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Abstract. Paper proposes an analytical approach for determining the eYective orthotropic mechani-
cal properties of three-dimensional cellular auxetic metamaterials with a re-entrant strut architectu-
re. The unit cell is treated as a periodic beam lattice with a symmetric topology, resulting in its
replacement by an equivalent orthotropic continuum. The strut system is modeled using beam
theory with due account for large displacements (geometric nonlinearity) and shear deformations
(Timoshenko theory). Expressions for local displacements have been obtained in a closed form, with
further formulation of kinematic relationships of homogenization, allowing one to link the local
displacements with the averaged strains of the auxetic cell. Exact (including large displacements)
and approximate (small displacement) relationships have been derived for the eYective Young’s
moduli Ex=Ey, Ez, and Poisson’s ratios ωzx, ωyz, ωxy as functions of such geometric parameters
as the length L, height H, re-entrant angle ε, and element thickness t, as well as of the linear
elastic material properties E and G. A parametric study of the eYects of ε and the ratio H/L shows
that the increase in ε reduces the magnitudes of Ez and |ωzx|, and increases the magnitudes of
Ey and |ωyz|. The increase in the scale factor H/L results in the increase in Ez and |ωzx| and in
the decrease in Ey and |ωyz|. It is noted that the contribution of geometric nonlinearity is more
significant for Poisson’s ratios than for Young’s modulus. The obtained relationships enable one to
select the unit cell geometry in order to achieve the required orthotropic constants, and to adopt
them in structural analyses without modeling the auxetic lattice explicitly.
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(-ABA&$A. <C+DA*$EAD+$A FA*#F#*AG$#HI – +H#DD $D+CDD*-A&&, DJ,GF$G,-
-#&&IK D*GC+*CG (JC&+L$,&#HM&IA F#*AG$#HI), BH% +,*,GIK K#G#+*AGA& ,*G$-
L#*AHM&IN +,OJJ$L$A&* /C#DD,&#, -IG#P#QR$ND% - *,F, E*, SG$ G#D*%PA&$$
- ,B&,F &#SG#-HA&$$ ,&$ F,TC* G#DU$G%*MD% - S,SAGAE&,F, # SG$ DP#*$$, &#-
,V,G,*, DP$F#*MD% [1]. 9#+,A S,-ABA&$A &A SG,*$-,GAE$* +H#DD$EAD+,N *A,G$$
CSGCT,D*$, S,D+,HM+C ,SGABAH%A*D% &A F#*AG$#H,F +#+ *#+,-IF, # TA,FA*G$AN $
+$&AF#*$+,N OHAFA&*#G&,N %EAN+$ [1W7]. 4#$V,HAA *AK&,H,T$EAD+$ $ $&PA&AG-
&, -,D*GAV,-#&IF$ %-H%Q*D% GAUA*E#*IA (D,*,-IA) #C+DA*$EAD+$A FA*#D*GC+-
*CGI, TBA *GAVCAFIN OJJA+* B,D*$T#A*D% X# DEA* S,-,G,*,- CXH,- $ G#V,*I
D*AGP&A-IK OHAFA&*,- - CDH,-$%K $XT$V# $ DB-$T# [1, 8, 9]. 8 E$DHC &#$V,HAA
SG#+*$E&IK TA,FA*G$N ,*&,D$*D% -,T&C*#% D*GC+*CG#, - +,*,G,N &#+H,&&IA
OHAFA&*I ,VG#XCQ* -,T&C*IA CTHI $ ,VADSAE$-#Q* -IG#PA&&CQ S,SAGAE&CQ
BAJ,GF#L$Q SG$ ,DA-,F &#TGCPA&$$ [1, 10, 11].

5&*AGAD + *GAKFAG&IF #C+DA*$EAD+$F GAUA*+#F ,VCDH,-HA& *AF, E*, D,EA*#-
&$A ,*G$L#*AHM&IK +,OJJ$L$A&*,- /C#DD,&# D SG,D*G#&D*-A&&,N *,S,H,T$AN
B#A* &#V,G D-,ND*-, +,*,GIA F,P&, $DS,HMX,-#*M - $&PA&AG&,N SG#+*$+A [12]:
S,-IUA&&CQ BAJ,GF#*$-&,D*M #C+DA*$+#, DS,D,V&,D*M + X&#E$*AHM&IF J,G-
F,$XFA&A&$%F VAX H,+#HM&,T, G#XGCUA&$%, OJJA+*$-&,A S,TH,RA&$A O&AGT$$
$ CSG#-H%AFCQ #&$X,*G,S$Q. .B&#+, SG,A+*$G,-#&$A $ G#DEA* *#+$K D*GC+-
*CG CDH,P&%Q*D% *AF, E*, $K S,-ABA&$A ,SGABAH%A*D% ,B&,-GAFA&&, S#G#FA*G#-
F$ $DK,B&,T, F#*AG$#H#, $X +,*,G,T, $XT,*,-HA& #C+DA*$+, # *#+PA TA,FA*G$AN
%EAN+$, SG$EAF -+H#B TA,FA*G$$ X#E#D*CQ B,F$&$GCA* $ SG$-,B$* + D$HM&,N
&AH$&AN&,D*$ +$&AF#*$+$ #C+DA*$EAD+,N GAUA*+$ B#PA SG$ CFAGA&&IK CG,-&%K
&#SG%PA&$N.

1. ($BI #C+DA*$EAD+$K FA*#F#*AG$#HM&IK D*GC+*CG. <C+DA*$EAD+$N OJ-
JA+* (,*G$L#*AHM&IN +,OJJ$L$A&* /C#DD,&#) F,PA* GA#H$X,-I-#*MD% - U$-
G,+,F DSA+*GA FA*#F#*AG$#HM&IK #GK$*A+*CG [3, 4]. .D,VA&&,D*MQ %-H%A*D% *,,
E*, S,SAGAE&#% BAJ,GF#L$% ,SGABAH%A*D% SGA$FCRAD*-A&&, TA,FA*G$AN $ +$&A-
F#*$+,N OHAFA&*#G&,N %EAN+$, # &A J$X$+,-FAK#&$EAD+$F$ K#G#+*AG$D*$+#F$
$DK,B&,T, F#*AG$#H#. /,O*,FC - FAK#&$+A #C+DA*$+$ LAHAD,,VG#X&, +H#DD$J$-
L$G,-#*M &A S, -$B#F F#*AG$#H#, # S, +,&D*GC+*$-&,FC FAK#&$XFC, +,*,GIN
,VADSAE$-#A* ,*G$L#*AHM&CQ S,SAGAE&CQ BAJ,GF#L$Q. !GAB$ &#$V,HAA G#DSG,-
D*G#&A&&IK #C+DA*$EAD+$K D*GC+*CG F,P&, -IBAH$*M DHABCQR$A (G$D. 1):

1. !,*,-IA $ GAUA*E#*IA D*GC+*CGI (G$D. 1a), - +,*,GIK &#+H,&&IA OHA-
FA&*I ,VG#XCQ* -,T&C*IA CTHI [10, 12]. /G$ ,DA-,F G#D*%PA&$$ *#+$A %EAN+$
G#D+GI-#Q*D% X# DEA* S,-,G,*# CXH,- $ $XT$V# $H$ DB-$T# &#+H,&&IK D*AGP&AN,
E*, SG$-,B$* + G#DU$GA&$Q - S,SAGAE&,F &#SG#-HA&$$. /,B,V&IA #GK$*A+*C-
GI GA#H$XCQ*D% +#+ - B-CKFAG&,F (-,T&C*IA D,*I), *#+ $ - *GAKFAG&,F (SG,-
D*G#&D*-A&&IA GAUA*+$, DJ,GF$G,-#&&IA SAG$,B$EAD+$F S,-*,GA&$AF %EAN+$)
-$BA. 2H% B#&&,T, +H#DD# K#G#+*AG&# -IG#PA&&#% CSG#-H%AF,D*M +,OJJ$L$-
A&*,- /C#DD,&# TA,FA*G$EAD+$F$ S#G#FA*G#F$ (&#SG$FAG, CTH,F &#+H,&#) $
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-,XF,P&,D*M S,HCEA&$% D$HM&,N #&$X,*G,S$$ D-,ND*-. 5FA&&, + O*,FC +H#D-
DC ,*&,D$*D% G#DDF#*G$-#AF#% B#HAA - &#D*,%RAN G#V,*A *GAKFAG&#% D,*,-#%
+,&D*GC+L$% D -,T&C*,N D*GC+*CG,N.

2. 8$G#HM&IA $ #&*$+$G#HM&IA GAUA*+$ (G$D. 1b), - +,*,GIK #C+DA*$EAD+$A
D-,ND*-# -,X&$+#Q* -DHABD*-$A -G#RA&$% CXH,-IK +,HAL/%BAG (L$H$&BG$EAD+$A
$H$ +,HMLA-IA OHAFA&*I), D,AB$&A&&IK *,&+$F$ D-%X%F$ [1, 8, 10, 13, 14]. /,B
&#TGCX+,N CXHI S,-,G#E$-#Q*D%, # D-%X$ BAJ,GF$GCQ*D%, ,VADSAE$-#% ,*G$L#-
*AHM&CQ S,SAGAE&CQ BAJ,GF#L$Q. <&*$+$G#HM&IA -#G$#&*I E#D*, B#Q* V,HAA
D$FFA*G$E&IN (+-#X$$X,*G,S&IN - SH,D+,D*$) ,*+H$+. 9#+$A D*GC+*CGI $&*A-
GAD&I *AF, E*, #C+DA*$EAD+$N OJJA+* J,GF$GCA*D%, TH#-&IF ,VG#X,F, FAK#-
&$XF#F$ -G#RA&$%, ,B&#+, BH% +,GGA+*&,T, G#DEA*# DCRAD*-A&&I ,D,VA&&,D*$
CXH,- $ S,B#*H$-,D*M D,AB$&A&$N.

3. !*GC+*CGI &# ,D&,-A -G#R#QR$KD% PAD*+$K OHAFA&*,- (G$D. 1c), +,*,GIA
D,D*#-HA&I $X PAD*+$K J$TCG (+-#BG#*,-, SG%F,CT,HM&$+,-, *GACT,HM&$+,- $
*.S.), D,AB$&A&&IK U#G&$G&, $H$ *,&+$F$ SAGAFIE+#F$ [15W17]. .*G$L#*AHM-
&IN +,OJJ$L$A&* /C#DD,&# ,VADSAE$-#A*D% +$&AF#*$+,N S,-,G,*# OHAFA&*,-
,*&,D$*AHM&, BGCT BGCT#. 9#+$A #GK$*A+*CGI DS,D,V&I BAF,&D*G$G,-#*M ,EA&M
D$HM&IA D-,ND*-# #C+DA*$+# (-SH,*M B, SGABAHM&IK X&#EA&$N SG$ $BA#H$X$G,-
-#&&IK U#G&$G#K), &, $K GA#HM&,A S,-ABA&$A EC-D*-$*AHM&, + J,GFA $ PAD*+,-
D*$ D-%XAN FAPBC OHAFA&*#F$, # *#+PA + +,&LA&*G#L$%F &#SG%PA&$N - FAD*#K
D,AB$&A&$N.

4. /AGJ,G$G,-#&&IA #C+DA*$EAD+$A D*GC+*CGI $X H$D*,-,T, F#*AG$#H# (G$D.
1d), +,*,GIA D,XB#Q* $X DSH,U&IK H$D*,- SC*AF &#&ADA&$% SAG$,B$EAD+,T, G$-
DC&+# ,*-AGD*$N $ SG,GAXAN [18, 19]. ( *#+$K D$D*AF#K ,*G$L#*AHM&#% S,SAGAE-
&#% BAJ,GF#L$% *#+PA E#D*, D-%X#&# D FAK#&$XF,F -G#RA&$% DATFA&*,- $H$
G#D+GI*$AF OHAFA&*,-.

(a) (b) (c) (d)

5$+. 1. ;30+,/$9,+0$, <,/"<"/,4$"’(&), +/430/34): (a) – +%/%."6 +/430/34" + .%-
2&3/)<$ =’,<,&/"<$ [10], (b) – 0$4"’(&"6 4,>,/0" [10], (c) – .4"?"@?$,+6 A,+/0$,
0."-4"/&), -$+0$ [18], (d) – 8,4B%4$4%."&&"6 +/430/34" + %."’(&)<$ .)4,C"<$ [19].
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! SG#+*$EAD+,N S,X$L$$ -#P&I B-# SG$X&#+#: *,S,H,T$% (SAG$,B$EAD+#% GA-
UA*+#/D,*I, H$D*,-#% SAGJ,G#L$% $ *.B) $ B,F$&$GCQR$N FAK#&$XF BAJ,G-
F#L$$ (S,-,G,* CXH,-/OHAFA&*,-, $XT$V $H$ DB-$T D*AGP&AN $ *.B.). 2H% LAHAN
T,F,TA&$X#L$$ $ S,HCEA&$% OJJA+*$-&IK #&$X,*G,S&IK K#G#+*AG$D*$+ &#$V,-
HAA CB,V&I SAG$,B$EAD+$A D*AGP&A-IA #GK$*A+*CGI, S,D+,HM+C $K S,-ABA&$A
B,SCD+#A* D*G,TCQ D-%XM FAPBC TA,FA*G$AN %EAN+$ $ DGAB&$F$ BAJ,GF#L$%F$
-DAN D$D*AFI.

