 -17 (40$-$1$’,7
’.4073$’’(--$E(0*,0(#.’’(+( %(%&(7’,7 EVP %*$%, 40(,"#(1:’(+( 4(07-2..

>.-.). 0$;.$&%7 # H,1,’-0,)$%2(< %,%&$*$ 2((0-,’.& (r, ↼, x3). @ 6)$&(*
(%$#(< %,**$&0,, ," (40$-$1789,= 60.#’$’,< 0.%%*.&0,#.$*(< ".-.), (1)-(9)
’.4073$’’(--$E(0*,0(#.’’($ -(20,&,)$%2($ %(%&(7’,$ (40$-$17$&%7 # #,-$

o
εrr =

o
εεε = →q,

o
ε33 = 0,

o
εij = 0, i ↑= j,

o
ϱrr =

L∑

ω=1

1

2µω

o
Sr +

L∑

ω=1

o
ϱ
pω

r =
o
ϱ
pω

εε = →1

2

o
ϱ33,

o
ϱ
pω

r =
Kω → q

3

cω

(
e→

cω
εω

t → 1

)
=

o
ϱ
pω

ε =
1

2

o
ϱ
pω

33 , ↑
∑

ω = 1, 2, . . . , L,

o
Sr =

o
Sε = →q

3
,

o
S33 =

2

3
q, Kω =

kω↗
6
.

(10)

2. !BBL9:=8C;<9 IB@=KA<8=B@< >?IJ=8=K DLCB@<;M D?< BFC@<<. @(-
+1.%’( [3] ,%%1$-(#.’,$ 6%&(<),#(%&, (%’(#’(+( %(%&(7’,7 %41(;’(< %0$-/
(%*$%,) (5K$*. V , ’. ).%&, 4(#$0=’(%&, !p 2(&(0(+( ".-.’/ 4(#$0=’(%&’/$
6%,1,7 P , %#(-,&%7 2 0$;$’,8 1,’$.0,",0(#.’’/= 60.#’$’,< -#,3$’,7 # #.-
0,.H,7= (

εij +
o
εjkui,k

)
,j +↽⇀2ui = 0. (11)

>-$%: %#7": *$3-6 .*41,&6-’/*, #$1,),’.*, ’.4073$’,< , -$E(0*.H,<,
2(&(0.7 %1$-6$& ," 1,’$.0,",0(#.’’/= 60.#’$’,< (2)-(7), ,*$$& #,- [1, 3]
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L∑

ω=1

1

2µω
εij = ϱij +

L∑

ω=1

o

bω

1→ 3

o

bω
ϱnnϑij +

L∑

ω=1

o
aω

1→ o
aωk2

ω

ϱkl
o

fω
kl

o

fω
ij,

o

fω
kl =

o
Skl → cω

o

ϱωkl,

(12)

+-$ (5("’.)$’(

o
aω =

âω
k2
ωâω → 2µω

,
o

bω =
ϖω

3ϖω + 2µω
,

âω =
4µ2

ω

k2
ω (2µω + cω + sςω)

, ↑
∑

ω = 1, 2, . . . , L.

(13)

I*41,&6-’/$ #$1,),’/ -$E(0*.H,< , 4$0$*$9$’,< 4(-40$3’$*6 %#7".’/
%((&’(;$’,7*, #,-.

2ϱij = ui,j + uj,i, (14)
?0.’,)’/$ 6%1(#,7 ’. 4(#$0=’(%&, !p 40,’,*.8& E(0*6

(
εij +

o
εjkui,k

)
nj = Pi, (15)

"-$%: nj – 2(*4(’$’&/ #$2&(0. ’(0*.1, ’. 4(#$0=’(%&, &$1. !p.
@((&’(;$’,7 (12)-(15), 40$-%&.#1$’’/$ # -$2.0&(#(< %,%&$*$ 2((0-,’.&, ".-

4,%.’/ -17 .*41,&6-’/= #$1,),’ % %(=0.’$’,$* 40$3’,= (5("’.)$’,<, . &.2-
3$ % 6)$&(* #/-$1$’’(+( #0$*$’’(+( *’(3,&$17 est, +-$ s = i⇀ – 2(*41$2%’.7
#$1,),’..

