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1. );<=<>?<. !"#$%&’(%)*+,-).% ’##,%/01+)’2 ’ $&010/’(.3 )+ ’4 0#)01%
+)+,’5 5+"0)0(%&)0#*%3 6$&670$,+#*’8%#"070 /%90&(’&01+)’2 $0,’"&’#*+,-
,’8%#"’4 (%*+,,01 ’ #$,+101 ’7&+:* ",:8%16: &0,- 1 &+51’*’’ *%0&’’ $,+-
#*’8)0#*’. ;+ 0#)01% <"#$%&’(%)*+,-).4 /+)).4 &+5&+=+*.1+:*#2 )01.% (+*%-
(+*’8%#"’% (0/%,’ 1 *%0&’’ $,+#*’8)0#*’, + *+">% $&010/’*#2 ’4 1%&’9’"+?’2
’ 6#*+)+1,’1+:*#2 $&%/%,. $&’(%)’(0#*’. @%56,-*+*. =0,-A070 "0,’8%#*1+
<"#$%&’(%)*+,-).4 ’##,%/01+)’3 $&’ #,0>)0( )+7&6>%)’’ (+*%&’+,01 ’ 1+-
&’+)*. (+*%(+*’8%#"’4 *%0&’’ $,+#*’8)0#*’ 8+#*’8)0 $&%/#*+1,%). 1 &+=0*+4
[1-8].

B/)03 ’5 )+’=0,%% 0=C’4 ’ +"*’1)0 &+51’1+:C’4#2 9%)0(%)0,07’8%#"’4
*%0&’3 $,+#*’8)0#*’ )+ #%70/)2A)’3 /%)- 21,2%*#2 *%0&’2 6$&670$,+#*’8%-
#"’4 $&0?%##01, $&%/,0>%))+2 D.D. E,-:A’).( [1, 2], &+51’*’% $0,0>%)’3
<*03 *%0&’’, + *+">% (+"&0<"#$%&’(%)*+,-).% ’##,%/01+)’2 ’4 /0#*01%&)0-
#*’ $&%/#*+1,%). 1 &+=0*+4 )+68)03 A"0,. F.G. H6=8+)’)01+ ’ /&67’4 ’#-
#,%/01+*%,%3 [3-4, 8-16]. I+*%(+*’8%#"’% (0/%,’ *%0&’’ 6$&670$,+#*’8%#"’4
$&0?%##01 )+40/2* A’&0"0% $&’(%)%)’% 1 &+#8%*+4 $&0?%##01 6$&670$,+#*’8%-
#"070 /%90&(’&01+)’2 "0)#*&6"?’0)).4 (+*%&’+,01 $&’ #,0>)0( "0(=’)’&0-
1+))0( )+7&6>%)’’ [4-7, 16-19]. F &+("+4 *%0&’’ 6$&670$,+#*’8%#"’4 $&0?%#-
#01 ’#$0,-56%*#2 1%"*0&)0% (7%0(%*&’8%#"0%) $&%/#*+1,%)’% ’#*0&’’ ’5(%)%)’2
)+$&2>%)’3 ’ /%90&(+?’3 1 1’/% 0=&+5+ $&0?%##+ )+7&6>%)’2 ’,’ /%90&(’-
&01+)’2. !*0* 0=&+5 1",:8+%* *&+%"*0&’:, 1 "+>/03 *08"% "0*0&03 5+/+:*#2
4+&+"*%&’#*’"’ $&0?%##+: 1%"*0&. )+$&2>%)’3 ω̄ ’ /%90&(+?’3 !̄ 90&(0’5(%-
)%)’2, ’4 $&’&+C%)’2 dω̄ ’ d!̄, + *+">% #"+,2&).% $+&+(%*&. (*%($%&+*6&+,
#&%/)%% )+$&2>%)’%, #&%/)22 /%90&(+?’2 ’ /&.). J125- (%>/6 )+$&2>%)’2(’
’ /%90&(+?’2(’ 1 *%0&’’ $&0?%##01 0$’#.1+%*#2 0$&%/%,2:C’(’ #00*)0A%-
)’2(’, "0*0&.% 68’*.1+:* "+" #"+,2&).%, *+" ’ 1%"*0&).% #103#*1+ (+*%&’-
+,01. J"+,2&).% #103#*1+ 0*&+>+:* #125- (%>/6 ’)1+&’+)*+(’ /%1’+*0&01
)+$&2>%)’3 ’ /%90&(+?’3, + 1%"*0&).% #103#*1+ 4+&+"*%&’56:* )%#00#)0#*-
/%1’+*0&01 )+$&2>%)’3, /%90&(+?’3 ’ ’4 $&’&+C%)’3.