2. ’A*,BI ,SGABAHA&$% OJJA+*$-&IK K#G#+*AG$D*$+ GAUA*E#*IK
FA*#F#*AG$#H,-. 2H% $DS,HMX,-#&$% #C+DA*$EAD+$K FA*#D*GC+*CG - G#D-
EA*A D*G,$*AHM&IK +,&D*GC+L$N (- *,F E$DHA - *#+$K +,&AE&,-OHAFA&*&IK
S#+A*#K, +#+ ANSYS Mechanical APDL, SIMULIA Abaqus $ *.B.) &A,VK,B$FI
OJJA+*$-&IA (T,F,TA&$X$G,-#&&IA) FAK#&$EAD+$A K#G#+*AG$D*$+$. 9#+,N
S,BK,B S,X-,H%A* X#FA&$*M F,BAH$G,-#&$A +#PB,N #C+DA*$EAD+,N %EAN+$ (E*,
%-H%A*D% B,D*#*,E&, *GCB,AF+$F +#+ SG$ S,D*G,A&$$ S,B,V&,N D*GC+*CGI,
*#+ $ S, -IE$DH$*AHM&IF X#*G#*#F) &# O+-$-#HA&*&CQ &ASGAGI-&CQ DGABC
D &#V,G,F +,&D*#&*, ,S$DI-#QR$K B#&&CQ DGABC. 6*, DCRAD*-A&&, D&$P#A*
-IE$DH$*AHM&IA X#*G#*I $ S,X-,H%A* -IS,H&%*M S#G#FA*G$EAD+$A $DDHAB,-
-#&$%, ,S*$F$X#L$Q K#G#+*AG$D*$+ $ -AG$J$+#L$Q GAXCHM*#*,- G#DEA*# &#
CG,-&A +,&D*GC+L$$. /G$ O*,F -#P&,, E*,VI OJJA+*$-&IA +,&D*#&*I DGABI
VIH$ S,HCEA&I $X F,BAH$, #BA+-#*&, ,*G#P#QRAN J$X$+C BAJ,GF$G,-#&$%
#C+DA*$EAD+,T, FA*#F#*AG$#H#.

!CRAD*-CQR$A S,BK,BI + ,SGABAHA&$Q OJJA+*$-&IK K#G#+*AG$D*$+ GAUA*-
E#*IK FA*#F#*AG$#H,- F,P&, CDH,-&, G#XBAH$*M &# DHABCQR$A:

1. ’A*,BI &# ,D&,-A GASGAXA&*#*$-&,T, ,VYAF&,T, OHAFA&*# (representative
elementary volume (REV)) [20W22], - ,D&,-A +,*,G,T, $DS,HMXCA*D% CDH,-$A
;$HH#-’#&BAH%, SG$ +,*,G,F CDGAB&A&&#% -$G*C#HM&#% G#V,*# &# F$+G,CG,-&A
G#-&# -$G*C#HM&,N G#V,*A &# F#+G,CG,-&A (-IS,H&%A*D% O&AGTA*$EAD+,A D,TH#-
D,-#&$A). 2H% O*,T, $DS,HMXCQ* +$&AF#*$EAD+$A, D*#*$EAD+$A $H$ SAG$,B$EA-
D+$A TG#&$E&IA CDH,-$%.

2. ",F,TA&$X#L$% &# ,D&,-A FA*,B,- E$DHA&&,T, F,BAH$G,-#&$% - SG,-
TG#FF&IK +,FSHA+D#K (&#SG$FAG, +,&AE&,-OHAFA&*&,A F,BAH$G,-#&$A - ANSYS
Mechanical APDL $H$ SIMULIA Abaqus $ *.B.) [23W25]. ( B#&&,F S,BK,BA -I-
S,H&%A*D% F,BAH$G,-#&$A H$V, ,*BAHM&IK #C+DA*$EAD+$K OHAFA&*,- D LAHMQ
,SGABAHA&$% S,B#*H$-,D*$ D$D*AFI &# AB$&$E&,A -,XBAND*-$A, H$V, LAH,N +,&-
D*GC+L$$.

3. 8$&AF#*$EAD+$A (*#+ &#XI-#AFIA "FAK#&$XF&IA"F,BAH$) $ #&#H$*$EAD+$A
F,BAH$ %EAN+$, - +,*,GIK ,S$DI-#A*D% CSG,RA&&#% FAK#&$+# ,*BAHM&IK %EAA+
(- D,D*#-A +,&D*GC+L$$), &#SG$FAG, U#G&$G&IA S,-,G,*I, $XT$V, G#D*%PA&$A,
DB-$T OHAFA&*,-, TA,FA*G$EAD+$A D,,*&,UA&$% FAPBC CTH#F$ $ F#+G,BAJ,GF#-
L$AN [5, 26W29]. 9#+$A F,BAH$ ,D,VA&&, S,SCH%G&I BH% FA*#F#*AG$#H,-, D,D*,-
%R$K $X D*AGP&A-IK OHAFA&*,-, # *#+PA BH% -G#R#QR$KD% OHAFA&*,-.

4. ’A*,BI, $DS,HMXCQR$A ,V,VRA&&IA &ASGAGI-&IA DGABI (&#SG$FAG, DGABC
8,DDAG#, TG#B$A&*&CQ $H$ F$+G,-B$H#*#L$,&&CQ *A,G$Q CSGCT,D*$), +,*,GIA
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SG$FA&%Q*D% BH% DHCE#A-, +,TB# G#XFAG G#DDF#*G$-#AF,T, OHAFA&*# +,&D*GC+-
L$$ D,S,D*#-$F D K#G#+*AG&IF G#XFAG,F %EAA+ FA*#F#*AG$#H# [26].

5. 6+DSAG$FA&*#HM&IA FA*,BI [15, 27W29], S,X-,H%QR$A ,SGABAH%*M K#G#+-
*AG$D*$+$ &# ,D&,-A DAG$$ O+DSAG$FA&*,- (DP#*$%, G#D*%PA&$%, $XT$V#, CB#G#
$ *.B.).

4#D*,%R#% G#V,*# S,D-%RA&# #&#H$*$EAD+,FC FA*,BC ,SGABAHA&$% OJJA+-
*$-&IK ,G*,*G,S&IK FAK#&$EAD+$K K#G#+*AG$D*$+ *GAKFAG&IK D,*,-IK #C+DA-
*$EAD+$K FA*#F#*AG$#H,- D -,T&C*,N D*GC+*CG,N &# ,D&,-A V#H,E&,N *A,G$$.
ZAHM G#V,*I – S,HCE$*M *,E&IA $ SG$VH$PA&&IA (D SG$FA&A&$AF T$S,*AXI F#-
HIK BAJ,GF#L$N) #&#H$*$EAD+$A -IG#PA&$% BH% OJJA+*$-&IK ,G*,*G,S&IK
+,&D*#&* FA*#D*GC+*CGI, +,*,GIA F,P&, SG$FA&%*M BH% $&PA&AG&IK G#DEA*,-,
# *#+PA BH% $DDHAB,-#&$% -H$%&$% TA,FA*G$EAD+$K K#G#+*AG$D*$+ #C+DA*$EA-
D+$K %EAA+ &# OJJA+*$-&IA FAK#&$EAD+$A K#G#+*AG$D*$+$ ,G*,*G,S&,N DGABI.
/G#+*$EAD+#% X&#E$F,D*M S,HCEA&&IK GAXCHM*#*,- X#+HQE#A*D% - -,XF,P&,D*$
S,BV,G# TA,FA*G$EAD+$K S#G#FA*G,- #C+DA*$EAD+,T, FA*#F#*AG$#H# S,B *GAVC-
AFIA ,G*,*G,S&IA FAK#&$EAD+$A K#G#+*AG$D*$+$ DGABI.

3. .S$D#&$A #C+DA*$EAD+,N FA*#D*GC+*CGI. 0#DDF#*G$-#A*D% SG,D*G#&-
D*-A&&#% (*GAKFAG&#%) D,*,-#% D*GC+*CG# (FA*#F#*AG$#H) D -,T&C*IF$ OHAFA&-
*#F$, ,VH#B#QR#% #C+DA*$EAD+$F OJJA+*,F. /G$ ,DA-,F G#D*%PA&$$ $H$ DP#-
*$$ - ,B&,F &#SG#-HA&$$ S,SAGAE&IA BAJ,GF#L$$ $FAQ* *,* PA X&#+, E*, D,,*-
-A*D*-CA* ,*G$L#*AHM&IF +,OJJ$L$A&*#F /C#DD,&# - ,SGABAHA&&IK &#SG#-HA-
&$%K. ’A*#F#*AG$#H J,GF$GCA*D% +#+ SAG$,B$EAD+#% GAUA*+# $X OHAFA&*#G&IK
#C+DA*$EAD+$K %EAA+, F&,T,+G#*&, S,-*,G%AFIK -B,HM ,DAN BA+#G*,-,N D$D*A-
FI X, Y, Z (G$D. 2 a, b). "A,FA*G$EAD+,A S,D*G,A&$A #C+DA*$EAD+$K GAUA*,+
-IS,H&%H,DM &# ,D&,-A S#G#FA*G$X#L$$ - ANSYS SpaceClaim.

"A,FA*G$EAD+$ FA*#D*GC+*CG# %-H%A*D% V#H,E&,N GAUA*+,N, S,D+,HM+C ,&#
D,D*,$* $X SG%F,H$&AN&IK D*AGP&AN S,D*,%&&,T, S,SAGAE&,T, DAEA&$%, D,AB$-
&A&&IK - CXH#K. (,T&C*,D*M ,VADSAE$-#A*D% &#H$E$AF &#+H,&&IK D*AGP&AN,
,VG#XCQR$K D -AG*$+#HM&IF$ D*,N+#F$ -,T&C*IA CTHI, VH#T,B#G% EAFC SG$
&#TGCPA&$$ -,XF,P&I X&#E$FIA S,-,G,*I CXH,- $ G#X-$*$A BAJ,GF#L$N $X-
T$V#/DB-$T# - &#+H,&&IK OHAFA&*#K, E*, $ ,SGABAH%A* #C+DA*$EAD+,A S,-ABA&$A
S,B,V&,N +,&D*GC+*$-&,N D$D*AFI F#*AG$#H#.

8,&D*GC+L$% ,VH#B#A* LA&*G#HM&,N D$FFA*G$AN ,*&,D$*AHM&, LA&*G# %EAN-
+$. ( E#D*&,D*$, BH% G#DDF#*G$-#AF,N %EAN+$ &#SG#-HA&$% X $ Y %-H%Q*D%
O+-$-#HA&*&IF$ (D$FFA*G$% - SH,D+,D*$ XY), E*, B#HAA ,*G#P#A*D% - D$FFA*-
G$$ OJJA+*$-&IK FAK#&$EAD+$K K#G#+*AG$D*$+.

.D$ X, Y, Z -IV$G#Q*D% D,-S#B#QR$F$ D TH#-&IF$ &#SG#-HA&$%F$ SAG$,-
B$E&,D*$ GAUA*+$. 6*, D,TH#DCA*D% D S,DHABCQRAN $&*AGSGA*#L$AN D*GC+*CGI
+#+ O+-$-#HA&*&,N ,G*,*G,S&,N DGABI, BH% +,*,G,N ,D$ ,G*,*G,S$$ SG$&$F#-
Q*D% D,-S#B#QR$F$ D TH,V#HM&,N BA+#G*,-,N D$D*AF,N +,,GB$&#*.

( +#EAD*-A ,D&,-&IK TA,FA*G$EAD+$K S#G#FA*G,- G#DDF#*G$-#AF,N #C+DA*$-
EAD+,N %EAN+$ --,B%*D% (G$D. 2c):

L – BH$&# &#+H,&&,T, (-,T&C*,T,) D*AGP&% AC;
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(a) (b)

(c) (d)

5$+. 2. D4,E<,4&"6 +%/%."6 "30+,/$9,+0"6 0%&+/430#$6 + .%2&3/%* +/430/34%* .
ANSYS SpaceClaim: (a) /4,E<,4&"6 +/430/34" "30+,/$0"; (b) =’,<,&/"4&"6 "30+,/$-
9,+0"6 69,*0" (%4"&A,.)< #.,/%< .)-,’,&" ,-$&$9&"6 %:4"C3@?"6 +/430/34"); (c)
2,%<,/4$9,+0$, 8"4"<,/4) "30+,/$9,+0%* 69,*0$ +% +E,<%* -,B%4<"#$$ ,-$&$9&%*
:"’%9&%* +/430/34); (d) ,-$&$9&"6 %:4"C3@?"6 +/430/34", 0%/%4"6 8%+4,-+/.%< C,4-
0"’(&%* %+,.%* +$<<,/4$$ (8% X, Y $ Z) %:4"C3,/ =’,<,&/"4&3@ "30+,/$9,+03@ 69,*-
03.