G,’$.0,",0(#.’’/$ 60.#’$’,7 -#,3$’,7 (11) # %16).$ -(20,&,)$%2(+( %(-
%&(7’,7, 40$-%&.#1$’’(+( %((&’(;$’,7*, (10), ,*$8& #,-

[εij → q (ϑj1ui,1 + ϑj2ui,2)] ,j →↽s2ui = 0. (16)
?0.’,)’/$ 6%1(#,7 (15) 56-6& ,*$&: E(0*6

[εij → q (ϑj1ui,1 + ϑj2ui,2)]nj = Pi. (17)
L17 %3,*.$*(< (5(59$’’(< EVP %0$-/ # %16).$ (-’(0(-’(+( ’.4073$’’(+(

-(20,&,)$%2(+( %(%&(7’,7, (40$-$1$’’(+( %((&’(;$’,7*, (10) (t ↘ ≃), 1,-
’$.0,",0(#.’’.7 %#7": (12) *$3-6 .*41,&6-’/*, #$1,),’.*, ’.4073$’,< ,
-$E(0*.H,< # 0.*2.= &0$=*$0’(< &$(0,, 6%&(<),#(%&, 40$-%&.#17$&%7 # #,-$

εij = ϑijajkuk,k + (1→ ϑij)Gij (ui,j + uj,i) ,
3∑

1

k, (18)

+-$

ajk = (ϑjk +Bjj + Ajj)µ
→1
↑ , Gij =

1

2
µ→1
↑ = G, µ↑ =

L∑

ω=1

1

2µω
,

Aij =

L∑

ω=1

o

bω

1→ 3

o

bω
ϑij, Bij =

L∑

ω=1

o
aω

1→ o
aωk2

ω

o

fω
kk

o

fω
ij, ↑

∑
k.

(19)
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>-$%: 2(DEE,H,$’&/ aij , Gij 2(*41$2%’/$ #$1,),’/, &.2 2.2 ".#,%7& (&
=.0.2&$0,%&,)$%2(+( 4(2.".&$17 s = i⇀ ,, ()$#,-’(, %((&’(;$’,7 (18) *(3’(
&0.2&(#.&: 2.2 60.#’$’,7 %(%&(7’,7 EVP %*$%,, ’( % 2(*41$2%’/*, E,",2(-
*$=.’,)$%2,*, 4.0.*$&0.*,.

F.23$ (&*$&,*, )&( 40, cω = 0 4(16).$* 2(DEE,H,$’&/ aij , Gij -17 %3,-
*.$*(< #7"2(41.%&,)$%2(< %*$%, (5(59$’’(< *(-$1, &$1. M,’+.*. [4], . 40,
ςω = 0 -17 (5(59$’’(< *(-$1, !;1,’%2(+(-!#1$#. [5], . 40, âω = 0, o

aω = 0

-17 %3,*.$*(< 6406+(< %*$%, (5(59$’’(+( ".2(’. ?62..
A("*(3$’ 4$0$=(- , 2 -06+,* (5(59$’’/* *(-$17* &$1. C0$-%&.#1$’,$ 1,-

’$.0,",0(#.’’/= 60.#’$’,< %(%&(7’,7 # #,-$ (18) ,*$$& $-,’68 E(0*6 -17
0."1,)’/= (5(59$’’/= *(-$1$< %0$-, )&( 4("#(17$& (40$-$1,&: 0$;$’,$ 60.#-
’$’,< &0$=*$0’(< &$(0,, 6%&(<),#(%&, (16) # (59$* #,-$. N$;$’,7 -17 62.-
".’’/= #/;$ *(-$1$< &$1 40,#$-$’/ # 0.5(&.= [3, 6, 7].