F $&+"*’8%#"’4 &+#8%*+4 6/0=)0 $&’(%)2*- 0$&%/%,2:C%% #00*)0A%)’% *%0-
&’’ 6$&670$,+#*’8%#"’4 $&0?%##01, "0*0&0% ’(%%* 1’/ 7’$0*%5. "0($,+)+&)0-
#*’ D.D. E,-:A’)+ [2, 3]. B)+ 6#*+)+1,’1+%* #125- (%>/6 /%3#*16:C’(’ )+-
$&2>%)’2(’ ’ )+$&+1,%)’2(’ $&’&+C%)’3 6$&670$,+#*’8%#"’4 /%90&(+?’3,
’ 1 1%"*0&)03 90&(% ’(%%* 1’/

dω̄

ds
= N

d!̄
ds

+ (P →N)

ω̄ · d!̄
ds

ω2
· ω̄, (1)

7/% N, P – 96)"?’0)+,. $,+#*’8)0#*’.
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F &+=0*% [12] $&’1%/%). "0)"&%*’5’&01+)).% 90&(6,. /,2 0$&%/%,%)’2
96)"?’0)+,01 $0 <"#$%&’(%)*+,-).( /+)).( /,2 $,0#"070 )+$&2>%))070 #0-
#*02)’2 ’ *&%4(%&).4 1’)*01.4 *&+%"*0&’3 /%90&(+?’3 (%*0/0( $0/=0&+ +)+-
,’*’8%#"’4 96)"?’3, #00*1%*#*16:C’4 <"#$%&’(%)*+,-).( /+)).(. K6)"?’-
0)+,. $,+#*’8)0#*’ 8+#*0 ’(%:* #,0>).3 1’/, 8*0 5+*&6/)2%* ’4 )%$0#&%/-
#*1%))0% ’#$0,-501+)’% 1 (+*%(+*’8%#"’4 (0/%,24. L0<*0(6 8+#*0 ’#$0,-56:*
+$$&0"#’(+?’’ 96)"?’0)+,01 [3, 4], $0510,2:C’% 5+(%)’*- ’4 =0,%% $&0#*.(’
1.&+>%)’2(’ # 0=%#$%8%)’%( /0#*+*08)03 *08)0#*’.

F /+))03 #*+*-% $&%/#*+1,%)+ (%*0/’"+ $&+"*’8%#"070 0$&%/%,%)’2 96)"?’-
0)+,01 *%0&’’ 6$&670$,+#*’8%#"’4 $&0?%##01 $0 <"#$%&’(%)*+,-).( /+)).(
/,2 $,0#"’4 *&+%"*0&’3 /%90&(’&01+)’2. M+">%, 1 )+7,2/)03 7&+9’8%#"03
90&(% $&%/#*+1,%). &%56,-*+*. 1.8’#,%)’2 96)"?’0)+,01 $,+#*’8)0#*’ /,2
$&07&+((. <"#$%&’(%)*+ $0 #,0>)03 "&’10,’)%3)03 *&+%"*0&’’ /%90&(+?’3
[20], &%+,’501+))03 )+ ’#$.*+*%,-)0( "0($,%"#% J;-!F; $0/ &6"010/#*10(
$&09%##0&+ F.G. H6=8+)’)01+.

2. 3@AB<C>D< EFGHIJD =JK FLG<=<J<>?K EI>MN?F>@JF; LF OMAL<G?-
H<>C@JP>DH =@>>DH =JK CG@<MCFG?Q, LG?>?H@<HDR LJFAM?H?.

K0&(6,+ /,2 96)"?’0)+,+ ! $0,68+%*#2 ’5 #"+,2&)070 $&0’51%/%)’2 1%"*0-
&+ )+$&2>%)’3 ω̄ ’ $&0’510/)03 0* 1%"*0&+ )+$&2>%)’3 $0 /,’)% *&+%"*0&’’
/%90&(+?’3 (1%"*0&+ #"0&0#*’ )+$&2>%)’2)

dω̄

ds
, $&’)’(+%(03 1 #00*1%*#*1’’

# 7’$0*%503 "0($,+)+&)0#*’ D.D. E,-:A’)+ (1)

ω̄ · dω̄
ds

= N ω̄ · d!̄
ds

+ (P →N) ·
ω̄ · d!̄

ds
ω2

· ω̄ · ω̄. (2)

L0#"0,-"6 ω̄ · ω̄=ω2, 0*#:/+ #,%/6%*

P =

ω̄ · dω̄
ds

ω̄ · d!̄
ds

=

S1 ·
dS1

ds
+ S3 ·

dS3

ds

S1 ·
d!1

ds
+ S3 ·

d!3

ds

. (3)

H/%#- ’ /+,%% 68*%)0 $&%/#*+1,%)’% 1%"*0&01 )+$&2>%)’3, /%90&(+?’3 ’
’4 $&0’510/).4 $0 /,’)% *&+%"*0&’’ /%90&(+?’’, $&’)’(+%(03 $,0#"03, 1
#,%/6:C%( 1’/%

ω̄ = S1ê1 + S3ê3, !̄ = !1ê1 + !3ê3,

dω̄

ds
=

dS1

ds
ê1 +

dS3

ds
ê3,

d!̄
ds

=
d!1

ds
ê1 +

d!3

ds
ê3,

(4)

7/% ê1 ’ ê3 – %/’)’8).% 1%"*0&. (0&*.), )+$&+1,%)).% $0 0#2( 1 ’ 3.
K0&(6,+ /,2 $&0’510/)03 0* (0/6,2 1%"*0&+ )+$&2>%)’3 $0 /,’)% /67’ *&+-

%"*0&’’ /%90&(+?’3
dω

ds
$0,68+%*#2 /’99%&%)?’&01+)’%( 90&(6,.