H – K#G#+*AG&IN -AG*$+#HM&IN G#XFAG, X#B#-#AFIN BH$&,N D,,*-A*D*-CQRAN
-AG*$+#HM&,N D*,N+$;

ω – -,T&C*IN CT,H, X#B#QR$N &#+H,& D*AGP&% AC ,*&,D$*AHM&, -AG*$+#HM-
&,T, &#SG#-HA&$% ($, D,,*-A*D*-A&&,, D*ASA&M -,T&C*,D*$ %EAN+$)

t – G#XFAG S,SAGAE&,T, DAEA&$% D*AGP&% (- G#V,*A B#HAA SG$&$F#A*D% +-#B-
G#*&,A DAEA&$A t→t).
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/G$ O*,F --,B$*D% ,TG#&$EA&$A &# B,SCD*$FCQ TA,FA*G$Q #C+DA*$EAD+,N
%EAN+$, SG$ +,*,G,N B,HP&I -IS,H&%*MD% CDH,-$% H > L cos ω, 0 < t

2L sin(ω) < 1

$ 0 < ω < ε
2 .

(DA D*AGP&$ FA*#D*GC+*CGI DE$*#Q*D% $XT,*,-HA&&IF$ $X H$&AN&,-CSGCT,T,
F#*AG$#H#, K#G#+*AG$XCQRAT,D% CSGCT$F F,BCHAF G#D*%PA&$%-DP#*$% E, F,-
BCHAF DB-$T# G $ +,OJJ$L$A&*,F /C#DD,&# ε. 9#+$F ,VG#X,F, B#HM&ANU$A
*A,GA*$EAD+$A -I+H#B+$ DSG#-ABH$-I BH% HQV,T, F#*AG$#H#, &#SG$FAG, FA-
*#HH$EAD+,T, S,G,U+# [30W32] $H$ E#D*, $DS,HMXCAFIK SH#D*$+,- [33], ADH$ $K
S,-ABA&$A F,P&, DE$*#*M H$&AN&,-CSGCT$F - G#DDF#*G$-#AF,F B$#S#X,&A.

( G#DEA*&,N S,D*#&,-+A $DS,HMXCA*D% OHAFA&*#G&#% #C+DA*$EAD+#% %EAN+#
(G$D. 2b), +,*,G#% DHCP$* F$&$F#HM&IF S,-*,G%QR$FD% ,VYAF,F BH% S,D*G,-
A&$% -DAN *GAKFAG&,N GAUA*+$. 2H% CB,VD*-# S#G#FA*G$X#L$$ $ S,DHABCQRA-
T, #&#H$*$EAD+,T, -I-,B# -&C*G$ %EAN+$ -IBAH%A*D% AB$&$E&#% ,VG#XCQR#%
D*GC+*CG#, SGABD*#-H%QR$N D,V,N F$&$F#HM&IN D$FFA*G$E&IN JG#TFA&*, $X
+,*,G,T, S,H&#% %EAN+# D,V$G#A*D% ,SAG#L$%F$ XAG+#HM&,T, ,*G#PA&$% ,*&,-
D$*AHM&, +,,GB$&#*&IK SH,D+,D*AN S, ,D%F X, Y, Z (G$D. 2d). 9#+#% BA+,FS,-
X$L$% -#P&# S, SG$E$&A -IBAHA&$% &ADCR$K OHAFA&*,-, - +,*,GIK -,X&$+#Q*
,D&,-&IA FAK#&$XFI BAJ,GF#L$$ ($XT$V $ DB-$T &#+H,&&IK D*AGP&AN $ ,DA-#%
BAJ,GF#L$% -AG*$+#HM&IK D*,A+), E*, *#+PA S,X-,H%A* - B#HM&ANUAF $DS,HM-
X,-#*M D$FFA*G$Q SG$ -I-,BA X#-$D$F,D*AN SG,T$V,- ,* &#TGCX+$ $ SG$ SAGAK,-
BA ,* SAGAFARA&$N ,*BAHM&,T, D*AGP&% + DGAB&$F BAJ,GF#L$%F #C+DA*$EAD+,N
%EAN+$.

/,H&#% OHAFA&*#G&#% #C+DA*$EAD+#% %EAN+# $ AB$&$E&#% ,VG#XCQR#% D*GC+-
*CG# G#XH$E#Q*D%, S,D+,HM+C OJJA+*$-&IA BAJ,GF#L$$ $ ,G*,*G,S&IA K#G#+-
*AG$D*$+$ ,SGABAH%Q*D% S, S,H&,N OHAFA&*#G&,N %EAN+A, *,TB# +#+ AB$&$E&#%
,VG#XCQR#% D*GC+*CG# $DS,HMXCA*D% *,HM+, BH% H,+#HM&,T, D$H,-,T, -X#$F,-
BAND*-$% $ +$&AF#*$+$ -&C*G$ &AA.

2H% F,BAH$G,-#&$% OHAFA&*#G&,N %EAN+$ VIH, DBAH#&, &AD+,HM+, SGABS,-
H,PA&$N. (,-SAG-IK, SGABS,H#T#H,DM, E*, OHAFA&*#G&#% %EAN+# G#DS,H,PA&# -
VAD+,&AE&,N D*GC+*CGA (*.A. VAD+,&AE&,F E$DHA OHAFA&*#G&IK %EAA+ -, -DAK *GAK
&#SG#-HA&$%K), E*, $D+HQE#A* +G#A-IA OJJA+*I $ D,KG#&%A* TA,FA*G$EAD+CQ
D$FFA*G$Q. (,--*,GIK, -DA D,AB$&A&$% - FA*#D*GC+*CGA DE$*#H$DM PAD*+$F$, #
BAJ,GF#L$% OHAFA&*,- - ,D&,-&,F ,VCDH,-HA&# $XT$V,F $ DB-$T,F &#+H,&&IK
D*AGP&AN $ ,DA-IF DP#*$AF -AG*$+#HM&IK D*AGP&AN.

4. /G,T$VI -,T&C*IK D*AGP&AN S,B &#TGCX+,N &# ,D&,-A V#H,E&,N *A,G$$.
4#+H,&&IN D*AGPA&M - AB$&$E&,N #C+DA*$EAD+,N GAUA*+A BH$&,N L (AC &#
G$D.2c) D,AB$&A& D D,DAB&$F$ OHAFA&*#F$ PAD*+$F$ CXH#F$ $ - $BA#H$X$G,-
-#&&,N VAD+,&AE&,N GAUA*+A G#V,*#A* +#+ V#H+#, X#RAFHA&&#% &# ,V,$K +,&L#K
(G$D.2a). /G$ D$FFA*G$E&,F &#TGCPA&$$ OSQG# F,FA&*,- BH% *#+,N V#H+$ $FA-
A* &CHA-,A X&#EA&$A - DAGAB$&A SG,HA*#, E*, -AG&, BH% G#DDF#*G$-#AF,N DKAFI
&#TGCPA&$%, +,TB# *,E+# SAGAT$V# &#K,B$*D% - LA&*GA. !HAB,-#*AHM&,, +#PBCQ
S,H,-$&C F,P&, G#DDF#*G$-#*M +#+ +,&D,HM BH$&I ϑ = L/2.
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(-ABAF H,+#HM&CQ SG,B,HM&CQ +,,GB$&#*C u -B,HM $DK,B&,N ,D$ D*AGP&%
,* X#RAFHA&$% A (DF. G$D.3d). 1DH$ +,&AL B DFAR#A*D% -B,HM H,+#HM&,N ,D$
D*AGP&% u &# !u, OJJA+*$-&,A SHAE, S,SAGAE&,N D$HI CFA&MU#A*D% ,*&,D$-
*AHM&, u – +,,GB$&#*I -B,HM $DK,B&,N (&ABAJ,GF$G,-#&&,N) ,D$ S,H,-$&I
D*AGP&% (H,+#HM&#% SG,B,HM&#% +,,GB$&#*# u ↑ [0, L/2]) $ -FAD*, (ϑ ↓ u) S,HC-
E#AF (ϑ ↓ !u ↓ u). .*DQB# $XT$V#QR$N F,FA&* - SG,$X-,HM&,F DAEA&$$ F,P&,
S,HCE$*M $X D,D*,%&$% G#-&,-AD$% G$D.3D $ G$D.3d):

M(u) = Q(ϑ ↓ !u ↓ u), (1)

TBA Q – S,SAGAE&#% D$H# - V#H+A.
!,TH#D&, +H#DD$EAD+,N *A,G$$ 6NHAG#-@AG&CHH$ +G$-$X&# ,D$ V#H+$ SG$ S,-

-,G,*#K ,SGABAH%A*D% +#+

ϖ =
dϱ

ds
=

M(u)

EI
=

Q

EI

)︄
ϑ ↓ !u ↓ u

[︄
, (2)

TBA s – BCT,-#% +,,GB$&#*# -B,HM BAJ,GF$G,-#&&,N ,D$ S,H,-$&I V#H+$, ϱ(s)
– CT,H S,-,G,*# +#D#*AHM&,N + ,D$ V#H+$ ,*&,D$*AHM&, $DK,B&,T, &#SG#-HA&$%,
E – F,BCHM CSGCT,D*$ V#H+$, I =

t4

12 – ,DA-,N F,FA&* $&AGL$$ DAEA&$% (G#DDF#*-
G$-#A*D% +-#BG#*&,A).

(#P&, ,*FA*$*M, E*, u %-H%A*D% X#-$D$F,N +,,GB$&#*,N ,* s, S,D+,HM+C SG$
V,HMU$K S,-,G,*#K SG,A+L$% BCT,-,T, OHAFA&*# ds &# $DK,B&CQ ,DM G#-&# du $
D-%XI-#A*D% D ϱ.

2H% *,&+$K V#H,+ (C +,*,GIK -ID,*# DAEA&$% X&#E$*AHM&, FA&MUA BH$&I),
G#V,*#QR$K - ,D&,-&,F &# $XT$V [34W36], OJJA+*I, D-%X#&&IA D -H$%&$AF DB-$-
T,-,N BAJ,GF#L$$, %-H%Q*D% &AX&#E$*AHM&IF$. .B&#+,, S,D+,HM+C BH$&I G#D-
DF#*G$-#AFIK OHAFA&*,- %EAA+ #C+DA*$EAD+,T, FA*#F#*AG$#H# F#HI, *, BH% B,-
D*#*,E&, +,G,*+$K D*AGP&AN $DS,HMXCA*D% F,BAHM V#H+$ 9$F,UA&+,, - +,*,G,N
D-%XM FAPBC CTH,F S,-,G,*# $ SG,$X-,B&,N S,SAGAE&,T, SG,T$V# ,SGABAH%A*D%
+#+ [37]

ς = ϱ(u) ↓ dv

du
=

Q

ϖsAG
, (3)

TBA ς – DB-$T,-#% BAJ,GF#L$%, +,*,G#% %-H%A*D% +,&D*#&*,N SG$ S,D*,%&&,N
S,SAGAE&,N D$HA Q; ϖs – +,OJJ$L$A&* DB-$T#, X#-$D%R$N ,* J,GFI S,SAGAE&,T,
DAEA&$% V#H+$ (BH% SG%F,CT,HM&,T, DAEA&$% ϖs = 5/6); v – S,SAGAE&IN SG,T$V
V#H+$; G – F,BCHM DB-$T# F#*AG$#H#, $X +,*,G,T, $XT,*,-HA&# %EAN+# #C+DA*$+#;
A – SH,R#BM S,SAGAE&,T, DAEA&$% V#H+$ (+-#BG#*&,T, DAEA&$% G#XFAG#F$ t→t).

9#+ +#+ S,SAGAE&#% D$H# Q &# G#DDF#*G$-#AF,F CE#D*+A V#H+$ S,D*,%&&#,
DB-$T,-#% BAJ,GF#L$% *#+PA %-H%A*D% S,D*,%&&,N -AH$E$&,N $ &A X#-$D$* ,*
+,,GB$&#*I. /,O*,FC, B$JJAGA&L$GC% (3) S, BCT,-,N +,,GB$&#*A s, S,HCE#AF
DHABCQRAA +$&AF#*$EAD+,A D,,*&,UA&$A

dϱ

ds
=

d

ds

]︄
dv

du
+ ς

⌊︄

=
d

ds

]︄
dv

du

⌊︄

=
d2v

du2
du

ds
. (4)
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(a) (b)

(c) (d)

5$+. 3. !"243A,&$, .-%’( %+$ Z &" =’,<,&/"4&3@ "30+,/$9,+03@ 69,*03: (a) – 3+’%-
.$, &"243A,&$6 &" =’,<,&/"4&3@ "30+,/$9,+03@ 69,*03; (b) – 3+’%.$, &"243A,&$6
&" ,-$&$9&3@ %:4"C3@?3@ +/430/343 "30+,/$0" . 8’%+0%+/$ ZY; (c) – .&3/4,&&$,
3+$’$6 . ,-$&$9&%* %:4"C3@?,* +/430/34, "30+,/$0" . 8’%+0%+/$ ZY; (d) – +.6C(
<,A-3 +$+/,<"<$ 0%%4-$&"/ $+E%-&%* $ -,B%4<$4%."&&%* +$+/,<) 84$ &"243A,&$$
. &"84".’,&$$ Z.