A %16).$ 2#.",%&.&,)$%2(< 4(%&.’(#2, ".-.),, 2(&(0(< -.1$$ , (+0.’,),*%7,
(59$$ 0$;$’,$ 60.#’$’,< &0$=*$0’(< &$(0,, 6%&(<),#(%&, (16) % 6)$&(* (18),
(19) ,*$$& #,- [3]

un =
⇁

⇁τ
φ1 →

⇁2

⇁n⇁x3
φ,

uϑ = → ⇁

⇁n
φ1 →

⇁2

⇁τ⇁x3
φ,

u3 =
a11 → q

G+ a31

(
⇐+

G

a11 → q

⇁2

⇁x2
3

)
φ,

+-$
⇁

⇁n
=

⇁

⇁r
,

⇁

⇁τ
=

1

r

⇁

⇁↼
, ⇐ =

⇁2

⇁r2
+

1

r2
⇁2

⇁↼2
.

O6’2H,, φi (40$-$178&%7 ," 60.#’$’,<
(
⇐+ ξ2i

⇁2

⇁x2
3

)
φi = 0, φ = φ2 + φ3, ↑

∑
i,

a 2(0’, ξ2i %(+1.%’( [4] ,*$8& #,-

ξ21 =
G

G→ q
, ξ22,3 = F ±

(
F 2 → a33G

(a11 → q)(G→ q)

) 1
2

.

A 40$-4(1(3$’,, (5 (&%6&%&#,, ’.+06"2, ’. 4(#$0=’(%&7= 41.%&,’/, %((&#$&-
%&#689,= "’.)$’,7* 4$0$*$’’(< x3 = ±h, ," (17) 4(16).$* +0.’,)’/$ 6%1(#,7

ε33

∣∣∣
x3=±h

= 0, εr3

∣∣∣
x3=±h

= 0, εε3

∣∣∣
x3=±h

= 0. (20)
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N$;$’,$ (%’(#’/= 60.#’$’,<, %1$-67 &0$5(#.’,8 )$&’(%&, 2(*4(’$’&/ 4$-
0$*$9$’,< u3 4( 4$0$*$’’(< x3, #/5$0$* # E(0*$

φ1 =

↓∑

n,ϖ=0

C1
ϖnIn(ϑr) sh

ϑ

ξ1
x3 sinn↼,

φ2 =

↓∑

n,ϖ=0

C2
ϖnIn(ϑr) sh

ϑ

ξ2
x3 cosn↼,

φ3 =

↓∑

n,ϖ=0

C3
ϖnIn(ϑr) sh

ϑ

ξ3
x3 cosn↼.

(21)

>-$%: In(ϑr) – E6’2H,7 M$%%$17 4$0#(+( 0(-.. A/5(0 0$;$’,7 # #,-$ (21) 4("-
#(17$& 6-(#1$&#(0,&: 0."1,)’/* +0.’,)’/* 6%1(#,7* # ,’&$+0.1:’(* %*/%1$
40, r = R #%1$-%&#,$ 40(,"#(1:’(%&, #$1,),’ ϑ. P(3’( 65$-,&:%7, )&( (-’,*
," &.2,= #.0,.’&(# 7#178&%7 +0.’,)’/$ 6%1(#,7 3$%&2(< ".-$12,. A -.’’(*
%16).$ # E6’2H,7= (21) ’.-( 4(1(3,&:

I ↔n(ϑR) = 0, ϑ =
▷ϖ

R
, I ↔n(▷ϖ) = 0. (22)

F(+-. 4(-%&.’(#2(< (21) # +0.’,)’/$ 6%1(#,7 (20), 6),&/#.7 40, D&(* (22),
%1$-67 (5/)’(*6 .1+(0,&*6 0$;$’,7, 4(16),* 60.#’$’,$ # E(0*$

det ⇒dij⇒ = 0

+-$ i, j = 1, 2, 40, D&(* D1$*$’&/ -$&$0*,’.’&. (40$-$178&%7 %((&’(;$’,7*,

d11(ξ2) = ξ→1
2

(
a33

a11 → q

G+ a13

(
G

a11 → q
→ ξ22

)
+ a13ξ

2
2

)
sh

ϑh

ξ2
,

d12 = d11(ξ3),

d22(ξ3) = ξ→1
3

(
a33

a11 → q

G+ a13

(
G

a11 → q
→ ξ23

)
→ 1

)
ch

ϑh

ξ3
,

d21 = d22(ξ2).

