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!""#$%&’(. !"#$%&’()#*’ 3-D +,*#-*,-.)#/#*&*’0 /,$#)1 $#2,"/3",(’*30 "’4,/+*5&,6
+"57,(,6 83)3*$"3-#%+,6 ,9,),-+3, *# ,&*,%0:#6%0 + +)’%%5 &,*+3; 3)3 +,*%&"5+833 %"#$-
*#6 &,):3*<. =>3"’*3# >"3*0&, &3>’ ?#%&+,7, 4’:#/)#*30 >, ,9"’45@:3/. A,$#)1 %(,-
9,$*’ ,& &#;*3-#%+3; 73>,&#4, >"3/#*0#/<; >"3 "’%-#&# ,9,),-#-*<; +,*%&"5+836. !,.&,-
/5 /’&#/’&3-#%+’0 /,$#)1 ,>"#$#)#*30 *’>"0?#**,-$#2,"/3",(’**,7, %,%&,0*30 &,)%&,-
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3-D MODEL OF DEFORMATION OF AN ORTHOTROPIC OPEN
SHELL MADE OF A MATERIAL WITH IMPERFECT ELASTICITY

Tula State University, Tula, Russia

Abstract. A 3-D finite element model of deformation of an open circular cylindrical shell, which
does not belong to the class of thin or medium-thick structures, is presented. The support is
assumed to be of the type of rigid pinching by the formers. The model is free from technical
hypotheses used in the calculation of shell structures. Therefore, the mathematical model for
determining the stress-strain state of a thick-walled shell is based on a nonlinear three-dimensional
approach. The developed model takes into account the structural specifics of structural materials,
such as orthotropic composites with varying stiQness parameters when the kind of stress state
changes, which can be characterized as induced mechanical heterogeneity of the structure. This
fact complicates the specific calculations of structures. In this regard, the volumetric ten-node
isoparametric finite elements in the form of a tetrahedron with three degrees of freedom at the node
were transformed in the computational model. Correct consideration of the deformation properties
of the orthotropic structure of a composite with imperfect elasticity was achieved by using the
energy coupling of strain and stress tensors, formulated in the components of the normalized space
in the main axes of the orthotropy of the material. To solve the general nonlinear problem, the
method of variable elasticity parameters was used. The process of implementing the developed
model made it possible to obtain information about all the characteristics of shell deformation in
full, the main of which are given and analyzed in this article.
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1. *:;<;=>;. !"# "$%&#’## ()&"*+*,,)- ’*.,#/# # & (’")#’*01(’&*
2#")/)* "$(3")(’"$,*,#* 3)045#0#,)&6* /)+3)%#’,6* +$’*"#$06, )()7*,,)-
(’18 /)’)"6. 9&098’(9 (’"4/’4",$9 )"’)’")3#9, )(0):,*,,$9 ;*<)"+$=#),-
,)- $,#%)’")3#*-, /)’)"$9 3"*;(’$&09*’(9 54&(’&#’*01,)(’18 / &#;4 ,$3"9-
:*,,)>) ()(’)9,#9. ?$/#* +$’*"#$06 2#")/) #(3)01%48’(9 ;09 #%>)’)&0*,#9
@0*+*,’)& ’)0(’)(’*,,6. 3")(’"$,(’&*,,6. /),(’"4/=#-, ’$/#. /$/ =#0#,;"#-
5*(/#* )7)0)5/# "$%0#5,6. &#;)&, )7)0)5/# 3)0):#’*01,)- >$4(()&)- /"#&#%-
,6, ’)0(’6* ;#(/#, 30#’6 # ’$/ ;$0**. A09 ;*<)"+$=#),,)-3")5,)(’,6. "$(5*-
’)& 3);)7,6. )7B*/’)& ’"*74*’(9 "$%"$7)’$’1 +$’*+$’#5*(/#* +);*0#, 45#’6-
&$8C#* )()7*,,)(’# (&)-(’& ()&"*+*,,6. +$’*"#$0)&, $;*/&$’,6* "*$01,)+4
3")=*((4 ,$>"4:*,#9 # /),<#>4"$=## ())"4:*,#-. !"# @’)+ )(,)&)- ’)5,)-
(’# "$(5*’,6. +*’);#/ ;)0:,6 3)(04:#’1 ,$;*:,6* )3"*;*098C#* ())’,)-
2*,#9, ())’&*’(’&48C#* #%&*(’,6+ @/(3*"#+*,’$01,6+ ;$,,6+ 3) ;*<)"+#-
")&$,#8 4/$%$,,6. +$’*"#$0)&. ?$/#+# 4"$&,*,#9+# ()(’)9,#9 9&098’(9 3)-
’*,=#$01,6* ())’,)2*,#9, 3"*;0):*,,6* & "$7)’$. [1–3]. ?$+ :* # & 3470#/$-
=#9. [4, 5] 3")$,$0#%#")&$,6 (*"1*%,6* ,*;)(’$’/# 3"*;6;4C#. #((0*;)&$,#-
2#")/) #%&*(’,6. $&’)")&, ,$ /)’)"6. %;*(1 )(’$,$&0#&$’1(9 ,* 74;*+.