/GA&AVGAT#% G#D*%PA&$AF ,D$ V#H+$, *.A. DE$*#%, E*, AA BH$&# &A $XFA&%A*D%
- SG,LADDA &#TGCPA&$%, F,P&, S,HCE$*M D,,*&,UA&$%, D-%XI-#QR$A BCT,-CQ
+,,GB$&#*C s D *A+CRAN J,GF,N - SH,D+,D*$ EAGAX CT,H S,-,G,*# +#D#*AHM&,N
ϱ:

du

ds
= cos ϱ,

dv

ds
= sin ϱ. (5)



6TUA<-(T3@-T UAVA@MTV-3M-@- A+@3TM-(T3@-U 6TMA6AMTV-AWO! 37

2H% *,T, E*,VI S,HCE$*M &AH$&AN&,A B$JJAGA&L$#HM&,A CG#-&A&$A BH% ϱ(s),
SG,B$JJAGA&L$GCAF CG#-&A&$A (2) S, s $ CE*AF D,,*&,UA&$% (5):

d2ϱ

ds2 =
Q

EI

d

ds
(ϑ ↓ !u ↓ u) = ↓ Q

EI

du

ds
= ↓ Q

EI
cos (ϱ) . (6)

>F&,P$F (6) &# dϑ
ds $ SG,$&*ATG$GCAF S, s:

⌋︄ d2ϱ

ds2
dϱ

ds
ds = ↓ Q

EI

⌋︄
cos (ϱ)

dϱ

ds
ds. (7)

( GAXCHM*#*A S,HCE$F:

1

2

]︄
dϱ

ds

⌊︄2

= ↓ Q

EI
sin (ϱ) + C. (8)

2H% ,SGABAHA&$% S,D*,%&&,N $&*ATG$G,-#&$% C &A,VK,B$F, X#B#*M TG#&$E-
&IA CDH,-$% BH% +,&D,HM&,N V#H+$ AB (DF. G$D.3d), +,*,G#% - &#UAF DHCE#A
F,BAH$GCA* S,H,-$&C V#H+$ AC (DF. G$D. 2c):

1. 4# D-,V,B&,F +,&LA s = ϑ =
L
2 +G$-$X&# (# X&#E$*, $ dϱ/ds) ,VG#R#A*D% -

&,HM:
dϱ

ds

⌈︄⌈︄⌈︄⌈︄⌈︄
s=ϖ

= 0, ϱ(ϑ) = ϱL/2, (9)

,*+CB# S,HCE#AF C =
Q
EI sin

)︄
ϱL/2

[︄
.

2. ( X#RAFHA&$$ s=0 CT,H S,-,G,*# G#-A& DB-$T,-,FC CTHC ς. 6*, DHABCA* $X
(3), S,O*,FC

dv

du

⌈︄⌈︄⌈︄⌈︄⌈︄
s=0

= 0, ϱ(0) = ς. (10)

/,BD*#-H%% &#NBA&&,A C - (8) $ -IV$G#% S,H,P$*AHM&CQ -A*-M, S,HCE#AF:

dϱ

ds
=

⌉︄
2Q

EI

)︄
sin

)︄
ϱL/2

[︄
↓ sin (ϱ)

[︄
. (11)

0#XBAH$F SAGAFA&&IA - CG#-&A&$$ (11) $ SG,$&*ATG$GCAF ,* s = 0 B, s = ϑ =

L/2 D CEA*,F TG#&$E&IK CDH,-$N. ( GAXCHM*#*A S,HCE$F
⌋︄ ϑL/2

ϱ

dϱ
{︄

sin

)︄
ϱL/2

[︄
↓ sin (ϱ)

=
L

2

⌉︄
2Q

EI
. (12)

/,+#PAF, E*, $&*ATG#H - (12) D-,B$*D% + OHH$S*$EAD+,FC $&*ATG#HC 3A-

P#&BG# 1-T, G,B#. 2H% O*,T, --ABAF S#G#FA*GI k =

{︄
1+sin(ϑL/2)

2 $ sin (φ) =
{︄

1+sin(ϑ)
1+sin(ϑL/2)

. 9,TB# $&*ATG#H - (12) F,P&, SGABD*#-$*M EAGAX &AS,H&IN OHH$S-

*$EAD+$N $&*ATG#H SAG-,T, G,B# F (φ, k) $ S,H&IN F (k) ↔ F
)︄

ε
2 , k

[︄
:

F (k) ↓ F (φ0, k) =

⌋︄ ω
2

ς0

dφ
}︄

1 ↓ k2 sin
2

(φ)

=
L

2

⌉︄
Q

EI
, (13)
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TBA φ0 D,,*-A*D*-CA* ϱ = ς, *.A. sin (φ0) =

{︄
1+sin(ϱ)

1+sin(ϑL/2)
.

/G$ X#B#&&IK X&#EA&$%K -AH$E$& L, t, E, G $ Q S#G#FA*G k ,SGABAH%A*D% +#+
+,GA&M CG#-&A&$% (13), S,DHA EAT, &#K,B$*D% ϱL/2 $X CDH,-$% sin

)︄
ϱL/2

[︄
= 2k2↓1.

2#HAA -IE$DH$F SAGAFARA&$% !u $ !v. 2H% O*,T, D&#E#H# -,DS,HMXCAFD%
D,,*&,UA&$AF

!v =

⌋︄ ϖ

0

dv

ds
ds =

⌋︄ ϖ

0
sin (ϱ) ds,

+,*,G,A D CEA*,F (11) SAGAS$UAF - -$BA:

!v =

⌉︄
EI

2Q

⌋︄ ϑL/2

ϱ

sin (ϱ) dϱ
{︄

sin

)︄
ϱL/2

[︄
↓ sin (ϱ)

. (14)

9,TB#, $DS,HMXC% S#G#FA*GI k $ sin (φ), SAGAFARA&$A !v -IG#P#A*D% EAGAX
OHH$S*$EAD+$A $&*ATG#HI SAG-,T, F (·) $ -*,G,T, G,B# E (·):

!v =

⌉︄
EI

Q
[F (k) ↓ F (φ0, k) ↓ 2 (E (k) ↓ E (φ0, k))] . (15)

/G,B,HM&#% SG,A+L$% BAJ,GF$G,-#&&,N ,D$ &# $DK,B&CQ ,DM:

u (ϑ) =

⌋︄ ϖ

0

du

ds
ds =

⌋︄ ϖ

0
cos (ϱ) ds. (16)

9#+ +#+ $DK,B&#% BH$&# S,H,-$&I D*AGP&% G#-&# ϑ = L/2, -IG#PA&$A BH%
SG,B,HM&,T, SAGAFARA&$% SG$&$F#A* -$B:

!u = ϑ ↓ u (ϑ) =
L

2
↓

⌋︄ ϖ

0
cos (ϱ) ds. (17)

5DS,HMXC% *,* PA SAGAK,B ds ↗ dϱ, S,HCE#AF X#F+&C*CQ J,GFC:

!u =
L

2
↓

⌉︄
2EI

Q

)︄
sin

)︄
ϱL/2

[︄
↓ sin (ς)

[︄
. (18)

(#P&, ,*FA*$*M, E*, !u S,%-H%A*D% *,HM+, $X-X# V,HMU$K SAGAFARA&$N (TA,-
FA*G$EAD+#% &AH$&AN&,D*M). 2H% +H#DD$EAD+,N F,BAH$ V#H+$ 9$F,UA&+, ,VIE-
&, SG$&$F#Q* !u ↘ 0 (*.A. SG,A+L$% SGA&AVGAP$F, F#H#).

2H% F,BAH$G,-#&$% #C+DA*$EAD+$K FA*#F#*AG$#H,- $X FA&AA PAD*+$K S,H$-
FAG&IK F#*AG$#H,-, S,B-AGPA&&IK X&#E$*AHM&IF BAJ,GF#L$%F S,B &#TGCX-
+,N, GAUA&$% &# ,D&,-A F,BAH$ V#H+$ D V,HMU$F$ SAGAFARA&$%F$ CE$*I-#Q*
&AH$&AN&,A $XFA&A&$A G#XFAG,- $, +#+ ,P$B#A*D%, VCBC* V,HAA *,E&, ,S$DI-#*M
BAJ,GF#L$Q S,H$FAG&IK D*GC+*CG. /G$ O*,F O*, *GAVCA* SG$FA&A&$% &A#&#H$-
*$EAD+$K #HT,G$*F,- (E$DHA&&IK FA*,B,-), $ S,O*,FC ,&$ FA&AA OJJA+*$-&I
BH% SG,A+*$G,-#&$% $ ,S*$F$X#L$$ +,&D*GC+L$N, D,D*,%R$K $X #C+DA*$EAD+$K
FA*#F#*AG$#H,-. !HAB,-#*AHM&,, &A,VK,B$F, S,HCE$*M, - *,F E$DHA $ SG$VH$-
PA&&IA J,GFCHI, +,*,GIA VCBC* SGABD*#-H%*M D,V,N X#F+&C*IA (#&#H$*$EA-
D+$A) JC&+L$$, CB,V&IA BH% SG#+*$EAD+,T, SG$FA&A&$%.

2#HAA SG$-ABA&I *A,GA*$EAD+$A -I+H#B+$ S, SAGAK,BC ,* SAGAFARA&$N ,*-
BAHM&,T, D*AGP&% !v $ !u + $XFA&A&$%F G#XFAG,- #C+DA*$EAD+,N %EAN+$ S,
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TH,V#HM&IF ,D%F $ + OJJA+*$-&IF F,BCH%F CSGCT,D*$ $ +,OJJ$L$A&*#F /C#D-
D,&#.

5BA% X#+HQE#A*D% - *,F, E*, SAG$,B$EAD+#% #C+DA*$EAD+#% %EAN+# *G#+*CA*-
D% +#+ O+-$-#HA&*&#% ,G*,*G,S&#% &ASGAGI-&#% DGAB#. 2H% O*,T, SG$ X#B#&&,F
&#SG%PA&$$ ↼z $ ↼y -IE$DH%Q*D% DGAB&$A BAJ,GF#L$$ %EAN+$ EAGAX SAGAFARA-
&$% !x, !y $ !z, # X#*AF ,SGABAH%Q*D% Ei $ εij, TBA i, j = x, y, z.

5. ",F,TA&$X#L$% ,G*,*G,S&IK FAK#&$EAD+$K D-,ND*-. /CD*M - VAD+,&AE&,N
#C+DA*$EAD+,N GAUA*+A -,X&$+#A* DP$F#QRAA &#SG%PA&$A ↼z -B,HM &#SG#-HA-
&$% Z. 9,TB# SG$ F,BAH$G,-#&$$ ,B&,N OHAFA&*#G&,N %EAN+$ (S,+#X#&&,N &#
G$D. 3a, +,*,G#% F,PA* VI*M B#HAA CSG,RA&# B, D*GC+*CGI, SGABD*#-HA&&,N &#
G$D. 3b, - -$BC D$FFA*G$$) VCBAF G#DDF#*G$-#*M DP$F#QRAA CD$H$A Fz.

/H,R#BM -AGK&AN TG#&$ (- SH,D+,D*$ XY) G#-&# Axy =

(2L sin (ω)) (2L sin (ω)) = 4L2
sin

2
(ω). - D$HC D$FFA*G$$ $ SG$&%*,T, G#XV$-

A&$% &# D$FFA*G$E&CQ S,BD$D*AFC, GAXCHM*$GCQR#% D$H#:

Fz =
1

2
↼zAxy = 2↼zL2

sin
2

(ω) . (19)

2#HAA O*# D$H# G#DSGABAH%A*D% S, &#+H,&&IF OHAFA&*#F (G$D.3c). 4# +#PBIN
&#+H,&&IN D*AGPA&M BAND*-CA* D$H# Fz/4, +,*,GCQ G#D+H#BI-#Q* &#:

1. S,SAGAE&CQ +,FS,&A&*C (-IXI-#QRCQ $XT$V):

Qz =
Fz

4
sin (ω) =

1

2
↼zL2

sin
3

(ω) ; (20)

2. SG,B,HM&CQ +,FS,&A&*C (-IXI-#QRCQ G#D*%PA&$A $ DP#*$A):

Nz =
Fz

4
cos (ω) =

1

2
↼zL2

sin
2

(ω) cos (ω) . (21)

( B#HM&ANUAF BH% ,SGABAHA&$% SAGAFARA&$N $DS,HMXCA*D% SGAPBA -DAT, Qz,
S,D+,HM+C ,D&,-&,A BAJ,GF$G,-#&$A X#B#A*D% $XT$V,F $ DB-$T,F &#+H,&&IK
D*AGP&AN, - *, -GAF% +#+ Nz %-H%A*D% V,HAA DCRAD*-A&&IF BH% SG,E&,D*$ $
H,+#HM&,N CD*,NE$-,D*$ OHAFA&*,- #C+DA*$EAD+,N GAUA*+$ (#-*,GI SH#&$GCQ*
O*, CEAD*M - D-,$K B#HM&ANU$K $DDHAB,-#&$%K).

