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Abstract. The process of loss of stability of thin-walled cylindrical shells of medium length
under direct bending in the zones of maximum normal and tangential stresses is theoretically
and experimentally investigated. A graph of the dependence of critical forces on the length of
a cylindrical shell is recommended to determine the loss of stability in the zones of maximum
normal and tangential stresses. In most cases, the loss of stability during straight bending was
experimentally observed in the zone of maximum normal stresses. As the length of the medium-
length shells decreases, the eRect of the lateral force increases, resulting in the loss of local stability
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"($G$H0$. ?-%’2I0(’-%J %’H,’-%$HHK1 L0+0HG&0I$-,01 ’M’+’I$, N&0 &.O-
+0IHK1 (0G.1 H.P&QR$H0S %$’&$%0I$-,0 0 T,-N$&0U$H%.+JH’ 0--+$G’(.HK (’
UH’P01 H.QIHK1 %&QG.1 [1V10] 3$’&$%0I$-,02 0 T,-N$&0U$H%.+JHK2 .H.+0O
Q-%’2I0(’-%0 L0+0HG&0I$-,01 ’M’+’I$, N&0 0OP0M$ N&0($G$H ( -+$GQWX01 0--
%’IH0,.1 [2, 3]. "+0SH0$ P$’U$%&0I$-,01 N.&.U$%&’( H. Q-%’2I0(’-%J L0+0H-
G&0I$-,01 ’M’+’I$, %$’&$%0I$-,0 0 T,-N$&0U$H%.+JH’ 0--+$G’(.+’-J ( [2, 3,
11, 12]. 5$Y$H0$ O.G.I0 N&0 N&SU’U 0OP0M$ (N’G G$2-%(0$U -’-&$G’%’I$HH’2
-0+K) ’MQ-+’(+$H’ %$U, I%’ ( O.(0-0U’-%0 ’% P$’U$%&0I$-,01 0 R$-%,’-%HK1
N.&.U$%&’( ’M’+’I,0 N’%$&S Q-%’2I0(’-%0 U’R$% N&’0-1’G0%J N’ G(QU %0N.U:
’% G$2-%(0S ,.-.%$+JHK1 H.N&SR$H02 (N’ %0NQ ,&QI$H0S) 0 H’&U.+JHK1 H.N&S-
R$H02 (N’ %0NQ -R.%0S-0OP0M.) [2, 3]. 8$&J$OH’$ (+0SH0$ H. N’%$&W Q-%’2I0-
(’-%0 %’H,’-%$HHK1 ’M’+’I$, ’,.OK(.W% H.I.+JHK$ H$-’($&Y$H-%(. P$’U$%&00
’M’+’I,0 0 G&QP0$ Z.,%’&K [1, 4, 7].

C$+JW H.-%’SX$2 &.M’%K S(+S$%-S %$’&$%0I$-,’$ 0 T,-N$&0U$H%.+JH’$ 0OQI$-
H0$ N’%$&0 Q-%’2I0(’-%0 %’H,’-%$HHK1 L0+0HG&0I$-,01 ’M’+’I$, -&$GH$2 G+0-
HK N&0 N&SU’U 0OP0M$.

1. 3$’&$%0I$-,’$ 0--+$G’(.H0$ N’%$&0 Q-%’2I0(’-%0 %’H,’-%$HHK1 L0+0H-
G&0I$-,01 ’M’+’I$, -&$GH$2 G+0HK N&0 N&SU’U 0OP0M$. >+S &.--U’%&$H0S
%$’&$%0I$-,’P’ 0--+$G’(.H0S N’%$&0 Q-%’2I0(’-%0 %’H,’-%$HH’2 L0+0HG&0I$-
-,’2 ’M’+’I,0 -&$GH$2 G+0HK N&0 N&SU’U 0OP0M$ 0-N’+JO’(.+0 &.-I$%HQW -1$-
UQ N&$G-%.(+$HHQW H. &0-. 1.

:(&. 1.
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#&0 N&SU’U 0OP0M$ (&0-. 1) -’OG.W%-S ( -%$H,$ L0+0HG&0I$-,’2 ’M’+’I,0
H’&U.+JHK$ 0 ,.-.%$+JHK$ H.N&SR$H0S [7]. 3’PG. ’N.-HKU0 G+S N’%$&0 Q-%’2-
I0(’-%0 MQGQ% O’HK U.,-0U.+JHK1 H’&U.+JHK1 H.N&SR$H02 (O’H. I) 0 U.,-0-
U.+JHK1 ,.-.%$+JHK1 H.N&SR$H02 (O’H. II).

>+S 0--+$G’(.H02 0-N’+JO’(.+.-J %’H,’-%$HH.S L0+0HG&0I$-,.S ’M’+’I,. 0O
.+WU0H0$(’P’ -N+.(. U.&,0 3004 ( -’-%’SH00 H-19 Q ,’%’&’2 &.G0Q- -&$G0HH’2
N’($&1H’-%0 r = 31, 48 UU, %’+X0H. ’M’+’I,0 h = 0, 1 UU, G+0H. ’M’+’I,0
l = 140 UU, U’GQ+J QN&QP’-%0 E = 0, 7 · 10

11 #. [13], ,’TZZ0L0$H% #Q.--’H.
ω = 0, 33 [14].