(23)

A %16).$ &(’2(%&$’’(< 41.%&,’/ 56-$* ,*$&: %1$-689$$ #/0.3$’,$ -17 ’.-
+06"2,

q =
1

3

a11a33 → a213
a33

(ϑh)2
[
1→ (ϑh)2

6(a11a33 → a213) +G(5a33 → 2a13)

15a33G

]
. (24)

J%1(#,$ -17 (40$-$1$’,7 20,&,)$%2(+( "’.)$’,7 ’.+06"2, 40$-%&.#17$&%7
60.#’$’,$*

max{Re sk} = 0. (25)
C0, D&(* $%1, 4(07-(2 ω (5(59$’’(< *(-$1, &$1. Sω

p 0.#$’ $-,’,H$ # (19) ,
(23)-(25), &( 40,=(-,* 2 0$"61:&.&.* 0.5(&/ [1], %((&#$&%&#689,* 21.%%,)$%2(<
*(-$1, EVP &$1. S1

p .
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A ".218)$’,, (&*$&,*, )&( %&.&,)$%2,< 4(-=(- 2 %&.&,)$%2,* ".-.).* &0$=-
*$0’(< &$(0,, 6%&(<),#(%&, % ,%4(1:"(#.’,$* 2.2 (5(59$’’/=, &.2 , 21.%%,-
)$%2,= #.0,.’&(# &$(0,, &$)$’,7 -(46%&,* 1,;: # &$= %16).7=, 2(+-. # 60.#-
’$’,7= %(%&(7’,7 ’$ 6),&/#.8&%7 #7"2,$ %#(<%&#. %0$-/. F.2, # ).%&’(%&,,
-17 (5(59$’’(< *(-$1, !;1,’%2(+(-!#1$#., # &(* ),%1$ , 21.%%,)$%2(<, -(-
46%&,* %&.&,)$%2,< 4(-=(-, &.2 2.2 4.0.*$&0 s = i⇀ ’$ #=(-,& # 2(DEE,H,$’&/
aij , Gij 60.#’$’,7 %(%&(7’,7 (18), , # D&(* %16).$, ()$#,-’(, 60.#’$’,7 (23)
,, %((&#$&%&#$’’(, 60.#’$’,$ (24) %1$-6$& 0.%%*.&0,#.&: 2.2 60.#’$’,7 -17
(40$-$1$’,7 q!".

!"#"$%&’($)%"
*+,-. -/0121/. !. ". #$%&’()* $%+,&%-*)- .%/-0) .*%1%2%.$%*-*,*%3 4$&41%567-
2%$08+,)9-+2%3 +.-+), $%+,8*%528 78/89) 4+,%39)5%+,), *8$)+8*)- ,-2+,8 &42%$)+),
+%108+%58*)- :)*80;*%3 5-&+)) &42%$)+), <. =. >-10%58 &-?-*)- 78/89) 4+,%3-
9)5%+,), %@7%& 0),-&8,4&’ $% ,-.- +,8,;), 2%.$;A,-&*’3 *8@%& ,-2+,8 &42%$)+),
&-/82,)&%58*)- ,-2+,8 &42%$)+).
3145,6+0 64072781/. !5,%&’ /-208&)&4A, %,+4,+,5)- 65*’( ) $%,-*B)80;*’(
2%*:0)2,%5 )*,-&-+%5, +5678**’( + $4@0)28B)-3 *8+,%6C-3 +,8,;).
&801946+ 564-48621/-46:. !5,%&’ 786506A, %@ %,+4,+,5)) 5*-?*-1% :)*8*+)-
&%58*)6 $&) $&%5-/-*)) )++0-/%58*)6.
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