2#HAA H,+#HM&IA SAGAFARA&$% +,&L# S,H,-$&I D*AGP&% (!u, !v) D,,*&,D%*-
D% D TH,V#HM&IF$ (BH% S,H,-$&I D*AGP&% - TA,FA*G$$ OHAFA&*#G&,N %EAN+$),
S,+#X#&&IF$ &# G$D. 3d, D S,F,RMQ DHABCQR$K D,,*&,UA&$N:

!x = !u sin (ω) + !v cos (ω) , !z1 = !v sin (ω) ↓ !u cos (ω) . (22)

!,,*&,UA&$% (22) ,S$DI-#Q* TA,FA*G$Q S,-,G,*# H,+#HM&,N D$D*AFI &#
CT,H ω. (#P&, ,*FA*$*M, E*, !x $ !z1 – O*, -+H#B S,H,-$&I D*AGP&%.

(AG*$+#HM&#% D*,N+# BH$&,N H $ DAEA&$AF A=t2 $DSI*I-#A* ,DA-,A DP#*$A
D$H,N Fz, E*, B,V#-H%A* +,FS,&A&*C SAGAFARA&$N S, Z:

!z2 =
FzH

EA
=

FzH

Et2 =
2↼zHL2

sin
2

(ω)

Et2 . (23)
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/G$ O*,F - G#DDF#*G$-#AF,N D$FFA*G$E&,N S,BD$D*AFA -+H#B &#+H,&&IK
D*AGP&AN - !z CB-#$-#A*D% (B-A D$FFA*G$E&IA S,H,-$&I), DHAB,-#*AHM&,, -
GAXCHM*#*A $FAAF:

!z = 2!z1 + !z2. (24)
! CEA*,F T#V#G$*,- BH% S,H,-$&I OHAFA&*#G&,N %EAN+$ $DK,B&IN G#XFAG

S,BD$D*AFI hz = H ↓L cos (ω) – -B,HM Z $ hx = L sin (ω)– -B,HM X. 9,TB# DGAB&$A
BAJ,GF#L$$ F,P&, ,SGABAH$*M +#+:

↽z =
!z

H ↓ L cos (ω)
, ↽x =

2!x

L sin ω
. (25)

’&,P$*AHM 2 - ↽x ,*&,D$*D% + S,H,-$&A D*AGP&%, # $XFA&A&$A U$G$&I S,B-
D$D*AFI D,V$G#A*D% $X B-CK D$FFA*G$E&IK S,H,-$&.

8,OJJ$L$A&* /C#DD,&# S, ,SGABAHA&$Q G#-A& ,*G$L#*AHM&,FC X&#EA&$Q ,*-
&,UA&$% S,SAGAE&,N BAJ,GF#L$$ + ,DA-,N BAJ,GF#L$$. 9#+$F ,VG#X,F, +,OJ-
J$L$A&* /C#DD,&# - &#SG#-HA&$$ ,D$ Z (εzx) D CEA*,F (24):

εzx = ↓↽x

↽z
= ↓

2!x
L sin(ω)

!z
H→L cos(ω)

= ↓2 (H ↓ L cos (ω)) !x

L sin (ω) !z
=

2!x (L cos (ω) ↓ H)

L sin (ω) (2!z1 + !z2)
. (26)

@H#T,B#G% XAG+#HM&,N D$FFA*G$$ ,*&,D$*AHM&, SH,D+,D*AN XZ $ YZ $ D$F-
FA*G$$ %EAN+$ SG$ SAGAD*#&,-+A &#SG#-HA&$N X $ Y, OJJA+*$-&IA D-,ND*-#
-B,HM ,DAN X $ Y D,-S#B#Q*, *,TB# εzy = εzx. 6JJA+*$-&IN F,BCHM CSGCT,D*$
Ez S, ,SGABAHA&$Q:

Ez =
↼z

↽z
=

↼z
!z

H→L cos(ω)
=

↼z (H ↓ L cos (ω))

2!z1 + !z2
. (27)

7,GFCH# (27) +,GGA+*&# +#+ BH% F,BAH$ D CEA*,F V,HMU$K SAGAFARA&$N (TA,-
FA*G$EAD+,N &AH$&AN&,D*$), TBA !u $ !v -IE$DH%Q*D% S, OHH$S*$EAD+$F $&-
*ATG#H#F, *#+ $ BH% F#HIK SG,T$V,-.

2H% S,HCEA&$% X#F+&C*IK (#&#H$*$EAD+$K) J,GFCH BH% εzx $ Ez D CEA*,F
*A,G$$ F#HIK SG,T$V,- S, +H#DD$EAD+,N F,BAH$ V#H+$ 9$F,UA&+, &A,VK,B$F,
$DS,HMX,-#*M GAUA&$% BH% +,&D,H$ BH$&I ϑ S,B BAND*-$AF S,SAGAE&,N D$HI Q.
/,SAGAE&IN SG,T$V +,&D,HM&,N V#H+$ G#XBAH%A*D% &# 2 D,D*#-H%QR$A:

1. $XT$V&#% !vb =
Qϖ3

3EI ;
2. DB-$T,-#% !vs =

Qϖ
φsGA .

9,TB# S,H&IN SG,T$V:

!v =
Q (L/2)

3

3E (t4/12)
+

Q (L/2)

(5/6) Gt2 = Q

]︄
L3

2Et4 +
3L

5Gt2

⌊︄

. (28)

/G,B,HM&,A SAGAFARA&$A !u ↘ 0, S,D+,HM+C - SG$VH$PA&$$ F#HIK SAGAFA-
RA&$N C+,G,EA&$A $X-X# +G$-$X&I F#H,. 9,TB# D,,*&,UA&$% (22) CSG,R#Q*D%
$ ,SGABAH%Q* TH,V#HM&IA SG$G#RA&$% - -$BA:

!x ↘ !v cos (ω) , !z1 ↘ !v sin (ω) . (29)
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5DS,HMXC% (26) D (24), # *#+PA (23), (28) $ (29) S,HCE$F X#F+&C*CQ J,GFCHC
BH% +,OJJ$L$A&*# /C#DD,&# - &#SG#-HA&$$ ,D$ z (εzx):

εzx =
C̃ cos (ω) (L cos (ω) ↓ H)

LC̃ sin
2

(ω) + 20GHt2 . (30)

TBA C̃ = 5GL2
+ 6Et2.

5DS,HMXC% (27) $ *A PA S,BD*#&,-+$, S,HCE$F:

Ez =
Et2

L2
H/L ↓ cos (ω)

sin
2

(ω)

⟨︄
2H
L +

)︄
L2

2t2 +
3E
5G

[︄
sin

2
(ω)

⟩︄ . (31)

<&#H,T$E&IN S,BK,B VIH SG$FA&A& BH% F,BAH$G,-#&$% D-,ND*- ,B&,,D&,T,
DP#*$% -,T&C*,N #C+DA*$EAD+,N D*GC+*CGI - &#SG#-HA&$$ ,D$ Y (DF. G$D. 4).
4# G$D. 4 S,+#X#&# OHAFA&*#G&#% %EAN+#, - +,*,G,N +#PBIN -,T&C*IN OHAFA&*,
G#DS,H,PA&&IN &# AA TG#&$LA -B,HM ,D$ Y, %-H%A*D% ,VR$F BH% B-CK OHAFA&-
*#G&IK %EAA+.

(a) (b) (c)

5$+. 4. !"243A,&$, .-%’( %+$ X ↔ Y &" =’,<,&/"4&3@ "30+,/$9,+03@ 69,*03: (a) –
F+’%.$, &"243A,&$6 &" =’,<,&/"4&3@ "30+,/$9,+03@ 69,*03; (b) – /$8 +/,4A&6 1; (c)
– /$8 +/,4A&6 2.

( D$HC D$FFA*G$$ %EAN+$ J$X$+,-FAK#&$EAD+$A D-,ND*-# -B,HM ,DAN X $ Y
,B$&#+,-I, S,O*,FC B,D*#*,E&, G#DDF,*GA*M ,B&, &#SG#-HA&$A. /H,R#BM D,,*-
-A*D*-CQRAN TG#&$ -B,HM ,D$ Y G#-&# Axz = (2 (H ↓ L cos (ω))) (2L sin (ω)). /,-
D+,HM+C &#SG%PA&$A SG$+H#BI-#A*D% + VAD+,&AE&,N D*GC+*CGA, *, DP$F#QR#%
D$H#, SG$H,PA&&#% + +#PB,FC LAH,FC -,T&C*,FC OHAFA&*C, D,D*#-H%A* Fy/4.
!-%XM FAPBC D$H,N $ &#SG%PA&$AF ,SGABAH%A*D% DHABCQR$F D,,*&,UA&$AF:

Fy = ↼yAxz = 4↼y (H ↓ L cos (ω)) (L sin (ω)) , (32)
TBA Fy ,*&,D$*D% + S,H&,N OHAFA&*#G&,N %EAN+A. 4# AB$&$E&CQ ,VG#XCQRCQ
D*GC+*CGC, -IBAHA&&CQ &# G$D.4 ,G#&PA-IF L-A*,F, SG$K,B$*D% D$H# Fy/8. !$-
HI Fy/4 $ Fy/8, S,+#X#&&IA &# ,*BAHM&IK OHAFA&*#K, ,VCDH,-HA&I *AF, E*,
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D,,*-A*D*-CQR$A TG#&$E&IA D*AGP&$ D,-FAD*&, $DS,HMXCQ*D% D,DAB&$F$ OHA-
FA&*#G&IF$ %EAN+#F$.

@H#T,B#G% TA,FA*G$EAD+,N D$FFA*G$$ OHAFA&*#G&CQ %EAN+C F,P&, B,S,H&$-
*AHM&, CSG,D*$*M B, AB$&$E&,N ,VG#XCQRAN D*GC+*CGI, S,+#X#&&,N &# G$D. 4
,G#&PA-IF L-A*,F. ( D$HC G#-&,-AD$% $ D$FFA*G$$ -AG*$+#HM&IA D*,N+$, +,*,-
GIA *ASAGM +#PC*D% T,G$X,&*#HM&IF$, &A $DSI*I-#Q* &$+#+,N OJJA+*$-&,N
D$HI. 9#+PA DHABCA* ,*FA*$*M, E*, -,T&C*IA D*AGP&$, ,*FAEA&&IA L$JG#F$
1 $ 2 &# G$D. 4, &A %-H%Q*D% FAK#&$EAD+$ D$FFA*G$E&IF$ $, DHAB,-#*AHM&,,
B,HP&I G#DDF#*G$-#*MD% ,*BAHM&,. /G$ *#+,F &#TGCPA&$$ -IBAH%Q*D% B-#
&AO+-$-#HA&*&IK &#V,G# &#+H,&&IK D*AGP&AN (*$S 1 $ *$S 2) &# G$D. 4b $ G$D.
4c. 2H% *$S# 1 ,V,X&#E$F $K D$H,-IA +,FS,&A&*I N1 $ Q1 BH% SG,B,HM&,N $
S,SAGAE&,N D,D*#-H%QR$K D$H $ M1 BH% $XT$V#QRAT, F,FA&*#, # *#+PA N2, Q2
$ M2 BH% *$S# 2. (-ABAF T,G$X,&*#HM&IA GA#+L$$ T1 $ T2, *,TB# $X CDH,-$% G#--
&,-AD$% $ ,*DC*D*-$% S,-,G,*# S,HCE#Q*D% CDH,-$%, SG$-,B%R$A + GAXCHM*#*#F
BH% Q1 =

Fy

4 cos (ω) ↓ T1 sin (ω) $ Q2 = T2 sin (ω).
!HABCA* ,*FA*$*M, E*, BH% ,V,$K *$S,- D*AGP&AN TG#&$E&IA CDH,-$% $BA&-

*$E&I. /,D+,HM+C D*AGP&$ *$S# 1 $ *$S# 2 B,HP&I +,FSA&D$G,-#*M SG,T$V
*#+$F ,VG#X,F, E*,VI - CSG,RA&&,N +,&D*GC+L$$ &A -,X&$+#H$ TH,V#HM&IA +GC-
*$HM&IA OJJA+*I, +#+ *,T, *GAVCA* D$FFA*G$% +,&D*GC+L$$, $K SG,T$VI B,HP-
&I VI*M ,B$&#+,-IF$. !HAB,-#*AHM&,, M1 = M2, *,TB# Fy

4 cos (ω) ↓ T1 sin (ω) =

T2 sin (ω). 8G,FA *,T,, BH% G#-&,-AD$% -AG*$+#HM&IK D*,A+ &A,VK,B$F,, E*,VI
T1 = T2. .*+CB# DHABCA*, E*,

T1 = T2 =
Fy

8

cos (ω)

sin (ω)
=

Fy

8
ctg (ω) , Q1 = Q2 =

Fy

8
cos (ω) . (33)

8,FS,&A&*I SG,B,HM&IK D$H, +,*,GIA $&*AGAD&I - ,D&,-&,F SG$ #&#H$XA
&ADCRAN DS,D,V&,D*$ $ &A CE$*I-#Q*D% -DHABD*-$A F#H,T, -+H#B# - SAGAFARA-
&$A &#+H,&&IK OHAFA&*,-, S,HCE#Q*D% $X SG,A+L$N

N1 =
Fy

4
sin (ω) + T1 cos (ω) , N2 = T2 cos (ω) . (34)

2H% S,H,-$&I D*AGP&% SG$ $X-AD*&IK !u $ !v $X D,,*&,UA&$N (22) ,SGABA-
H%Q*D% $XFA&A&$% G#XFAG,- - TH#-&IK &#SG#-HA&$%K !z = !v sin (ω)↓!u cos (ω)

$ !x = !y = !u sin (ω) + !v cos (ω). [#FA*$F, *, XBADM SG,%-H%A*D% ,B&# -#P-
&#% ,D,VA&&,D*M: S,D+,HM+C SG$ DP#*$$ -B,HM Y $X-X# D$FFA*G$$ S,BD$D*AFI
$XFA&A&$% -B,HM X $ Y ,+#XI-#Q*D% ,B$&#+,-IF$, *, DG#XC F,P&, ,SGABAH$*M
,B$& $X +,OJJ$L$A&*,- /C#DD,&#.