>+S %’H,’-%$HH’2 ’M’+’I,0 -&$GH$2 G+0HK N&0 N&SU’U 0OP0M$ (KN’+HS$%-S
Q-+’(0$ (1) [7]:

1, 2

)︄
h

r
<

l

r
< 3

[︄
r

h
(1)

#’-+$ N’G-%.H’(,0 G.HHK1 ( Q-+’(0$ (1), N’+QI0U: 0,068<4,45<53,23. 8’P+.--
H’ Z’&UQ+$ (1), &.OM&’- G+0HK &.--U.%&0(.$U’2 %’H,’-%$HH’2 L0+0HG&0I$-,’2
’M’+’I,0, Q ,’%’&’2 ’%H’Y$H0$ &.G0Q-. -&$G0HH’2 N’($&1H’-%0 , %’+X0H$ G.H-
H’2 ’M’+’I,0 &.(H. 314,8, -’-%.(+S$% ’% 2,14 UU G’ 1675,68 UU.

#&0&.(H0(.S ,&0%0I$-,’$ H’&U.+JH’$ H.N&SR$H0$ ( N$&(’2 O’H$ (ε0,&) ,
,&0%0I$-,’UQ H.N&SR$H0W N&0 ’-$(’U -R.%00 (ε,&) G+S ’M’+’I$, -&$GH$2 G+0-
HK, (KI0-+0+0 ’R0G.$UQW ,&0%0I$-,QW -0+Q [7].

#&$G(.&0%$+JH’ (KI0-+0+0 ,&0%0I$-,’$ H’&U.+JH’$ H.N&SR$H0$ ( N$&(’2
O’H$ (ε,&) - N’U’XJW Z’&UQ+K (2) [1, 7].

ε,& =
E · h

r
]︄

3(1 → ω2 )

(2)

#’-+$ N’G-%.H’(,0 OH.I$H02 ( Z’&UQ+Q (2) N’+QI0+0 -+$GQWX$$ (K&.R$H0$:

ε,& = 0, 612 · E
h

r

3’PG. [7],

ε0,& =
F (I)
,& · l

ϑ · r2 · h
= 0, 612 · E

h

r
;

F (I)
,& = 1, 345 · 10

11 · h2 · r

l
(3)

6O Z’&UQ+K (3) ’N&$G$+0+0 ,&0%0I$-,QW -0+Q (F (I)
,&), ,’%’&.S &.(H.

F (I)
,& = 302, 43 H.
>+S ’N&$G$+$H0S ,&0%0I$-,’2 -0+K N&0 N’%$&$ Q-%’2I0(’-%0 (’ (%’&’2 O’H$

(F (II)
,& ), N&0&.(H0(.+0 ,.-.%$+JH’$ H.N&SR$H0$ N&0 0OP0M$ (ϖ0,&) ,&0%0I$-,’UQ

,.-.%$+JH’UQ H.N&SR$H0W N&0 ,&QI$H00 (ϖ,&) G+S ’M’+’I$, -&$GH$2 G+0HK.
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#&$G(.&0%$+JH’ ’N&$G$+0+0 ,&0%0I$-,’$ H.N&SR$H0$ N&0 ,&QI$H00 (ϖ,&)

G+S ’M’+’I$, -&$GH$2 G+0HK, Q ,’%’&K1 (KN’+HS$%-S Q-+’(0$ (4) [7].

3

)︄
h

r
<

l

r
< 9

[︄
r

h
. (4)

#’-+$ N’G-%.H’(,0 G.HHK1 ( Q-+’(0$ (4), N’+QI0U: 0,169<4,45<159,69. 8’-
P+.-H’ Z’&UQ+$ (4), &.OM&’- G+0HK &.--U.%&0(.$U’2 %’H,’-%$HH’2 L0+0HG&0-
I$-,’2 ’M’+’I,0, Q ,’%’&’2 ’%H’Y$H0$ &.G0Q-. -&$G0HH’2 N’($&1H’-%0 , %’+-
X0H$ G.HH’2 ’M’+’I,0 &.(H. 314,8, -’-%.(+S$% ’% 5,32 UU G’ 5027,04 UU.

8 QI$%’U (KN’+H$H0S Q-+’(0S (4) ’N&$G$+0+0 ,&0%0I$-,’$ H.N&SR$H0$ N&0
,&QI$H00 (ϖ,&) - N’U’XJW Z’&UQ+K (5) [1, 7].

ϖ,& =
0, 74 · E · h

r (1 → ω2)5/8 · 4

)︄
h · r

l2 . (5)

#’-+$ N’G-%.H’(,0 OH.I$H02 ( Z’&UQ+Q (5) N’+QI0+0 -+$GQWX$$ (K&.R$H0$:

ϖ,& = 0, 796 · E · h

r
· 4

)︄
h · r

l2 .