ω =

√
S2
1 + S2

3 , (5)
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*07/+

dω

ds
=

S1
dS1

ds
+ S3

dS3

ds
ω

. (6)

!*+ >% 90&(6,+ (0>%* =.*- $0,68%)+ ’5 #"+,2&)070 $&0’51%/%)’2 (&’#6)0"
1)

ω̄ · dω̄
ds

= |ω̄| d!
ds

cosε = ω · dω
ds

, (7)

7/% ω = |ω̄| – (0/6,- 1%"*0&+ )+$&2>%)’2;
d!

ds
=

∣∣∣∣
dω̄

ds

∣∣∣∣ – (0/6,- 1%"*0&+ #"0&0#*’

)+$&2>%)’2; ε – 670, (%>/6 1%"*0&+(’ ω̄ ’
dω̄

ds
;
d!

ds
· cosε – $&0%"?’2 1%"*0&+

dω̄

ds
)+ )+$&+1,%)’% 1%"*0&+ )+$&2>%)’3 ω̄ (#(. &’#. 1).

!"#. 1. $%&’()*%"" +&,%-.’+"/ (#0’1&) " 2’3*%4"%*1&+"/ (#5%&1&) # 5%"5"#&++64"
1’()*%&4" +&5%/.’+"7, 2’3*%4&8"7 " "9 5%"%&:’+"/4"

B*#:/+ #,%/6%*

dω

ds
=

ω̄ · dω̄
ds
ω

=

S1
dS1

ds
+ S3

dS3

ds
ω

. (8)

K0&(6,+ /,2 *&’70)0(%*&’8%#"03 96)"?’’ 67,+ #=,’>%)’2 cosε1 $0,68+%*#2
(#(. &’#. 1) ’5 #"+,2&)070 $&0’51%/%)’2 1%"*0&+ )+$&2>%)’3 ’ $&0’510/)03 0*
1%"*0&+ /%90&(+?’3 $0 /,’)% /67’ *&+%"*0&’’ /%90&(+?’3 (1%"*0&+ #"0&0#*’
/%90&(+?’3):

ω̄ · d!̄
ds

= |ω̄| ·
∣∣∣∣
d!̄
ds

∣∣∣∣ cosε1 = ω · 1 · cosε1, (9)

0*"6/+

cosε1 =

ω̄ · d!̄
ds
ω

=

S1
d!1

ds
+ S3

d!3

ds
ω

. (10)



6IHG?-@C !K(-3BI<-. L+<@M-G<CBG! HIGN-- +*N+)G*BC3H-(I3@-O...219

J0$0#*+1,%)’% 90&(6, /,2 !,
dω

ds
’ cosε1 /+%* #00*)0A%)’2

dω

ds
= P cosε1 ’,’ P =

dω

ds

1

cosε1
. (11)

N,2 0$&%/%,%)’2 96)"?’0)+,+ N 5+$’#.1+%*#2 #"+,2&)0% $&0’51%/%)’% 1%"-
*0&+

dω̄

ds
)+ %/’)’8).3 1%"*0& ϑ̂ = ϑ1ê1 + ϑ3ê3, $%&$%)/’"6,2&).3 1%"*0&6 )+-

$&2>%)’3 ω̄, # ’#$0,-501+)’%( #00*)0A%)’2 7’$0*%5. "0($,+)+&)0#*’ (1)

dω̄

ds
· ϑ̂ = N

d!̄
ds

· ϑ̂ + (P →N)

ω̄ · d!
ds

ω2
· ω · ϑ̂. (12)

F1’/6 $%&$%)/’"6,2&)0#*’ 1%"*0&01 ϑ̂ ’ ω̄, ’4 #"+,2&)0% $&0’51%/%)’% &+1)0
)6,:, *07/+

N =

dω̄

ds
· ϑ̂

d!̄
ds

· ϑ̂
=

dS1

ds
ϑ1 +

dS3

ds
ϑ3

d!1

ds
ϑ1 +

d!3

ds
ϑ3

. (13)

O0($0)%)*. 1%"*0&+ ϑ̂ )+40/2*#2 ’5 6#,01’3

ω̄ · ϑ̂ = S1ϑ1 + S3ϑ3 = 0, |ϑ̂| =
√
ϑ2
1 + ϑ2

3 = 1, (14)

*07/+

ϑ3 = →S1

S3
ϑ1, ±ϑ1

√

1 +

(
S1

S3

)2

= 1, (15)

0*"6/+

ϑ1 = ±S3

ω
, ϑ3 = ↑S1

ω
. (16)

M+"’( 0=&+50(, 0"0)8+*%,-)0 90&(6,+ /,2 0$&%/%,%)’2 96)"?’0)+,+ N ’(%-
%* 1’/

N =

S1
dS3

ds
→ S3

dS1

ds

S1
d!3

ds
→ S3

d!1

ds

. (17)

J6C%#*1%))0 0*(%*’*-, 8*0 $&’ ε1 = 0 1.$0,)2:*#2 #00*)0A%)’2

ω̂ =
ω̄

ω
=

d!̄
ds

’,’
S1

ω
=

d!1

ds
;
S3

ω
=

d!3

ds
; (18)

cosε1 =

S1
S1

ω
+ S3

S3

ω
ω

=
S2
1 + S2

3

ω2
= 1. (19)