2. 3?@:=;=>A B:AC> D;=CE?E: <;FE?G@H>I > =@J?AK;=>I
<LA E?DED?EJ=MN OEGJEC>DE:, EPL@<@QR>N <;FE?G@H>E==EI
=;E<=E?E<=EBDSQ. !"#+*,#& / 3)’*,=#$04 ;*<)"+$=#- [2, 3] 3")=*;4-
"4 ;#<<*"*,=#")&$,#9 D$(’#019,), 3"#.);#+ / 4"$&,*,#9+ (&9%# ’*,%)")&
;*<)"+$=#- # ,$3"9:*,#- ;09 (’"4/’4",) )"’)’")3,6. +$’*"#$0)&, )70$;$-
8C#. ;*<)"+$=#),,)- $,#%)’")3#*-:

eij = Cijkmωkm, i, j, k,m = 1, 2, 3, (1)

>;* εij = ωij/S; S =
→
ωijωij =

√
ω2
11 + ω2

22 + ω2
33 + 2ϑ 212 + 2ϑ 223 + 2ϑ 213;

C1111 = (A1111 +B1111ε11) + 0, 5[B1111ε11(1↑ ε2
11)↑B2222ε

3
22 ↑B3333ε

3
33↑

↑B1212ε
3
12 ↑B2323ε

3
23 ↑B1313ε

3
13] +B1122ε22(1↑ ε2

11 ↑ ε11ε22)+

+B1133ε33(1↑ ε2
11 ↑ ε11ε33)↑B2233ε22ε33(ε22 + ε33);

C1122 = A1122 +B1122(ε11 + ε22);C1133 = A1133 +B1133(ε11 + ε33);

C2222 = (A2222 +B2222ε22) + 0, 5[B2222ε22(1↑ ε2
22)↑B1111ε

3
11 ↑B3333ε

3
33↑

↑B1212ε
3
12 ↑B2323ε

3
23 ↑B1313ε

3
13] +B1122ε11(1↑ ε2

22 ↑ ε11ε22)+

B2233ε33(1↑ε2
22↑ε22ε33)↑B1133ε11ε33(ε11+ε33); C2233 = A2233+B2233(ε22+ε33);

C3333 = (A3333+B3333ε33)+0, 5[B3333ε33(1↑ε2
33)↑B1111ε

3
11↑B2222ε

3
22↑B1212ε

3
12↑

↑B2323ε
3
23 ↑B1313ε

3
13] +B1133ε11(1↑ ε2

33 ↑ ε11ε33) +B2233ε22(1↑ ε2
33 ↑ ε22ε33)↑

↑B1122ε11ε22(ε11 + ε22); C1212 = 0, 5{A1212 ↑ (B1111ε
3
11 +B2222ε

3
22 +B3333ε

3
33)↑

↑2[B1122ε11ε22(ε11 + ε22) +B2233ε22ε33(ε22 + ε33) +B1133ε11ε33(ε11 + ε33)]};
C2323 = 0, 5{A2323 ↑ (B1111ε

3
11 +B2222ε

3
22 +B3333ε

3
33)↑

↑2[B1122ε11ε22(ε11 + ε22) +B2233ε22ε33(ε22 + ε33) +B1133ε11ε33(ε11 + ε33)]};
C1313 = 0, 5{A1313 ↑ (B1111ε

3
11 +B2222ε

3
22 +B3333ε

3
33)↑
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↑2[B1122ε11ε22(ε11 + ε22) +B2233ε22ε33(ε22 + ε33) +B1133ε11ε33(ε11 + ε33)]};
C1212 = C2121; C2323 = C3232; C1313 = C3131. E(’$01,6* /)+3),*,’6 ’*,%)"$
3);$’0#&)(’*- Cijij ’):;*(’&*,,) "$&,6 ,408.