!GAB&%% BAJ,GF#L$% -B,HM Y VAGA*D% S, S,H,-$&A %EAN+$ hy = L sin (ω), #
-B,HM Z - hz = H ↓ L cos (ω), S,O*,FC

↽y =
2!y

L sin (ω)
, ↽z =

2!z

H ↓ L cos (ω)
. (35)
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9,TB# +,OJJ$L$A&* /C#DD,&# εyz ,SGABAH%A*D% +#+

εyz = ↓↽z

↽y
= ↓

2!z
H→L cos(ω)

2!y
L sin(ω)

= ↓ !z sin (ω)

!y (H/L ↓ cos (ω))
. (36)

9#+ +#+ !x = !y, *, ↽x = ↽y. 9,TB# +,OJJ$L$A&* /C#DD,&# εyx = ↓ ↼x
↼y

= ↓1.
6JJA+*$-&IN F,BCHM CSGCT,D*$ Ey (# X&#E$*, $ Ex) ,SGABAH%A*D% +#+

Ey =
↼y

↽y
=

↼y
2!y

L sin(ω)
=

↼yL sin (ω)

2!y
. (37)

( SG$VH$PA&$$ F#HIK SAGAFARA&$N S, H$&AN&,N *A,G$$ 9$F,UA&+, !u ↘ 0.
9,TB# !z ↘ !v sin (ω) $ !y ↘ !v cos (ω), # D,,*&,UA&$% (36) $ (37) D-,B%*D%
D,,*-A*D*-A&&, + -$BC:

εyz ↘ ↓ (!v sin (ω)) sin (ω)

(!v cos (ω)) (H/L ↓ cos (ω))
=

L sin (ω) tg (ω)

L cos (ω) ↓ H
. (38)

Ey =
10EGt4

L cos2 (ω) (H ↓ L cos (ω)) (5L2G + 6Et2)
(39)

/G$ O*,F Ey = Ex.

6. (H$%&$% TA,FA*G$EAD+$K S#G#FA*G,- &# ,G*,*G,S&IA K#G#+*AG$D*$+$
#C+DA*$+#. "A,FA*G$EAD+$A S#G#FA*GI %EAN+$ X#B#Q*D% BH$&,N &#+H,&&,T,
D*AGP&% L, -ID,*,N D*,N+$ H, CTH,F -,T&C*,D*$ (&#+H,&#) ω $ G#XFAG,F S,-
SAGAE&,T, DAEA&$% t (+-#BG#*&,A). 2H% S,HCEA&$% OJJA+*$-&IK +,&D*#&* $D-
S,HMXCQ*D% B-A F,BAH$:

1. *,E&,A GAUA&$A D CEA*,F TA,FA*G$EAD+,N &AH$&AN&,D*$ &#+H,&&IK D*AGP-
&AN, ,SGABAH%AFIA S, J,GFCH#F (26), (27), (36) $ (37);

2. SG$VH$PA&&,A (&# ,D&,-A H$&AN&,N V#H+$ 9$F,UA&+,), $DS,HMXCQRAA T$-
S,*AXC F#HIK BAJ,GF#L$N. /G$&$F#A*D% !u↘0, # !v X#B#A*D% DCFF,N $XT$V&,N
$ DB-$T,-,N D,D*#-H%QR$K, E*, SG$-,B$* + X#F+&C*IF #&#H$*$EAD+$F J,GFC-
H#F (30), (31), (38) $ (39).

6JJA+*$-&IA K#G#+*AG$D*$+$ ,SGABAH%Q*D% - G#F+#K SG,LABCGI T,F,TA&$-
X#L$$ +#+ ,*&,UA&$A X#B#&&,T, &#SG%PA&$% + DGAB&AN BAJ,GF#L$$ %EAN+$ -
D,,*-A*D*-CQRAF &#SG#-HA&$$. .VAXG#XFAG$-#&$A F,BCHAN CSGCT,D*$ SG,$X-,-
B$H,DM - -$BA Ez/E $ Ey/E, TBA E – F,BCHM CSGCT,D*$ F#*AG$#H#, $X +,*,G,T,
$XT,*,-HA& #C+DA*$+.

5DS,HMX,-#&I S#G#FA*GI F#*AG$#H#, D,,*-A*D*-CQR$A &AGP#-AQRAN D*#H$
17-4PH (;44’2@9): E=200 "/# $ G=77.4 "/#. "A,FA*G$EAD+$A S#G#FA*GI:
L=5 FF, t=1 FF, V#X,-,A X&#EA&$A H=10 FF $ ω=60↑. 2H% *,E&,N F,BAH$ G#D-
EA* -IS,H&A& SG$ J$+D$G,-#&&IK CG,-&%K &#SG%PA&$N ↼z $ ↼y, G#-&IK 1 $
100 ’/# (- O*,F DHCE#A S,HCE#AFIA OJJA+*$-&IA F,BCH$ %-H%Q*D% DA+CR$F$
S, ,*&,UA&$Q + X#B#&&,N &#TGCX+A, # ,*H$E$A ,* F,BAH$ D T$S,*AX,N F#HIK
BAJ,GF#L$N ,*G#P#A* -+H#B TA,FA*G$EAD+,N &AH$&AN&,D*$).
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4# G$D. 5a S,+#X#&# X#-$D$F,D*M Ez/E ,* CTH# ω SG$ V#X,-IK X&#EA&$%K H
$ L, # *#+PA ,* F#DU*#V&,T, S#G#FA*G# H/L SG$ V#X,-,F CTHA ω 5b. 5X G$D.
5a -$B&,, E*, &#VHQB#A*D% GAX+,A S#BA&$A OJJA+*$-&,N PAD*+,D*$ S, z D G,-
D*,F ω. /G$ C-AH$EA&$$ ω -,XG#D*#A* S,SAGAE&#% D,D*#-H%QR#% &#TGCX+$ &#
&#+H,&&IA OHAFA&*I $, +#+ DHABD*-$A, C-AH$E$-#A*D% $K $XT$V&,-DB-$T,-#% S,-
B#*H$-,D*M, J,GF$GCQR#% ,D&,-&,N -+H#B - !z. 5X G$D. 5b DHABCA*, E*, Ez/E
F,&,*,&&, G#D*A* D C-AH$EA&$AF H/L. 0,D* D-%X#& D *AF, E*, SG$ C-AH$EA&$$
H -,XG#D*#A* K#G#+*AG&IN G#XFAG hz, *,TB# +#+ -+H#B $XT$V&,N D,D*#-H%QRAN
&#+H,&&IK D*AGP&AN - #VD,HQ*&,A SG$G#RA&$A !z ,D*#A*D% D,S,D*#-$FIF (,&
,SGABAH%A*D%, - SAG-CQ ,EAGABM, -AH$E$&#F$ L, t, ω $ CG,-&AF &#TGCX+$). (
GAXCHM*#*A ,*&,D$*AHM&#% BAJ,GF#L$% ↽z = !z/hz D&$P#A*D%, $ OJJA+*$-&#%
PAD*+,D*M Ez = ↼/↽z -,XG#D*#A*. (+H#B &#SG%PA&$% ↼z &AX&#E$*AHA&.

D%9&%, 4,>,&$, 84$ ϑz = 1 17" D%9&%, 4,>,&$, 84$ ϑz = 100 17"
• 74$:’$A,&&%, 4,>,&$, &" %+&%., <%-,’$ :"’0$ D$<%>,&0%

#) V)
5$+. 5. G".$+$<%+/( <%-3’6 38432%+/$ Ez %/ 32’" .%2&3/%+/$ (a) $ %/&%>,&$6 H/L
(b) -’6 /%9&%2% 4,>,&$6 84$ ϑz, 4".&%< 1 17" (C,’,&)* #.,/) $ 100 17" (+$&$*), "
/"0A, 84$:’$A,&&%, 4,>,&$, &" %+&%., <%-,’$ :"’0$ D$<%>,&0% (04"+&)*).

4# G$D. 6 S,+#X#&# X#-$D$F,D*M Ey/E ,* CTH# ω (a) SG$ V#X,-IK X&#EA&$%K H
$ L, # *#+PA ,* F#DU*#V&,T, S#G#FA*G# H/L SG$ V#X,-,F CTHA ω (b). 5X G$D. 6a
-$B&,, E*, - ,*H$E$A ,* Ez, F,BCHM Ey -,XG#D*#A* D C-AH$EA&$AF ω, SG$EAF G,D*
D*#&,-$*D% ,D,VA&&, GAX+$F SG$ ω > 75

↑. 9#+#% *A&BA&L$% D,TH#DCA*D% D #&#H$-
*$EAD+,N D*GC+*CG,N SG$VH$PA&&,N J,GFCHI BH% Ey (SG$ ω ↗ 90

↑
cos (ω) ↗ 0)

$ PAD*+,D*M S, y C-AH$E$-#A*D%. 5X G$D. 6b -$B&,, E*, Ey/E CVI-#A* D C-AH$-
EA&$AF H/L. 6*, D-%X#&, D *AF, E*, SG$ G,D*A H C-AH$E$-#A*D% -AG*$+#HM&IN
G#XFAG S,BD$D*AFI hz = H ↓ L cos (ω), E*, S,-IU#A* S,B#*H$-,D*M S, ,D$ Y.
(+H#B TA,FA*G$EAD+,N &AH$&AN&,D*$ D*#&,-$*D% V,HAA X&#E$*AHM&IF SG$ C-A-
H$EA&$$ CTH# ω.

4# G$D. 7 S,+#X#&# X#-$D$F,D*M +,OJJ$L$A&*# /C#DD,&# εzx ,* CTH# ω (a)
SG$ V#X,-IK X&#EA&$%K H $ L, # *#+PA ,* F#DU*#V&,T, S#G#FA*G# H/L SG$
V#X,-,F CTHA ω (b). (, -DAF $DDHAB,-#&&,F B$#S#X,&A εzx < 0, *.A. D*GC+*CG#
BAF,&D*G$GCA* #C+DA*$EAD+,A S,-ABA&$A. /G$ O*,F +,OJJ$L$A&* /C#DD,&# εzx

DCRAD*-A&&, X#-$D$* ,* CTH# (G$D. 7a): SG$ F#HIK CTH#K OJJA+* F#+D$F#HM&,
-IG#PA& (εzx ↘ ↓3.18 SG$ ω = 10

↑), # SG$ SG$VH$PA&$$ + 85
↑ ,& ,DH#VA-#-

A* (εzx ↘ ↓0.28). 6*, ,VY%D&%A*D% *AF, E*, SG$ F#HIK ω FAK#&$XF S,-,G,*#



6TUA<-(T3@-T UAVA@MTV-3M-@- A+@3TM-(T3@-U 6TMA6AMTV-AWO! 45

D%9&%, 4,>,&$, 84$ ϑy = 1 17" D%9&%, 4,>,&$, 84$ ϑy = 100 17"
• 74$:’$A,&&%, 4,>,&$, &" %+&%., <%-,’$ :"’0$ D$<%>,&0%

#) V)
5$+. 6. G".$+$<%+/( <%-3’6 38432%+/$ Ey %/ 32’" .%2&3/%+/$ (a) $ %/&%>,&$6 H/L
(b) -’6 /%9&%2% 4,>,&$6 84$ ϑy, 4".&%< 1 17" (C,’,&)* #.,/) $ 100 17" (+$&$*), "
/"0A, 84$:’$A,&&%, 4,>,&$6 &" %+&%., <%-,’$ :"’0$ D$<%>,&0% (04"+&)*).