M07/+ 5)+(%)+*%,- 90&(6,. /,2 N 0=&+C+%*#2 1 )6,-:

S1
d!3

ds
→ S3

d!1

ds
= ω

d!1

ds

d!3

ds
→ ω

d!3

ds

d!1

ds
= 0 (20)
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L&’ <*0(, %#,’ 8’#,’*%,- 90&(6,. (17) /,2 N )% 0=&+C+%*#2 1 )6,-, *0 %#*-

S1
dS3

ds
→ S3

dS1

ds
↓= 0, *0 1%,’8’)+ 96)"?’0)+,+ N = ±↔. E)+8% 7010&2, %#,’

1%"*0& )+$&2>%)’3 ω̄ )+$&+1,%) $0 "+#+*%,-)03 " *&+%"*0&’’ /%90&(+?’’, *0
ε1 = 0, + N = ±↔. P’#,’*%,- 90&(6,. /,2 N *+">% (0>%* =.*- &+1%) )6,:,
%#,’ 1%"*0&

dω̄

ds
$0 )+$&+1,%)’: #01$+/+%* # 1%"*0&0( )+$&2>%)’3 ω̄. F <*0(

#,68+%
dω̄

ds
· ϑ̂ = 0.

N&67+2 90&(6,+ /,2 1.8’#,%)’2 96)"?’0)+,+ N (0>%* =.*- $0,68%)+ /’9-
9%&%)?’&01+)’%( 1.&+>%)’2 cosε1 $0 (10), *07/+

d cosε1

ds
=

d

ds

(
ω̄ · d

¯!
ds

ω

)
. (21)

B*#:/+, # 68%*0( 8*0
∣∣∣∣
d2!̄
ds2

∣∣∣∣ = ϖ1 – "&’1’5)+ *&+%"*0&’’ /%90&(+?’’, #,%/6%*

[3]

N =
ω

sinε1

(
ϖ1 →

dε1

ds

)
. (22)

O+" ’ /,2 $&%/./6C%3 90&(6,. (17), 5)+(%)+*%,- <*03 90&(6,. 0=&+C+%*#2
1 )0,-, %#,’ ε1 = 0. P’#,’*%,- 90&(6,. 0=&+C+%*#2 1 )0,-, %#,’ 1.$0,)2%*#2
6#,01’%

ϖ1 →
dε1

ds
= 0. (23)

L0 0$&%/%,%)’: "&’1’5). $,0#"03 *&+%"*0&’’ /%90&(+?’’

ϖ1 =
dϱ

ds
=

dϱ

Rdϱ
=

1

R
. (24)

Q#,’
dϱ

ds
=

dε1

ds
, *0 1%"*0& )+$&2>%)’3 ω̄ )% (%)2%* #10%70 )+$&+1,%)’2 )+

68+#*"% ds *&+%"*0&’’ /%90&(+?’’ ’ 0#*+%*#2 $%&$%)/’"6,2&).( " 1%"*0&6 ϑ̂.
B*#:/+ #,%/6%*

(
ω̄ +

dω̄

ds
ds

)
· ϑ̂ = ω̄ · ϑ̂ +

dω̄

ds
ds · ϑ̂ = 0; ω̄ · ϑ̂ = 0;

dω̄

ds
· ϑ̂ = 0. (25)

L&’8%(, %#,’ 1 <*03 *08"% *&+%"*0&’’ ε1 ↓= 0, *0

d!̄
ds

· ϑ̂ ↓= 0; N =

dω̄

ds
· ϑ̂

d!̄
ds

· ϑ̂
= 0. (26)

L&’ 1.8’#,%)’’ 96)"?’0)+,+ N $0 90&(6,% (22), #0/%&>+C%3 sinε1 ’
dε1

ds
)6>)0 68’*.1+*- 5)+" 67,+ ε1. R70, ε1 $&’)’(+%*#2 $0,0>’*%,-).(, %#,’
670, (%>/6 1%"*0&0( )+$&2>%)’3 ω̄ ’ &+/’6#0( "&’1’5). ($%&$%)/’"6,2&).(
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" "+#+*%,-)03 " *&+%"*0&’’ /%90&(+?’3) =0,-A% 90
→; $&’ <*0( 67,% (%)-A%

90
→ 670, ε1 $&’)’(+%*#2 0*&’?+*%,-).( (&’#6)0" 2).