F 3470#/$=## [3] 3")&*;*,$ #;*,’#<#/$=#9 (<)"+40#")&$,,)- +);*0#, %$-
/085$8C*-(9 & &65#(0*,## 3$"$+*’")&, <)"+40#"48C#. & @,*">*’#5*(/)+
3"*;(’$&0*,##. D),(’$,’6 3)’*,=#$0$ [3] 760# &65#(0*,6 3) ’*.,#5*(/# #%+*-
"*,,6+ 3$"$+*’"$+ 3"# ’*,%)+*’"#")&$,## "$(’9>#&$*+6., (:#+$*+6. @’$0)-
,)& +$’*"#$0$, &6"*%$,,6. & ,$3"$&0*,#9. >0$&,6. )(*- )"’)’")3##, $ ’$/:*
3"# #(36’$,## ,$ (;&#> & ())’&*’(’&48C#. )"’)>),$01,6. 30)(/)(’9.. G’#
/),(’$,’6 3"*;(’$&0*,6 (0*;48C#+ )7"$%)+:

Akkkk = (1/E+
k + 1/E→

k )/2; Bkkkk = (1/E+
k ↑ 1/E→

k )/2;

Aiijj = ↑(ϖ+
ij/E

+
j + ϖ→

ij/E
→
j )/2; Biijj = ↑(ϖ+

ij/E
+
j ↑ ϖ→

ij/E
→
j )/2; (2)

Aijij = 1/Gij; ϖ+
ij/E

+
j = ϖ+

ji/E
+
i ; ϖ→

ij/E
→
j = ϖ→

ij/E
→
i ; i, j, k = 1, 2, 3,

>;* E±
k , ϖ±

ij – (*/4C#* +);40# ;*<)"+$=#- # 3$"$+*’"6 )’,)2*,#- 3)3*"*5,6.
;*<)"+$=#- / 3");)01,6+, 3)045*,,6* #% #(36’$,#- & ,$3"$&0*,#9. >0$&,6.
)(*- )"’)’")3## (3)0):#’*01,6- %,$/ 3"#3#($, / )36’$+ ,$ "$(’9:*,#*, $
)’"#=$’*01,6- – ,$ (:$’#*); Gij – +);40# (;&#>$ & ())’&*’(’&48C#. )"’)>)-
,$01,6. 30)(/)(’9. )"’)’")3##.

D")+* ’)>), ’$+ :* [3] 4(’$,)&0*,6 )>"$,#5*,#9 ,$ /),(’$,’6 3)’*,=#$-
0$ 3) A"4/*"4 # ;)/$%$,$ ’*)"*+$ *;#,(’&*,,)(’# "*2*,#- 3"#/0$;,6. %$-
;$5, 3);’&*":;$8C$9 (3"$&*;0#&)(’1 <4,;$+*,’$01,)>) %$/),$ ,* #(5*%$,#9
@,*">## [6, 7]. D),/"*’,6* :*(’/)(’,6* 3$"$+*’"6 )"’)’")3,6. +$’*"#$0)&,
3")9&098C#. ;*<)"+$=#),,48 $,#%)’")3#8, 2#")/) 3"*;(’$&0*,6 & ,$45,)-
’*.,#5*(/#. 3470#/$=#9. [1–17].

3. /EBD@=E:O@ C@<@T> > ;; ?;U;=>;. H5#’6&$9 ,*()+,*,,6* 3"*#+4-
C*(’&$ 4"$&,*,#- ()(’)9,#9 [2, 3], ),# 760# &/085*,6 & 3")=*;4"4 <)"+#")-
&$,#9 /),*5,)-@0*+*,’,)- +);*0# ;*<)"+$=#),,)>) "$(5*’$ /)")’/#. ’)0(’)-
(’*,,6- ,*%$+/,4’6. =#0#,;"#5*(/#. )7)0)5*/. A09 @’)- =*0# 760# 3"#+*,*-
,6 )7B*+,6* ;*(9’#4%0)&6* #%)3$"$+*’"#5*(/#* /),*5,6* @0*+*,’6 & <)"+*
’*’"$@;"$ ( ’"*+9 (’*3*,9+# (&)7);6 & 4%0*. I’)76 3)045#’1 4;)&0*’&)"#-
’*01,6* "*%401’$’6 3"# "$(5*’* 3")#%&)01,)>) )7B*+,)>) ’*0$ ( 3)+)C18 3)-
045*,,)- +$’"#=6 :*(’/)(’# ;09 ’*’"$@;"$ ( 5*’6"1+9 4%0)&6+# ’)5/$+#,
’"*74*’(9 ;)(’$’)5,) 7)012)* /)0#5*(’&) /),*5,6. @0*+*,’)&, ’$/ /$/ ,$3"9-
:*,#9 # ;*<)"+$=## &,4’"# )7B*+$ @0*+*,’$ 3)(’)9,,6, $ (0*;)&$’*01,), 3"#
3*"*.);* )’ @0*+*,’$ / @0*+*,’4 ),# 74;4’ #%+*,9’1(9 (/$5/))7"$%,) # 3"*’*"-
3*&$’1 "$%"6&6. J)0** *(’*(’&*,,) 3"*;3)0):#’1 ) 0#,*-,)+ .$"$/’*"* #%+*-
,*,#9 ,$3"9:*,#- # ;*<)"+$=#- &,4’"# )7B*+$ ’*’"$@;"$, 5’) & (&)8 )5*"*;1
’"*74*’ %$;$,#9 <4,/=#- 3*"*+*C*,#- 3) /&$;"$’#5,)+4 %$/),4.