&#+H,&&IK D*AGP&AN B#A* X&#E$*AHM&,A $XFA&A&$A hx = L sin (ω) SG$ DG#-&$-
*AHM&, F#H,F $XFA&A&$$ hz = H ↓ L cos (ω). 4# G$D.7b S,+#X#&,, E*, SG$ G,D*A
H/L +,OJJ$L$A&* /C#DD,&# εzx SG,%-H%A* V,HAA D$HM&IA #C+DA*$EAD+$A D-,N-
D*-#. 6*, ,X&#E#A*, E*, V,HAA -ID,+$A %EAN+$ (S#G#FA*G H) SG$ DP#*$$ S, ,D$
Z B#Q* V,HAA -IG#PA&&CQ S,SAGAE&CQ BAJ,GF#L$Q - X ($H$ Y) ,*&,D$*AHM&,
SG,B,HM&,N BAJ,GF#L$$ S, Z. (+H#B TA,FA*G$EAD+,N &AH$&AN&,D*$ D*#&,-$*D%
V,HAA X&#E$*AHM&IF SG$ C-AH$EA&$$ CTH# ω, # *#+PA SG$ C-AH$EA&$$ F#DU*#V-
&,T, S#G#FA*G# H/L.

D%9&%, 4,>,&$, 84$ ϑz = 1 17" D%9&%, 4,>,&$, 84$ ϑz = 100 17"
• 74$:’$A,&&%, 4,>,&$, &" %+&%., <%-,’$ :"’0$ D$<%>,&0%

#) V)
5$+. 7. G".$+$<%+/( 0%=BB$#$,&/" 73"++%&" ωzx %/ 32’" .%2&3/%+/$ (") $ %/&%>,&$6
H/L (:) -’6 /%9&%2% 4,>,&$6 84$ ϑz, 4".&%< 1 17" (C,’,&)* #.,/) $ 100 17" (+$&$*),
" /"0A, 84$:’$A,&&%, 4,>,&$6 &" %+&%., <%-,’$ :"’0$ D$<%>,&0% (04"+&)*).

4# G$D. 8 S,+#X#&# X#-$D$F,D*M +,OJJ$L$A&*# /C#DD,&# εyz ,* CTH# ω (a) SG$
V#X,-IK X&#EA&$%K H $ L, # *#+PA ,* F#DU*#V&,T, S#G#FA*G# H/L SG$ V#X,-,F
CTHA ω (b). (, -DAF $DDHAB,-#&&,F B$#S#X,&A εyz < 0, *.A. D*GC+*CG# BAF,&D*G$-
GCA* #C+DA*$EAD+,A S,-ABA&$A. /, FAGA G,D*# CTH# ω +,OJJ$L$A&* /C#DD,&# εyz

BAF,&D*G$GCA* V,HAA D$HM&IA #C+DA*$EAD+$A D-,ND*-# (G$D. 8#), E*, D-$BA*AHM-
D*-CA* ,V C-AH$EA&$$ -AG*$+#HM&,N D,D*#-H%QRAN BAJ,GF#L$N, -,X&$+#QRAN
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$X S,-,G,*# $ SG,T$V# &#+H,&&IK OHAFA&*,- SG$ &#TGCPA&$$ S, y, # *#+PA
&#VHQB#A*D% G,D* EC-D*-$*AHM&,D*$ + TA,FA*G$$ SG$ ω ↗ 90

↑. ;#G#+*AG&IN
GAXCHM*#* BAF,&D*G$GCA* +,OJJ$L$A&* /C#DD,&# εyz - X#-$D$F,D*$ ,* H/L.
/G$ D*GAFHA&$$ H/L ↗ cos (ω), +,OJJ$L$A&* /C#DD,&# εyz D$HM&, CD$H$-#-
A* #C+DA*$EAD+$A D-,ND*-#, # SG$ G,D*A F#DU*#V&,T, S#G#FA*G# H/L VID*G,
CFA&MU#A*D%. 6*, D,,*-A*D*-CA* D*GC+*CGA #&#H$*$EAD+,N X#-$D$F,D*$ εyz, -
+,*,G,N SG$DC*D*-CA* X&#FA&#*AHM -$B# L cos (ω) ↓ H, SG$ +,*,G,F -AG*$+#HM-
&IN G#XFAG hz D*#&,-$*D% F#HIF SG$ H VH$X+,F + L cos (ω), $ B#PA &AV,HMU$A
#VD,HQ*&IA SG$G#RA&$% S, Z B#Q* V,HMU$A ,*&,D$*AHM&IA BAJ,GF#L$$ $, +#+
DHABD*-$A, V,HMUCQ S, F,BCHQ -AH$E$&C εyz. (+H#B TA,FA*G$EAD+,N &AH$&AN-
&,D*$ D*#&,-$*D% V,HAA X&#E$*AHM&IF SG$ C-AH$EA&$$ CTH# ω.

D%9&%, 4,>,&$, 84$ ϑy = 1 17" D%9&%, 4,>,&$, 84$ ϑy = 100 17"
• 74$:’$A,&&%, 4,>,&$, &" %+&%., <%-,’$ :"’0$ D$<%>,&0%

#) V)
5$+. 8. G".$+$<%+/( 0%=BB$#$,&/" 73"++%&" ωyz %/ 32’" .%2&3/%+/$ (a) $ %/&%>,&$6
H/L (b) -’6 /%9&%2% 4,>,&$6 84$ ϑy, 4".&%< 1 17" (C,’,&)* #.,/) $ 100 17" (+$&$*),
" /"0A, 84$:’$A,&&%, 4,>,&$6 &" %+&%., <%-,’$ :"’0$ D$<%>,&0% (04"+&)*).

( GAXCHM*#*A SG,-ABA&&,T, #&#H$X# CT,H -,T&C*,D*$ ω -ID*CS#A* +#+ -#P&IN
J#+*,G ,G*,*G,S$$, S,D+,HM+C SG$ C-AH$EA&$$ ω CFA&MU#A*D% PAD*+,D*M S, Z,
&, PAD*+,D*M S, Y C-AH$E$-#A*D% $ CD$H$-#A* εyz, *,TB# +#+ |εzx| CFA&MU#A*D%.
9AF D#FIF CT,H ω S,X-,H%A* LAHA&#SG#-HA&&, DFAR#*M S,-ABA&$A D*GC+*CGI
,* PAD*+,N S, Z $ D$HM&, -IG#PA&&IK D-,ND*- #C+DA*$+# - ZX (SG$ F#HIK
ω) + V,HAA PAD*+,N S, Y $ D$HM&, -IG#PA&&IK D-,ND*- #C+DA*$+# - YZ (SG$
V,HMU$K ω).

>-AH$EA&$A F#DU*#V&,T, J#+*,G# H/L S,-IU#A* Ez $ CD$H$-#A* |εzx|, &,
,B&,-GAFA&&, D&$P#A* E! $ BAH#A* εyz FA&AA ,*G$L#*AHM&IF. 9#+$F ,VG#X,F,
F#DU*#V&IN J#+*,G H/L %-H%A*D% -*,GIF -#P&IF S#G#FA*G,F BH% &#D*G,N+$
,G*,*G,S&IK D-,ND*- $ SAGAG#DSGABAH%A* D-,ND*-# #C+DA*$+# FAPBC S#G#F$
&#SG#-HA&$N ZX $ YZ.

/G$ C-AH$EA&$$ &#TGCX+$ ↼z $ ↼y -H$%&$A TA,FA*G$EAD+,N &AH$&AN&,D*$ &#
OJJA+*$-&IA ,G*,*G,S&IA K#G#+*AG$D*$+$ -,XG#D*#A*. /G$ O*,F B#&&IN OJ-
JA+* ,+#XI-#A* V,HMUAA -H$%&$A &# +,OJJ$L$A&*I /C#DD,&#, EAF &# F,BCH$
CSGCT,D*$.
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7. [#+HQEA&$A. ( G#V,*A SG,-ABA&, $DDHAB,-#&$A S, ,SGABAHA&$Q OJJA+-
*$-&IK ,G*,*G,S&IK FAK#&$EAD+$K K#G#+*AG$D*$+ *GAKFAG&IK D,*,-IK #C+DA-
*$EAD+$K +,&D*GC+L$N D -,T&C*,N D*GC+*CG,N &# ,D&,-A V#H,E&,N F,BAH$ BA-
J,GF$G,-#&$% OHAFA&*,-.

/,HCEA&,, E*, FAK#&$EAD+$N ,*+H$+ G#DDF#*G$-#AF,N D*GC+*CGI SG$ ,B&,-
,D&IK &#TGCPA&$%K - TH#-&IK &#SG#-HA&$%K (&#SG#-HA&$%K ,G*,*G,S$$) - X&#-
E$*AHM&,N D*ASA&$ ,SGABAH%A*D% $XT$V&,-DB-$T,-,N S,B#*H$-,D*MQ &#+H,&&IK
D*AGP&AN $ ,DA-,N BAJ,GF#L$AN -AG*$+#HM&IK D*,A+, *,TB# +#+ SG,B,HM&IA
CD$H$% - &#+H,&&IK OHAFA&*#K ,+#XI-#Q*D% -*,G$E&IF$ BH% ,LA&+$ BAJ,G-
F#*$-&,D*$ $ OJJA+*$-&IK F,BCHAN. 4# CG,-&A AB$&$E&,T, OHAFA&*# --ABA&#
S,D*#&,-+# - -$BA +,&D,HM&,N V#H+$ BH% S,H,-$&I &#+H,&&,T, D*AGP&%, E*,
S,X-,H$H, D-AD*$ X#B#EC V,HMU$K SG,T$V,- + &AH$&AN&,FC CG#-&A&$Q BH% CTH#
S,-,G,*# ϱ (s) $ S,HCE$*M X#F+&C*IA -IG#PA&$% BH% H,+#HM&IK SAGAFARA&$N
!u $ !v EAGAX OHH$S*$EAD+$A $&*ATG#HI.

4# O*#SA T,F,TA&$X#L$$ DJ,GFCH$G,-#&I TA,FA*G$EAD+$A D-%X$ SAGAK,B# ,*
H,+#HM&IK SAGAFARA&$N !u $ !v + $XFA&A&$%F G#XFAG,- %EAN+$ !x, !y $ !z,
# B#HAA + DGAB&$F BAJ,GF#L$%F ↽x, ↽y $ ↽z. ( GAXCHM*#*A S,HCEA&I -IG#PA-
&$% BH% OJJA+*$-&IK ,G*,*G,S&IK F,BCHAN CSGCT,D*$ Ex = Ey, Ez, # *#+PA
+,OJJ$L$A&*,- /C#DD,&# εzx, εyz $ εxy SGABD*#-$FIA - -$BA JC&+L$N TA,FA*-
G$EAD+$K S#G#FA*G,- %EAN+$ (L, H, ω, t) $ H$&AN&,-CSGCT$K D-,ND*- $DK,B&,-
T, F#*AG$#H# (E, G). 2H% $&PA&AG&,T, SG$FA&A&$% B,S,H&$*AHM&, -I-ABA&I
X#F+&C*IA #&#H$*$EAD+$A J,GFCHI - SG$VH$PA&$$ F#HIK BAJ,GF#L$N, CE$-
*I-#QR$K DB-$T S, F,BAH$ V#H+$ 9$F,UA&+,, CB,V&IA BH% S#G#FA*G$EAD+$K
G#DEA*,- $ S,DHABCQRAT, $DS,HMX,-#&$% SG$ X#B#&$$ O+-$-#HA&*&,T, ,G*,*G,S-
&,T, F#*AG$#H#.

/,+#X#&,, E*, SG$ C-AH$EA&$$ CG,-&% &#SG%PA&$N -,XG#D*#Q* OJJA+*I TA,-
FA*G$EAD+,N &AH$&AN&,D*$, SG$ O*,F ,&# X#FA*&AA -H$%A* &# +,OJJ$L$A&*I
/C#DD,&#, EAF &# F,BCH$ CSGCT,D*$. !HAB,-#*AHM&,, SG$ SG,A+*$G,-#&$$ -I-
D,+,BAJ,GF$GCAFIK #C+DA*$EAD+$K GAUA*,+ (,D,VA&&, $X S,H$FAG&IK F#*AG$-
#H,-) SGABS,E*$*AHM&, $DS,HMX,-#*M *,E&CQ (&AH$&AN&CQ) F,BAHM, # SG$VH$-
PA&&IA J,GFCHI G#DDF#*G$-#*M BH% SAG-$E&,N ,LA&+$.

>D*#&,-HA&,, E*, CT,H -,T&C*,D*$ ω $ F#DU*#V&IN S#G#FA*G H/L %-H%Q*D%
TH#-&IF$ CSG#-H%QR$F$ S#G#FA*G#F$ ,G*,*G,S&,D*$ #C+DA*$+#. >T,H ω SA-
GAG#DSGABAH%A* D-,ND*-# FAPBC S#G#F$ &#SG#-HA&$N ZX $ YZ (CFA&MU#% Ez,
C-AH$E$-#% Ey $ CD$H$-#% εyz, &, ,DH#VH%% εzx), # H/L S,-IU#A* Ez $ CD$H$-#A*
εzx, ,B&,-GAFA&&, D&$P#% Ey $ BAH#% εyz FA&AA ,*G$L#*AHM&IF.