!"#. 2. ; *5%’2’0’+"< =+&(& -,0& #>0".’+"/

3. !<CF=?M@ LG@MC?B<AMFSF ;DB?AJ<>?K !, N,
dω

ds
, cosε1 LF OMAL<G?-

H<>C@JP>DH =@>>DH =JK LJFAM?R CG@<MCFG?Q.
L&07&+((. 9’5’8%#"’4 <"#$%&’(%)*01 $0 #,0>)0(6 6$&670$,+#*’8%#"0(6

/%90&(’&01+)’: *0)"0#*%)).4 ?’,’)/&’8%#"’4 0=&+5?01, $&010/’(.% )+ ’#-
$.*+*%,-)0( "0($,%"#% J;-!F; [8], 5+/+:*#2 /,2 $,0#"’4 *&+%"*0&’3 8%&%5
/%"+&*01. $&0%"?’’ !1 ’ !3 1%"*0&+ /%90&(+?’’ 1 $+&+(%*&’8%#"0( 1’/%. I+-
,.% 0*",0)%)’2 "00&/’)+* 1%"*0&+ /%90&(+?’3 !1 ’ !3 0* 5+/+1+%(03 1 <"#$%-
&’(%)*% *&+%"*0&’’ /%90&(+?’3, 1.51+)).% #,68+3).(’ $&’8’)+(’, $&’10-
/2* " *0(6, 8*0 5+/+))+2 /,’)+ 68+#*"+ *&+%"*0&’’ /%90&(+?’3 ”sn (%)-A%
#6((. /,’) &+##*02)’3 (%>/6 #0#%/)’(’ <"#$%&’(%)*+,-).(’ *08"+(’ (&’#.
3), *0 %#*-

”sn <
n∑

i=0

√
”!2

1i+1
+”!2

3i+1
, (27)

7/%
”!1i+1 = !1i+1 → !1i , ”!3i+1 = !3i+1 → !3i , (i = 0, 1, 2 . . . , n). (28)

!"#. 3. ?)(0*+’+"/ @(#5’%"4’+)&0A+69 )*B’( *) =&2&1&’4*7 1 @(#5’%"4’+)’ 5%*,%&4-
46 "#56)&+"/
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F1’/6 #,68+3)0#*’ 0*",0)%)’3, /,2 #7,+>’1+)’2 <"#$%&’(%)*+,-)03 *&+%"-
*0&’’ /%90&(+?’’ "+>/6: <"#$%&’(%)*+,-)6: *08"6 (0>)0 #$&0%"*’&01+*-
)+ *%0&%*’8%#"6: *&+%"*0&’: ’ 1.8’#,’*- /,’)6 68+#*"+ *&+%"*0&’’ /0 *%"6-
C%3 *08"’ m $0 90&(6,%

”sm =

m∑

j=0

√
”!2

1j+1
+”!2

3j+1
· ”sn
∑n

i=0

√
”!2

1i+1
+”!2

3i+1

. (29)

N+,%% $0 1%,’8’)% ”sm )+40/2*#2 #7,+>%)).% 5)+8%)’2 "0($0)%)* !1m ’ !3m

/,2 <*03 *08"’ "+" 96)"?’’ sm 1 #00*1%*#*1’’ # 6&+1)%)’%( /+))070 68+#*"+
*&+%"*0&’’, + *+">% ’4 $&0’510/).%

d!1m

ds
’
d!3m

ds
.

L+&+(%*&’8%#"0% $&%/#*+1,%)’% *&+%"*0&’3 /%90&(+?’3 /0,>)0 0=,+/+*-
2#).( 7%0(%*&’8%#"’( $&%/#*+1,%)’%( )+ $,0#"0#*’ !1 →!3, 8*0=. ’#$0,-50-
1+*- ’4 $&’ 0=&+=0*"% <"#$%&’(%)*+,-).4 /+)).4 $0 5+/+1+%(.( $&07&+((+(.
;+$&’(%&, /,2 $+&+(%*&’8%#"070 5+/+)’2 $&2(0,’)%3)070 68+#*"+ *&+%"*0&’’
/%90&(+?’3 (&’#. 4, +):

!1m = ”s sinϱ, !3m = !30 →”sm cosϱ,

d!1m

ds
= sinϱ,

d!3m

ds
= → cosϱ,

d!1m = sinϱ · ds, d!3m = → cosϱ · ds,
√
d!2

1m + d!2
3m = ds.

(30)

!"#. 4. C&%&4’)%"B’#(*’ =&2&+"’ )%&’()*%"" 2’3*%4&8"7: ,) – 5%/4*0"+’7+67 -B&-
#)*(; 9 ) – 2-,& *(%-.+*#)"
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N,2 $+&+(%*&’8%#"070 5+/+)’2 68+#*"+ *&+%"*0&’’ /%90&(+?’3 1 1’/% /67’
0"&6>)0#*’ &+/’6#+ R (&’#. 4, =) 6/0=)0 ’#$0,-501+*- $0,2&).3 670, ϱm =

”sm/R, *07/+

!1m = R→R cosϱm = R

(
1→ cos

”sm
R

)
, !3m = R sinϱm = R sin

”sm
R

,

d!1m

ds
=

d!1m

dϱm

dϱm

ds
= sin

”sm
R

,
d!3m

ds
=

d!3m

dϱm

dϱm

ds
= cos

”sm
R

,

d!1m = sinϱmds, d!3m = cosϱmds,
√

d!2
1m + d!2

3m = ds.

(31)

N,2 1.8’#,%)’2 5)+8%)’3 P, N,
dω

ds
, cosε1 $0 <"#$%&’(%)*+,-).( /+)).(

)%0=40/’(. 5)+8%)’2 "00&/’)+* 1%"*0&+ )+$&2>%)’3 S1 ’ S3 ’ ’4 $&0’510/).%
dS1

ds
,
dS3

ds
$0 /,’)% /67’ *&+%"*0&’’ /%90&(+?’3.