G’) 3)(0*;,** )7(’)9’*01(’&) &0*5*’ %$ ()7)- ,*)7.);#+)(’1 %$;$,#9 ;)3)0-
,#’*01,)- #,<)"+$=## ) >*)+*’"## ’*’"$@;"$. !")C* &(*>) ;09 ’*’"$@;"$,
#+*8C*>) 5*’6"* 4%0)&6* ’)5/#, &&*(’# & "$((+)’"*,#* *C* 2*(’1 4%0)&6.
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’)5*/, "$(3)0):*,,6. 3)(*"*;#,* ;0#,6 /$:;)>) #% 2*(’# *>) "*7*" ("#(. 1).
F "*%401’$’* 3)045#+ ;*(9’1 4%0)&6. ’)5*/, 5’) 3"#&*;*’ / 4&*0#5*,#8 5#(0$
(’*3*,*- (&)7);6 @0*+*,’$ ;) 30. F#; @0*+*,’)& &’)")>) 3)"9;/$ 3"*;(’$&0*,
,$ "#(. 1.

!"#. 1. $%&’(&)* +,’-’&. / /"0’ .’.12+012 /.%1%3% 4%15062

A$01,*-248 3")=*;4"4 &65#(0*,#9 +$’"#=6 :*(’/)(’# 4;)7,** 3")#%&)-
;#’1, #(3)01%49 *(’*(’&*,,6* )7B*+,6* /))";#,$’6 ’*’"$@;"$ Li. D))";#,$’$
Li ())’&*’(’&4*’ )’,)2*,#8 "$((’)9,#9 )’ ’)5/# A &,4’"# ’*’"$@;"$ ;) 30)(-
/)(’#, 3")’#&)3)0):,)- 4%04 i, / "$((’)9,#8 )’ 3")’#&)0*:$C*>) 4%0$ ;) ’)-
:* 30)(/)(’#, ,$3"#+*", L1 = n1/h2. D")+* ’)>), Li +):*’ 76’1 #,’*"3"*’#-
")&$,) /$/ )’,)2*,#* )7B*+$ 3);@0*+*,’$ K234 / )7B*+4 &(*>) @0*+*,’$ V1234,
’. *. L1 = V1/V, #0# & )7C*+ (045$*:

Li = Vi/V. (3)

L&9%1 +*:;4 ;*/$"’)&6+# /))";#,$’$+# (x, y, z) # )7B*+,6+# /))";#,$’$+#
(L1, L2, L3, L4) %$3#(6&$*’(9 ’$/:






1

x
y
z





=





1 1 1 1

x1 x2 x3 x4

y1 y2 y3 y4
z1 z2 z3 z4










L1

L2

L3

L4





. (4)
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M% 3*"&)- (’")/# &6"$:*,#9 (4) (0*;4*’, 5’) L1 + L2+ L3 + L4 = 1.
E7"$C$9 +$’"#=4, &.);9C48 & (4), 3)045$*+ (&9%1 )7B*+,6. /))";#,$’ # ;*-
/$"’)&6.: 





L1

L2

L3

L4





=

1

6V





a1 b1 c1 d1
a2 b2 c2 d2
a3 b3 c3 d3
a4 b4 c4 d4










1

x
y
z





, (5)

>;* /)@<<#=#*,’6 ai, bi, ci – )3"*;*098’(9 (0*;48C#+# "$&*,(’&$+# (6) ( /"4-
>)&)- 3*"*(’$,)&/)- #,;*/()&.

a2 = det

∣∣∣∣∣∣

x3 y3 z3
x4 y4 z4
x1 y1 z1

∣∣∣∣∣∣
; b2 = ↑ det

∣∣∣∣∣∣

1 y3 z3
1 y4 z4
1 y1 z1

∣∣∣∣∣∣
,

c2 = ↑ det

∣∣∣∣∣∣

x3 1 z3
x4 1 z4
x1 1 z1

∣∣∣∣∣∣
; d2 = ↑ det

∣∣∣∣∣∣

x3 y3 1

x4 y4 1

x1 y1 1

∣∣∣∣∣∣
. (6)