(IS,H&A&, $DDHAB,-#&$A -H$%&$% TA,FA*G$EAD+$K S#G#FA*G,- #C+DA*$EAD+,N
%EAN+$ &# ,G*,*G,S&IA K#G#+*AG$D*$+$ $ S,+#X#&, DHABCQRAA:

1. \AD*+,D*M S, &#SG#-HA&$Q Z GAX+, CFA&MU#A*D% SG$ G,D*A CTH# ω, S,-
D+,HM+C C-AH$EA&$A CTH# -,T&C*,D*$ CD$H$-#A* S,SAGAE&CQ D,D*#-H%QRCQ &#-
TGCPA&$% &#+H,&&IK OHAFA&*,- $ *AF D#FIF S,-IU#A* $K $XT$V&,-DB-$T,-CQ
S,B#*H$-,D*M. /G$ C-AH$EA&$$ F#DU*#V&,T, J#+*,G# H/L F,BCHM Ez F,&,*,&&,
-,XG#D*#A*.
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2. \AD*+,D*M -B,HM &#SG#-HA&$N Y ($ X) -ABA* DAV% SG,*$-,S,H,P&IF ,VG#-
X,F, S,D+,HM+C Ey -,XG#D*#A* D C-AH$EA&$AF ω $ BAF,&D*G$GCA* ,D,VA&&, GAX+$N
G,D* SG$ ω > 75

↑, - *, PA -GAF% D G,D*,F H/L Ey CFA&MU#A*D%.
3. (, -DAF $DDHAB,-#&&,F B$#S#X,&A S#G#FA*G,- D*GC+*CG# D,KG#&%A* #C+-

DA*$EAD+,A S,-ABA&$A εzx < 0 $ εyz < 0. /G$ O*,F |εzx| F#+D$F#HA& SG$ F#-
HIK CTH#K ω (K#G#+*AG&,A X&#EA&$A εzx ↘ ↓3.18 SG$ ω = 10

↑) $ ,DH#VA-#A*
SG$ SG$VH$PA&$$ + V,HMU$F CTH#F (S,G%B+# εzx ↘ ↓0.28 SG$ SG$VH$PA&$$ +
ω ↘ 85

↑). >-AH$EA&$A H/L CD$H$-#A* #C+DA*$EAD+$N OJJA+* εzx, # BH% εyz &#-
VHQB#A*D% CD$HA&$A D G,D*,F CTH# ω. 9#+PA -I%-HA& K#G#+*AG&IN GAP$F SG$
H/L ↗ cos (ω), TBA F#H,D*M -AG*$+#HM&,T, G#XFAG# S,BD$D*AFI hz SG$-,B$* +
GAX+,FC G,D*C |εyz|.

.TG#&$EA&$% F,BAH$ D-%X#&I D SG$&%*IF$ $BA#H$X#L$%F$: V#H,E&#% #SSG,+-
D$F#L$% OHAFA&*,-, PAD*+,D*M CXH,-IK D,AB$&A&$N, H$&AN&,-CSGCT$N X#+,& F#-
*AG$#H# OHAFA&*,- #C+DA*$EAD+,T, FA*#F#*AG$#H# $ ,*DC*D*-$A CEA*# H,+#HM-
&IK OJJA+*,- (+,&*#+*, H,+#HM&#% S,*AG% CD*,NE$-,D*$, *AK&,H,T$EAD+$A OJ-
JA+*I, D-%X#&&IA D FA*,B#F$ $XT,*,-HA&$%, &A,B&,G,B&,D*M $ #&$X,*G,S$% $D-
K,B&,T, F#*AG$#H# $ *.S.). 9AF &A FA&AA, SGABH,PA&&#% - B#&&,N G#V,*A F,BAHM
S,X-,H%A* S,BV$G#*M TA,FA*G$Q %EAN+$ S,B *GAVCAFIA ,G*,*G,S&IA +,&D*#&*I
$ $DS,HMX,-#*M $K - G#DEA*#K +,&D*GC+L$N VAX %-&,T, F,BAH$G,-#&$% #C+DA*$-
EAD+,N GAUA*+$.

HI7IJ!KDLJM!I
N0’"- "./%4%.. O. P. O"$6& - 4"C4":%/0" B$C$0%-<"/,<"/$9,+0%* <%-,’$, &"8$+"&$,
/,0+/" 430%8$+$; 1. N. Q$/$0%." - %:?,, 430%.%-+/.% 4":%/%*, 4,-"0/$4%."&$, /,0-
+/" 430%8$+$.
R%&B’$0/ $&/,4,+%.. ;./%4) -,0’"4$43@/ %/+3/+/.$, 6.&)E $ 8%/,&#$"’(&)E 0%&-
B’$0/%. $&/,4,+%., +.6C"&&)E + 83:’$0"#$,* &"+/%6?,* +/"/($.
K+/%9&$0 B$&"&+$4%."&$6. H"&&"6 4":%/" :)’" 8%--,4A"&" 24"&/%< 2026 2%-" &"
84%.,-,&$, B3&-"<,&/"’(&)E &"39&)E $++’,-%."&$* (!K5/!KIR5) &"39&)<$ 0%’-
’,0/$."<$ !KF 1POF, 84%,0/ S 01-482/130.

ADDITIONAL INFORMATION
Authors’ contribution. S. G. Saiyan - developing the physical-and-mathematical model,
writing the draft of the manuscript, M. V. Shitikova - general supervision, editing the final
manuscript.
Competing interests. The authors declare that they have no competing interests.
Funding. The research was funded by the National Research Moscow State University of
Civil Engineering (grant for fundamental scientific research, project No. 01-482/130).

JKDL5;DF5;
1. KC39,&$, +.%*+/. <,/"<"/,4$"’%. + %/4$#"/,’(&)< 0%=BB$#$,&/%< 73"++%&"

84$ 84%:$."&$$ A,+/0$< 3-"4&$0%< / O. T. K."&%." [$ -4.] // KC.,+/$6 5%+-
+$*+0%* "0"-,<$$ &"30. 1,E"&$0" /.,4-%2% /,’". – 2023. – S 5. – O. 120–130. –
DOI: 10.31857/S0572329923600366. – EDN: GBZWAQ.

2. Mechanical metamaterials with negative Poisson’s ratio: A review / L. Zhang [$
-4.] // Engineering Structures. – 2025. – D. 329. – O. 119838. – DOI: 10.1016/j.
engstruct.2025.119838.



6TUA<-(T3@-T UAVA@MTV-3M-@- A+@3TM-(T3@-U 6TMA6AMTV-AWO! 49

3. A review on the auxetic mechanical metamaterials and their applications in the field
of applied engineering / V. Siniauskaya [$ -4.] // Frontiers in Materials. – 2024. –
D. 11. – O. 1453905. – DOI: 10.3389/fmats.2024.1453905.

4. 1"C",. ;. N., ;A,&,C" I., Q$/$0%." 1. N. ;30+,/$9,+0$, <"/,4$"’): 0’"++$-
B$0"#$6, <,E"&$9,+0$, +.%*+/." $ 84$’%A,&$6 // XXXI 1,A-3&"4%-&"6 $&-
&%."#$%&&"6 0%&B,4,&#$6 <%’%-)E 39,&)E $ +/3-,&/%. 8% 84%:’,<"< <">$&%-
.,-,&$6 (1KR1FO - 2019) : O:%4&$0 /43-%. 0%&B,4,&#$$. – 2020. – O. 32–35.

5. U,&#%. ;. N., O%0%4,&0% ;. N. K++’,-%."&$, <%-,’,* $ <,E"&$9,+0$E +.%*+/.
+/430/34 1$34"-%4$ // N,+/&$0 U3.">+0%2% 2%+3-"4+/.,&&%2% 8,-"2%2$9,+0%2%
3&$.,4+$/,/" $<. K.V. V0%.’,.". O,4$6: 1,E"&$0" 84,-,’(&%2% +%+/%6&$6. –
2024. – 1 (59). – O. 39–49. – DOI: 10.37972/chgpu.2024.59.1.003. – EDN: CSJSRK.

6. A new type of hierarchical honeycomb in-plane impact study / H. Song [$ -4.] //
Materials. – 2021. – D. 14, S 8. – O. 1917. – DOI: 10.3390/ma14081917.

7. Mechanical metamaterials with negative Poisson’s ratio: A review / L. Zhang [$
-4.] // Engineering Structures. – 2025. – D. 329. – O. 119838. – DOI: 10.1016/j.
engstruct.2025.119838.

8. ;E<,/>$& J. 5., O<%’$& K. T. ;&"’$C &,0%/%4)E <,/%-%. +%,-$&,&$6 69,,0
. <,E"&$9,+0%< /,/4"E$4"’(&%< <,/"<"/,4$"’, // N,+/&$0 D%<+0%2% 2%+3-"4-
+/.,&&%2% 3&$.,4+$/,/". 1"/,<"/$0" $ <,E"&$0". – 2022. – S 77. – O. 27–37. –
DOI: 10.17223/19988621/77/3. – EDN: BLXDFJ.

9. Recent developments of auxetic metamaterials / N. F. Mohamad Razali [$ -4.] //
Advances in Physics: X. – 2025. – D. 10, S 1. – O. 2548208. – DOI: 10 . 1080/
23746149.2025.2548208.

10. K++’,-%."&$, .’$6&$6 .6C0%2% C"8%’&$/,’6 &" <,E"&$9,+0$, +.%*+/." <,/"-
<"/,4$"’%. + %/4$#"/,’(&)< $ 8%’%A$/,’(&)< 0%=BB$#$,&/%< 73"++%&" 84$
84%:$."&$$ A,+/0$< 3-"4&$0%< / O. T. K."&%." [$ -4.] // N,+/&$0 U3.">+0%-
2% 2%+3-"4+/.,&&%2% 8,-"2%2$9,+0%2% 3&$.,4+$/,/" $<. K.V. V0%.’,.". O,4$6:
1,E"&$0" 84,-,’(&%2% +%+/%6&$6. – 2024. – 4 (62). – O. 62–75. – DOI: 10.37972/
chgpu.2024.62.4.005. – EDN: SFQXCI.

11. Additive manufacturing of re-entrant structures: Well-tailored structures, unique
properties, modelling approaches and real applications / W. T. Nugroho [$ -4.] //
Additive Manufacturing. – 2023. – D. 78. – O. 103829. – DOI: 10.1016/j.addma.
2023.103829.

12. O04$8&60 N. N., U$40%. 1. I., O04$8&60 N. ;. 1%-,’$4%."&$, <,E"&$9,+0%*
4,"0#$$ "30+,/$9,+0$E <,/"<"/,4$"’%. &" -$&"<$9,+0$, .%C-,*+/.$6 // N,+/-
&$0 7,4<+0%2% &"#$%&"’(&%2% $++’,-%."/,’(+0%2% 8%’$/,E&$9,+0%2% 3&$.,4+$-
/,/". 1,E"&$0". – 2021. – S 2. – O. 144–152. – DOI: 10.15593/perm.mech/2021.2.
13. – EDN: ELZBAF.

13. Contribution of tension–torsion coupling eWect on elastic properties of chiral and
anti-chiral structures / H. Tang [$ -4.] // Thin-Walled Structures. – 2023. – D.
182. – O. 110199. – DOI: 10.1016/j.tws.2022.110199.

14. Geometric analysis and experimental studies of hexachiral structures / J. Plewa [$
-4.] // Materials. – 2025. – D. 18, S 18. – O. 4344. – DOI: 10.3390/ma18184344.

15. Experimental characterization of nonlinear mechanical behavior and auxeticity in
3D-printed rotating-square auxetics with spatially variable materials / T. Paupst
[$ -4.] // Progress in Additive Manufacturing. – 2025. – D. 10. – O. 10783–10799. –
DOI: 10.1007/s40964-025-01260-9.



50 3. ). 3A-.<, 6. !. S-M-@O!A

16. Investigation and tailoring of rotating squares’ and rectangles’ auxetic structure
behavior through computational simulations of 6082T6 Aluminum alloy structures /
M. Elsamanty [$ -4.] // Materials. – 2023. – D. 16, S 24. – O. 7597. – DOI: 10.
3390/ma16247597.

17. Hassani F., Javanbakht Z., Malek S. Large deformation behavior and energy
absorption of rotating square auxetics // Composites Part B: Engineering. – 2024. –
D. 283. – O. 111596. – DOI: 10.1016/j.compositesb.2024.111596.

18. Architectural design and additive manufacturing of mechanical metamaterials: a
review / C. Lu [$ -4.] // Engineering. – 2022. – D. 17, S 10. – O. 44–63. – DOI:
10.1016/j.eng.2021.12.023.

19. Hui W., Sihang X., Jianshan W. Disordered auxetic metamaterials architected by
random peanut-shaped perturbations // Materials & Design. – 2021. – D. 212. –
O. 110291. – DOI: 10.1016/j.matdes.2021.110291.

20. D%<$& 7. T. I 8%&6/$$ Representative elementary volume // 74,84$&/) K71
$<. 1. N. R,’-)>". – 2011. – S 13. – O. 1–23. – EDN: NKZHEY.

21. On dissipative eWects in thermo-electrically coupled systems: Hill–Mandel-type
homogenisation, asymptotic expansions and two-scale convergence / D. Güzel [$
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