;+ )+8+,-)0( ,’)%3)0-6$&670( 68+#*"% 5)+8%)’2 "00&/’)+* 1%"*0&+ )+$&2-
>%)’3 S1 ’ S3, + *+">% ’4 $&0’510/).% 1.8’#,2:*#2 $0 90&(6,+( 5+"0)+ G6"+.
;+$&’(%&, 1 $&0’510,-)03 *08"% k *&+%"*0&’’

S1k = 2G!1k , S3k = 2G!3k ,
dS1k

ds
= 2G

d!1k

ds
,

dS3k

ds
= 2G

d!3k

ds
, (32)

7/% G – (0/6,- 6$&670#*’ 1*0&070 &0/+ ((0/6,- #/1’7+) (+*%&’+,+ 0=&+5?+.
!"#$%&’(%)*+,-).% 5)+8%)’2 /,2 &+#8%*+ 6/0=)0 $&’1%#*’ " &+1)00*#*02-

C’( *08"+(. M08"’ # $0#*02)).( A+70( $0 /,’)% *&+%"*0&’’ /%90&(+?’3 s
(0>)0 $0,68’*- $0 <"#$%&’(%)*+,-).( *08"+( ,’)%3)03 ’)*%&$0,2?’%3

S1k = S1m +
S1m+1 → S1m

sm+1 → sm
(sk → sm),

S3k = S3m +
S3m+1 → S3m

sm+1 → sm
(sk → sm),

(33)

7/% S1m , S1m+1 , S3m , S3m+1 – 5)+8%)’2 S1 ’ S3 1 <"#$%&’(%)*+,-).4 *08"+4 # /,’-
)03 *&+%"*0&’’ /%90&(+?’3 sm ’ sm+1 #00*1%*#*1%))0; sk – /,’)+ *&+%"*0&’’
/%90&(+?’3 1 *08"% k, )+’=0,%% =,’5"03 " *08"+( m ’ m+1. N,2 $0,68%)).4
&+1)00*#*02C’4 *08%" (0>)0 1.$0,)’*- #7,+>’1+)’% 1%,’8’) S1k ’ S3k /,2
6(%)-A%)’2 1,’2)’2 #,68+3).4 0*",0)%)’3.

N,2 1.8’#,%)’2 1.&01)%)).4 5)+8%)’3 S̃1k (k = 0, 1, 2, 3, ..., n→ 1, n) #7,+-
>%)).4 ()0708,%)0( *&%*-%3 #*%$%)’ ("6=’8%#"03 $+&+=0,03) $0 $2*’ *08"+(
(0>)0 ’#$0,-501+*- 90&(6,., $0,68%)).% $0 (%*0/6 )+’(%)-A’4 "1+/&+*01
[21]:

S̃10 =
1

70
(69S10 + 4S11 → 6S12 + 4S13 → S14) ,

S̃11 =
1

35
(2S10 + 27S11 + 12S12 → 8S13 + 2S14) ,

S̃12 =
1

35
(→3S10 + 12S11 + 17S12 + 12S13 → 3S14) ,
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S̃13 =
1

35
(2S10 → 8S11 + 12S12 + 27S13 + 2S14) ,

S̃14 =
1

70
(→S10 + 4S11 → 6S12 + 4S13 + 69S14) , (34)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

S̃1n→4 =
1

70

(
69S1n→4 + 4S1n→3 → 6S1n→2 + 4S1n→1 → S1n

)
,

S̃1n→3 =
1

35

(
2S1n→4 + 27S1n→3 + 12S1n→2 → 8S1n→1 + 2S1n

)
,

S̃1n→2 =
1

35

(
→3S1n→4 + 12S1n↑3 + 17S1n→2 + 12S1n→1 → 3S1n

)
,

S̃1n→1 =
1

35

(
2S1n→4 → 8S1n→3 + 12S1n→2 + 27S1n→1 + 2S1n

)
,

S̃1n =
1

70
(→S1n→4 + 4S1n→3 → 6S1n→2 + 4S1n→1 + 69S1n).

L&’ <*0( &+1)00*#*02C’% *08"’ &+5/%,2:*#2 )+ 7&6$$. $0 5 *08%". I0>)0
*+">% ’#$0,-501+*- =0,%% $&0#*03 1+&’+)*, $&’ "0*0&0( /,2 $%&1.4 2-4 *08%"
68+#*"+ *&+%"*0&’’ ’#$0,-56:*#2 90&(6,. /,2 S̃10 , S̃11 ; /,2 $0#,%/)’4 2-4
*08%" – 90&(6,. /,2 S̃1n→1 , S̃1n . F 0#*+,-).4 *08"+4 1.8’#,%)’2 1.$0,)2:*#2
$0 90&(6,%

S̃1k =
1

35

(
→3S1k→2

+ 12S1k→1
+ 17S1k + 12S1k+1

→ 3S1k+2

)
. (35)

D)+,07’8)0 1.8’#,2:*#2 "00&/’)+*. S̃3k . L&0’510/).% $0 &%76,2&).( &+1)0-
0*#*02C’( *08"+( (0>)0 1.8’#,2*- $0 90&(6,+( 8’#,%))070 /’99%&%)?’&0-
1+)’2 )+ #%&%/’)6

dS1k

ds
=

S1k+1
→ S1k→1

2”s
,

dS3k

ds
=

S3k+1
→ S3k→1

2”s
, (36)