E(,)&,6+ 3"*#+4C*(’&)+ )7B*+,6. /))";#,$’ 9&09*’(9 3")(’)’$ # 4;)7(’&)
&65#(0*,#9 #,’*>"$0)& 3) )7B*+4 ’*’"$@;"$. !*"*+*C*,#9 3"*;(’$&#+6 & &#-
;*:

u(x, y, z) =
1

6V
{(a1 + b1x+ c1y + d1z)u1 + (a2 + b2x+ c2y + d2z)u2+

+(a3 + b3x+ c3y + d3z)u3 + (a4 + b4x+ c4y + d4z)u4}.
C 3)+)C18 )7B*+,6. /))";#,$’ Li %$3#(6&$*’(9 (&9%1 +*:;4 {U}#{q}:

{U} = [C] {q} , (7)
>;*

[A] = [{N}ω {N}ω {N}ω ] , {N} = {L1 L2 L3 L4} (8)
F6"$:*,#* ;09 /)+3),*,’6 3*"*+*C*,#9 u(x, y, z) ’*’"$@;"$ ( ;*(9’18 4%0)-
&6+# ’)5/$+# +):,) 3"#,9’1 & &#;*:

u = ε1 + ε2x+ ε3y + ε4z + ε5xy + ε6xz + ε7yz + ε8x
2
+ ε9y

2
+ ε10z

2. (9)
F6"$:*,#9 ;09 v# w +)>4’ 76’1 &63#($,6 3) $,$0)>## ( 3)0#,)+)+ (9).

?"#;=$’1 3")#%&)01,6. 3$"$+*’")& & %$&#(#+)(’9. ;09 u, v, w +)>4’ 76’1
&6"$:*,6 5*"*% ())’&*’(’&48C#* /)+3),*,’6 3*"*+*C*,#- 4%0)&6. ’)5*/
$,$0)>#5,) (7):






u
ϖ
w




 =
1

6V




{ϱ}ω 0 0

0 {ϱ}ω 0

0 0 {ϱ}ω










{uyz}
{vyz}
{wyz}




 , (10)

>;* &*/’)"6 {ϱ} # {uyz} "$%+*"$+# 1×10 ’$/)&6:
{ϱ} = {L1, L2, L3, L4 , 4L1L4, 4L2L4, 4L3L4, 4L1L2, 4L2L3, 4L3L1,} ,

{uyz} = {u1u2u3u4u5u6u7u8u9u10} .
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K,$0)>#5,) %$3#24’(9 &*/’)"6 {uyz} # {wyz}.
F*/’)" ;*<)"+$=#- {ς} 5*"*% )7)7C*,,6* 4%0)&6* /))";#,$’6 10 ’)5*/ &6-

"$:$*’(9 ’$/:

{ς} =






ςx
ςy
ςz
φxy
φyz
φxz






=






εu
εx
εv
εy
εw
εz
εu
εy +

εv
εx

εv
εz +

εw
εy

εw
εx +

εu
εz






=





[d] 0 0

0 [e] 0

0 0 [f ]
[e] [d] 0

0 [f ] [e]
[f ] 0 [d]










uyz

vyz
wyz




 (11)

O;*(1:

[d] =

εϑ
εx


=

1
6V [ε1, ε2, ε3, ε4, 4(L1ε4 + L4ε1), 4(L2ε4 + L4ε2), 4(L3ε4 + L4ε3),

4(L1ε2 + L2ε1), 4(L2ε3 + L3ε2), 4(L3ε1 + L1ε3)].
(12)

F*/’)"6 [e] # [f ] %$3#(6&$8’(9 $,$0)>#5,) (12) ( %$+*,)- εi ())’&*’(’&*,,)
,$ bi # ci.

?$/ /$/ &(* /)+3),*,’6 ;*<)"+$=#- #%+*,98’(9 0#,*-,) &,4’"# )7B*+$ ’*’-
"$@;"$, =*0*())7"$%,) &6"$%#’1 #. 34’*+ 0#,*-,)- #,’*"3)09=## 5*"*% <4,/-
=## )’ 4%0)&6. ;*<)"+$=#-, /)’)"6* +)>4’ 76’1 &65#(0*,6 5*"*% /))";#,$’6
5*’6"*. )(,)&,6. 4%0)& ’*’"$@;"$ ( 3)+)C18 &6"$:*,#9 (11). ?$/, ,$3"#+*",
4%0)&6* ;*<)"+$=## {ςx}yz#% 3*"&)- (’")/# &6"$:*,#9 (11) %$3#24’(9 & <)"-
+*:

{ςx}yz = [N ] {uyz} , (13)

>;* {ςx}yz = {ςx1ςx2ςx3ςx4}-0#,*-,6* ;*<)"+$=## 3) )(# x & 5*’6"*. )(,)&,6.
4%0)&6. ’)5/$..