7/% ”s = s
k+1

→ sk = sk → sk↑1; 2”s = s
k+1

→ sk↑1 – $0#*02)).3 A+7 $0
/,’)% *&+%"*0&’’ /%90&(+?’3. N,2 )+8+,+ 68+#*"+ *&+%"*0&’’ /%90&(+?’3
’,’ $0#,% *08"’ &+5&.1+ ()+$&’(%&, 1 *08"% #"+8"+ 5)+8%)’2 67,+ #=,’>%)’2
ε1 # $,:#+ )+ (’)6#) $&’(%)2:*#2 90&(6,. /’99%&%)?’&01+)’2 1$%&%/

dS1k

ds
=

→S1k+2
+ 4S1k+1

→ S1k→2

sk+2 → sk
,

dS3k

ds
=

→S3k+2
+ 4S3k+1

→ S3k→2

sk+2 → sk
.

(37)

N,2 "0)?+ 68+#*"+ *&+%"*0&’’ /%90&(+?’3 ’,’ $%&%/ *08"03 &+5&.1+ $&’(%-
)2:*#2 90&(6,. /’99%&%)?’&01+)’2 )+5+/

dS1k

ds
=

3S1k → 4S1k→1
→ S1k→2

sk → sk↑2
,

dS3k

ds
=

3S3k → 4S3k→1
→ S3k→2

sk → sk↑2
.

(38)
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4. 3<TIJPC@CD FUG@UFCM? ? ;DB?AJ<>?K T>@B<>?Q !, N,
dω

ds
, cosε1 LF

OMAL<G?H<>C@JP>DH =@>>DH =JK LJFAMFQ MG?;FJ?><Q>FQ CG@<MCFG??
=<EFGH@N?Q.

;+ &’#6)"+4 5-10 $&%/#*+1,%). &%56,-*+*. 0=&+=0*"’ $0 0$’#+))03 1.A%
(%*0/’"% /164(%&)070 <"#$%&’(%)*+ )+ #,0>)0% )+7&6>%)’% (0#%103 #’,03 ’
"&6*2C’( (0(%)*0() *0)"0#*%))070 *&6=8+*070 0=&+5?+ ’5 #*+,’ 45.

!"#. 5. $%&’()*%"/ 2’3*%4&8"7 (5&%&4’)%"B’#(" =&2&++&/)

!"#. 6. D"&,%&446 2’3*%4"%*1&+"/: =&1"#"4*#)" S1, S3, ω *) 20"+6 2-," s
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!"#. 7. E%&3"(" =&1"#"4*#)’7 5%*"=1*2+69 (**%2"+&) 1’()*%& +&5%/.’+"7 *) 20"+6
2-," s

!"#. 8. E%&3"(" =&1"#"4*#)’7 3-+(8"*+&0*1
dω

ds
, P *) 20"+6 2-," s

L&%/#*+1,%))+2 )+ &’#6)"% 5 $&07&+((+ <"#$%&’(%)*+ [20], 1.$0,)%))070 )+
’#$.*+*%,-)0( "0($,%"#% J;-!FI, $&%/#*+1,2,+ #0=03 1 $&0#*&+)#*1% /%90&-
(+?’3 $,0#"6: 7,+/"6: "&’16:, #0#*02C6: ’5 10#-(’ $0#,%/01+*%,-).4 $0,6-
0"&6>)0#*%3 &+/’6#+ 0,0025. N,2 %% &%+,’5+?’’ *&6=8+*.3 0=&+5%? $0/1%&7+,-
#2 "0(=’)’&01+))0(6 &+#*2>%)’: $0 "00&/’)+*% !1 0* )6,2 /0 "0)%8)070 5)+-
8%)’2 !↓

1 = 0, 04 ’ 5)+"0$%&%(%))0(6 "&68%)’: $0 !3 0* )6,2 /0 !↓
3 = ±0, 0025 .

@+#8%*)+2 /,’)+ /67’ *&+%"*0&’’ /%90&(’&01+)’2 #0#*+1,2%* 0,0628.
;+ &’#6)"% 6 $&%/#*+1,%). 5+1’#’(0#*’ "00&/’)+* 1%"*0&+ )+$&2>%)’3 S1

’ S3, + *+">% %70 (0/6,2 ω 0* /,’). /67’ s *&+%"*0&’’ /%90&(+?’3.
!"#$%&’(%)*+,-).% /+)).% )+ &’#. 6 0=05)+8%). *08"+(’, &%56,-*+*. #7,+-

>’1+)’2 #$,0A).(’ "&’1.(’ #’)%70 ?1%*+. O+" 1’/)0, 7&+9’"’ )+ &’#6)"+4
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!"#. 9. E%&3"(" =&1"#"4*#)" 3-+(8"*+&0& N *) 20"+6 2-," s

!"#. 10. D"&,%&44& ε1 → s

)0#2* "0,%=+*%,-).3 4+&+"*%& ’ $&0#,%>’1+%*#2 ’4 $%&’0/’8)0#*-, + &%56,--
*+*. #7,+>’1+)’2 $&%0=&+56:* /+)).% 1 0*)0#’*%,-)0 7,+/"’% "&’1.% # /0-
#*+*08)0 $,+1).(’ $&0’510/).(’.