P$’"#=$ [N ] &65#(09*’(9 34’*+ 3)(0*;)&$’*01,)- 3);(’$,)&/# & (12) /))"-
;#,$’ @’#. 4%0)&:

[N ] =
1

6V





a1 a2 a3 a4 4a4 0 0 4a2 0 4a3
a1 a2 a3 a4 0 4a4 0 4a1 4a3 0

a1 a2 a3 a4 0 0 4a4 0 4a2 4a1
a1 a2 a3 a4 4a1 4a2 4a3 0 0 0



 . (14)

L 3)+)C18 %$&#(#+)(’*- (13) # (14) +):,) &6"$%#’1 4%0)&6* ;*<)"+$=##
5*"*% 4%0)&6* 3*"*+*C*,#9:

{ς}yz =






{ςx}yz
{ςy}yz
{ςz}yz
{φxy}yz
{φyz}yz
{φxz}yz






=





[N ] 0 0

0 [M ] 0

0 0 [L]
[M ] [N ] 0

0 [L] [M ]

[L] 0 [N ]




, (15)
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>;* +$’"#=6 [M ] # [L] &65#(098’(9 $,$0)>#5,) +$’"#=* [N ] 34’*+ 3)(0*;)-
&$’*01,)- 3);(’$,)&/# & [e] # [f ] /))";#,$’ )(,)&,6. 5*’6"*. 4%0)&, $ [0] *(’1
,40*&$9 +$’"#=$ "$%+*")+ (4×10).

F6"$:*,#* (15) 3*"*3#2*+ & +$’"#5,)- <)"+*:
{ς}yz = [S] {q} , (16)

&#; +$’"#=6 [S] 3)"9;/$ (24×30) # &*/’)"$ {q}3)"9;/$ (30×1) 9(*, #% &6"$-
:*,#9 (15).

M(3)01%49 ’*3*"1 0#,*-,48 #,’*"3)09=#8 (7), 3"#+*,*,,48 ,$+# &62* 3"#
$33")/(#+$=## 3*"*+*C*,#- {U}5*"*% 4%0)&6* 3*"*+*C*,#9 {q}, ;09 $33")/-
(#+$=## ;*<)"+$=#- {ς} 5*"*% 4%0)&6* ;*<)"+$=## {ςyz} +):*+ %$3#($’1:

{ς} = [Nϖ] {ς}yz , (17)
>;*

[Nϖ] =





{N}T 0 0 0 0 0

0 {N}T 0 0 0 0

0 0 {N}T 0 0 0

0 0 0 {N}T 0 0

0 0 0 0 {N}T 0

0 0 0 0 0 {N}T





, (18)

$ {N})3"*;*09*’(9 ()>0$(,) (8).
!);(’$&099 {ς}yz #% &6"$:*,#9 (16) & (17), 3)045$*+:

{ς} = [Nϖ] [S] {q} (19)
P$’"#=$ (&9%# +*:;4 ,$3"9:*,#9+# # ;*<)"+$=#9+# ( 45*’)+ &6"$:*,#-
(1), (2):

[Eϖ] = [Cijkm]
→1

=





C1111 C1122 C1133 0 0 0

C2211 C2222 C2233 0 0 0

C3311 C3322 C3333 0 0 0

0 0 0 C1212 0 0

0 0 0 0 C1313 0

0 0 0 0 0 C2323





→1

, (20)

# 3"#,#+$9 &) &,#+$,#* (19), %$3#2*+ )/),5$’*01,48 +$’"#=4 :*(’/)(’# 3)-
"9;/$ (30×30) ;09 ’*’"$@;"$ ( 10-8 4%0)&6+# ’)5/$+#:

[K] =



V

[S]T [Nϖ]
T
[Eϖ] [Nϖ] [S] dV. (21)

?$/ /$/ +$’"#=$ [S] ,* %$&#(#’ )’ 3$"$+*’")& #,’*>"#")&$,#9, ’) *Q +):,)
&6,*(’# %$ %,$/ #,’*>"$0$:

[K] = [S]T






V

[Nϖ]
T
[Eϖ] [Nϖ] dV



 [S] . (22)
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M,’*>"#")&$,#* 3) )7B*+4 V &6"$:*,#9 & /"4>06. (/)7/$. (22) 3"#&);#’ /
3")(’)- %$&#(#+)(’# ;09 +$’"#=6 :*(’/)(’# & %$+/,4’)+ &#;*:

[K] = [S]T [D] [S] , (23)

>;*

[D] =





Eϖ1,1 [r] Eϖ1,2 [r] Eϖ1,3 [r] 0 0 0

Eϖ2,1 [r] Eϖ2,2 [r] Eϖ2,3 [r] 0 0 0

Eϖ3,1 [r] Eϖ3,2 [r] Eϖ3,3 [r] 0 0 0

0 0 0 Eϖ4,4 [r] 0 0

0 0 0 0 Eϖ5,5 [r] 0

0 0 0 0 0 Eϖ6,6 [r]




, (24)

%;*(1 [r] – +$’"#=$ 5#(0)&6. /)@<<#=#*,’)&, 3)045$*+$9 & "*%401’$’* #,’*-
>"#")&$,#9:

[r] =
V

20





2 1 1 1

1 2 1 1

1 1 2 1

1 1 1 2



 . (25)

?$/#+ )7"$%)+, 760$ (<)"+40#")&$,$ 3-D /),*5,)-@0*+*,’,$9 +);*01 )7B-
*+,)>) ’*0$. !"# @’)+ +$’*"#$0 ;*<)"+#"4*+)>) ’*0$ )"’)’")3*, # 54&(’&#’*-
0*, / &#;4 ,$3"9:*,,)>) ()(’)9,#9. R$(5*’,$9 (.*+$ # "$%7#&/$ ,$ /),*5,6*
@0*+*,’6 ’*0$ :*(’/) %$C*+0*,,)- )7)0)5/# 3) )3)",6+ )7"$%48C#+ 3"#&*-
;*,6 ,$ "#(. 2 # 3. S"$<#/ (.);#+)(’# DG +);*0# 3"#&*;*, ,$ "#(. 4.

!"#. 2. !2#(’.&25 #7’-2 %8%,%(6"

R$(5*’6 3) "$%"$7)’$,,)- DG +);*0# ()3)(’$&090#(1 ( "*%401’$’$+#, 3)-
045*,,6+# ( #(3)01%)&$,#*+ ,$#7)0** #%&*(’,6. ’*)"#- ;*<)"+#")&$,#9 )"-
’)’")3,6. +$’*"#$0)&, 45#’6&$8C#. &0#9,#* &#;$ ,$3"9:*,,)>) ()(’)9,#9
,$ 3$"$+*’"6 ’*,%)"$ 3);$’0#&)(’*- R.M.Jones – D.A.R.Nelson [10, 11, 13, 14] #
L.K.K+7$"=4+9,$ [18], $ ’$/:* – ( ;$,,6+#, 3)045$*+6+# 3) /0$((#5*(/)- ’*)-
"##. F /$5*(’&* +$’*"#$0$ 760 3"#,9’ >"$<#’)/)+3)%#’ ATJ-S, +*.$,#5*(/#*
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!"#. 3. 97’-2 12:8"/6" %8%,%(6" &2 $;

!"#. 4. 97%0"-%#.< $; -%0’,"

.$"$/’*"#(’#/# /)’)")>) %$#+(’&)&$,6 #% "$7)’6 [10–14]. D$/ "*%401’$’ 3")-
&*;*,,6. "$(5*’)& 760$ 3)045*,$ 3)0,$9 #,<)"+$=#9 ) "$(3"*;*0*,## 3$"$-
+*’")& TAL )7)0)5/#. O;*(1 3"#&*;*+ 0#21 )’;*01,6* .$"$/’*",6* /$"’#,6
"$(3"*;*0*,#9 @’#. 3$"$+*’")&, /)’)"6* 3"*;(’$&0*,6 ,$ "#(. 5 – 10.