N+,%% )+ &’#6)"% 7 $&’1%/%). 7&+9’"’ 5+1’#’(0#*%3 $&0’510/).4
dS1

ds
,
dS3

ds
0* /,’). /67’ s *&+%"*0&’’ /%90&(+?’3, "0*0&.% =.,’ 0$&%/%,%). $0 $&’1%-
/%))03 1.A% (%*0/’"% # A+70( /,2 &+1)00*#*02C’4 *08%" ”s = 0, 0005.

;+ &’#6)"% 8 $0"+5+). /’+7&+((. 5+1’#’(0#*%3 96)"?’0)+,01 P ’
dω

ds
0*

s, + )+ &’#6)"% 9 – 96)"?’0)+,+ N 0* s. H)+8%)’2 96)"?’0)+,+ N )+ &’#. 9
0$&%/%,%). $0 /16( &+5).( 90&(6,+( (17) ’ (22).

O+" 1’/)0 0=% 90&(6,. /+:* 08%)- =,’5"’% &%56,-*+*., )+’=0,-A’% &+#-
40>/%)’2 )+=,:/+:*#2 $&’ $%&%40/% # 0/)070 68+#*"+ 0"&6>)0#*’ *&+%"*0&’’
/%90&(+?’3 )+ /&6703, $0#"0,-"6 1 <*’4 *08"+4 (%)2%*#2 5)+" 67,+ #=,’>%)’2
ε1. M+">% $&’ 5)+8%)’24 67,+ ε1 =,’5"’4 " )6,:, 5)+8%)’% N ↗ ↔, $0<*0(6 )+
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7&+9’"% $&’#6*#*16:* &+5&.1.. D)+,’5’&62 $0,68%)).% 7&+9’"’ )+ &’#. 8 ’
9 (0>)0 5+(%*’*- 1 $,+#*’8%#"03 0=,+#*’ 21)6: $%&’0/’8)0#*- ’,’ $01*0&2%-
(0#*- 5)+8%)’3 6>% )+8’)+2 #0 1*0&03 0"&6>)0#*’ *&+%"*0&’’ /%90&(’&01+-
)’2.

;+ &’#6)"% 10 $&%/#*+1,%)+ /’+7&+((+ 5+1’#’(0#*’ ε1 → s, 4+&+"*%&’56:-
C+2 1%"*0&).% #103#*1+ (+*%&’+,+, )+ "0*0&03 $0"+5+). "+" 5)+8%)’2 ε1 #
68%*0( 5)+"+, *+" ’ +=#0,:*).% 5)+8%)’2 ε1. M+"0% &%5"0% ’5(%)%)’% 5)+"+
67,+ #=,’>%)’2 ε1 $&0’#40/’* 1 (%#*+4 #*."+ $0,60"&6>)0#*%3 *&+%"*0&’’
/%90&(+?’3.

M+"’( 0=&+50(, $&%/#*+1,%))+2 1 #*+*-% (%*0/’"+ 0$&%/%,%)’2 96)"?’0)+-
,01 *%0&’’ 6$&670$,+#*’8%#"’4 $&0?%##01 /,2 $,0#"’4 *&+%"*0&’3 /%90&(+?’3
(0>%* =.*- ’#$0,-501+)+ /,2 0=&+=0*"’ <"#$%&’(%)*+,-).4 /+)).4 ’ $0#*&0-
%)’2 +$$&0"#’(+?’3 96)"?’0)+,01 $,+#*’8)0#*’. L&’ 0$&%/%,%)’’ 96)"?’-
0)+,+ N $0 90&(6,% (22) )%0=40/’(0 68’*.1+*- 5)+" 67,+ #=,’>%)’2 (%>/6
"+#+*%,-)03 " *&+%"*0&’’ /%90&(+?’’ ’ 1%"*0&0( )+$&2>%)’2, $0<*0(6 )+’-
=0,%% 6/0=)03 /,2 1.8’#,%)’2 N 21,2%*#2 90&(6,+ (17).

!"#"$%&’($)%"
*+,-. -/0121/. F#’ &1)*%6 1+’#0" #-:’#)1’++67 1(0&2 1 %&=%&>*)(- (*+8’58"",
5%*1’2’+"’ "##0’2*1&+"/ " 5*2,*)*1(- #)&)A", 5%*B0" " *2*>%"0" 3"+&0A+-< 1’%#"<
5’%’2 5->0"(&8"’7.
3145,6+0 64072781/. G1)*%6 2’(0&%"%-<) *)#-)#)1"’ /1+69 " 5*)’+8"&0A+69
(*+30"()*1 "+)’%’#*1, #1/=&++69 # 5->0"(&8"’7 +&#)*/:’7 #)&)A".
&801946+ 564-48621/-46:. G1)*%6 =&/10/<) *> *)#-)#)1"" 1+’H+’,* 3"+&+#"-
%*1&+"/ 5%" 5%*1’2’+"" "##0’2*1&+"/.
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