4. (;CVLSD@DM ?;U;=>A O?@;:EI C@<@T> > >N @=@L>C. K,$0#%#"49
3"*;(’$&0*,,6* ,$ "#(. 5–10 "*%401’$’6 (0*;4*’ )’+*’#’1, 5’) /0$((#5*(/#-
3);.); / "$(5*’4 /)")’/#. )"’)’")3,6. =#0#,;"#5*(/#. )7)0)5*/ ,* 45#’6-
&$8C#- ;*<)"+$=#),,48 $,#%)’")3#8 >"$<#’)/)+3)%#’$ ATJ-S +):*’ 3"#&*-
(’# / 3)>"*2,)(’9+ & ,$3"9:*,#9. )’ 58% ;) 78%. K,$0)>#5,6* 3)>"*2,)(’#,
&)%,#/$8C#* 3"# )3"*;*0*,## 3*"*+*C*,#- 3)&*".,)(’*- )7)0)5/#, ;)(’#>$-
8’ 35%. R*%401’$’6 "$(5*’$ )7)0)5/# 3) +);*09+ R.M.Jones – D.A.R.Nelson
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$) 7)

!"#. 5. !2#41’0’,’&"’ &%1-2,<&)7 &2415=’&"* ωx /0%,< ,"&"" >-?, @2: / /’17&"7
/%,%6&27 (2); / &"=&"7 /%,%6&27 (8)

$) 7)

!"#. 6. !2#41’0’,’&"’ &%1-2,<&)7 &2415=’&"* ωy /0%,< ,"&"" >-?, @2: / /’17&"7
/%,%6&27 (2); / &"=&"7 /%,%6&27 (8)

[10,11,13,14] # L.K.K+7$"=4+9,$ [18] )’0#5$8’(9 )’ ;$,,6. /0$((#5*(/)- ’*)-
"## ,$ +*,12#* &*0#5#,6 ;) 16–36% # ;) 18%. G’) +):,) )7B9(,#’1 ,* /)"-
"*/’,6+ 45*’)+ &0#9,#9 (0):,)>) ,$3"9:*,,)>) ()(’)9,#9 ,$ 3$"$+*’"6 ’*,-
%)"$ 3);$’0#&)(’*-, /)’)"6- %$0):*, & +);*09. [10, 11, 13, 14] # [18] 3) ("$&-
,*,#8 ( 3);.);)+, )(,)&$,,6+ ,$ ,)"+#")&$,,)+ ’*,%)",)+ 3")(’"$,(’&* ,$-
3"9:*,#- [1–5].

5. *M:E<M. F %$/085*,## )’+*’#+, 5’) 3"# 3")*/’#")&$,## )7)0)5*5-
,6. /),(’"4/=#-, #+*8C#. =#0#,;"#5*(/)* )5*"’$,#* # &63)0,*,,6. #% /)+-
3)%#’,6. +$’*"#$0)&, ,*)7.);#+) 7)0** ’C$’*01,) 45#’6&$’1 #. (3*=#<#5*-
(/#* +*.$,#5*(/#* (&)-(’&$, $ ’$/:* 4;*09’1 )()7)* &,#+$,#* &67)"4 "$(5*’-
,6. +);*0*- # )3"*;*098C#. ())’,)2*,#-.
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$) 7)

!"#. 7. !2#41’0’,’&"’ &%1-2,<&)7 &2415=’&"* ωz /0%,< ,"&"" >-?, @2: / /’17&"7
/%,%6&27 (2); / &"=&"7 /%,%6&27 (8)

$) 7)

!"#. 8. !2#41’0’,’&"’ 4’1’-’A’&"* UX /0%,< ,"&"" >-?, -: / /’17&"7 /%,%6&27 (2);
/ &"=&"7 /%,%6&27 (8)

!"#"$%&’($)%"
*+,-. -/0121/. B#’ 2/.%1) /&’#," #CA’#./’&&)* /6,20 / 12:128%.6C 6%&D’4D"",
41%/’0’&"’ "##,’0%/2&"5 " 4%03%.%/6C #.2.<", 41%(," " %0%81"," E"&2,<&CF /’1#"F
4’1’0 4C8,"62D"’*.
3145,6+0 64072781/. >/.%1) 0’6,21"1CF. %.#C.#./"’ 5/&)7 " 4%.’&D"2,<&)7
6%&E,"6.%/ "&.’1’#%/, #/5:2&&)7 # 4C8,"62D"’* &2#.%5A’* #.2.<".
&801946+ 564-48621/-46:. >/.%1) :25/,5F. %8 %.#C.#./"" /&’G&’3% E"&2&#"-
1%/2&"5 41" 41%/’0’&"" "##,’0%/2&"5.
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$) 7)

!"#. 9. !2#41’0’,’&"’ 4’1’-’A’&"* UY /0%,< ,"&"" >-?, -: / /’17&"7 /%,%6&27 (2);
/ &"=&"7 /%,%6&27 (8)

$) 7)

!"#. 10. !2#41’0’,’&"’ 4’1’-’A’&"* UZ /0%,< ,"&"" >-?, -: / /’17&"7 /%,%6&27 (2);
/ &"=&"7 /%,%6&27 (8)
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