3’PG. [7],

ϖ0,& =
F (II)
,& · l

ϑ · r · h
= 0, 796 · E · h

r
· 4

)︄
h · r

l2 ;

F (II)
,& = 0, 557 · 10

11 · h2 · 4

)︄
h · r

l2 ; (6)

6O Z’&UQ+K (6) ’N&$G$+0+0 ,&0%0I$-,QW -0+Q (F (II)
,& ), ,’%’&.S &.(H.

F (II)
,& = 197, 64H.
" ,.I$-%($ &.-I$%H’P’ OH.I$H0S ,&0%0I$-,’2 -0+K N&0H0U.+0 U0H0U.+JH’$

OH.I$H0$ (F,&) - QI$%’U N’N&.(’IHK1 ,’TZZ0L0$H%’( [7] N’ Z’&UQ+$ (7)

F,&= min

⌊︄
⌋︄

⌈︄
1, 2 · ϱc · F (I)

,&;

ϱk · F (II)
,& ,

(7)

PG$ ϱc – N’N&.(’IHK2 ,’TZZ0L0$H% H. H.I.+JHK$ H$N&.(0+JH’-%0 [7]; ϱk – N’-
N&.(’IHK2 ,’TZZ0L0$H% H. H.I.+JHK$ ’%,+’H$H0S N&0 ,&QI$H00 [7].

9’TZZ0L0$H% ϱc G+S ’%H’Y$H0S &.G0Q-. -&$G0HH’2 N’($&1H’-%0 (KY$Q,.-
O.HH’2 L0+0HG&0I$-,’2 ’M’+’I,0 , %’+X0H$ L0+0HG&0I$-,’2 ’M’+’I,0 &.(H’2
314,8 ’N&$G$+0+0 0H%$&N’+SL0$2 0O %.M+0IHK1 G.HHK1 0-%’IH0,. [7], ,’%’&K2
&.($H ϱc = 0, 282.

#’-+$ N’G-%.H’(,0 OH.I$H02 ( Z’&UQ+Q (7) ’N&$G$+0+0 ’R0G.$UQW ,&0-
%0I$-,QW -0+Q 0O Q-+’(0S Q-%’2I0(’-%0 ( N$&(’2 O’H$, ,’%’&.S &.(H.
F,& = 102, 34;.

EH.I$H0$ N’N&.(’IH’P’ ,’TZZ0L0$H%. H. H.I.+JHK$ ’%,+’H$H0S N&0 ,&QI$-
H00 ϱk %., R$ ’N&$G$+0+0 0H%$&N’+SL0$2 0O %.M+0IHK1 G.HHK1 0-%’IH0,. [7],
,’%’&K2 &.($H ϱk = 0, 774.
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#’-+$ N’G-%.H’(,0 OH.I$H02 ( Z’&UQ+Q (7) ’N&$G$+0+0 ’R0G.$UQW ,&0-
%0I$-,QW -0+Q 0O Q-+’(0S Q-%’2I0(’-%0 (’ (%’&’2 O’H$, ,’%’&.S &.(H.
F,& = 152, 97;.

6-1’GS 0O (KY$N&0($G$HHK1 &.-I$%’( ’,’HI.%$+JH’ (KM0&.+0 U0H0U.+JHQW
’R0G.$UQW ,&0%0I$-,QW -0+Q, %.$. F,& = 102, 34;.

" -(SO0 - %$U, I%’ N&0 N&SU’U 0OP0M$ &.OM&’- G+0HK &.--U.%&0(.$U’2 %’H-
,’-%$HH’2 L0+0HG&0I$-,’2 ’M’+’I,0, Q ,’%’&’2 ’%H’Y$H0$ &.G0Q-. -&$G0HH’2
N’($&1H’-%0 , %’+X0H$ G.HH’2 ’M’+’I,0 &.(H. 314,8, -’-%.(+S$% ’% 5,32 UU G’
1675,68 UU H$’M1’G0U’ 0--+$G’(.%J N’%$&W Q-%’2I0(’-%0 ( N$&(’2 0 (’ (%’-
&’2 O’H.1. >+S T%’P’ 0O Z’&UQ+ (3) 0 (6), &.--U’%&$+0 ZQH,L00 F (I)

,& = f(l) 0
F (II)
,& = f (l) 0 N’-%&’0+0 01 P&.Z0,0 O.(0-0U’-%0 (&0-. 2).

:(&. 2. >-$?(’ @$#(&(2+&.( ’-(.(=/&’(A &(6 # </-#+) ( #+ #.+-+) @+0$A +. ,6(01
B(6(0,-(=/&’+) +9+6+=’(.

[QH,L0S y = 14, 39 · x→1 – P&.Z0, O.(0-0U’-%0 ,&0%0I$-,’2 -0+K 0O Q-+’(0S
Q-%’2I0(’-%0 ( N$&(’2 O’H$. [QH,L0S y = 57, 0 · x→0,5 – P&.Z0, O.(0-0U’-%0
,&0%0I$-,’2 -0+K 0O Q-+’(0S Q-%’2I0(’-%0 (’ (%’&’2 O’H$. 3’I,. N$&$-$I$-
H0S (KY$Q,.O.HHK1 ZQH,L02 0U$$% -+$GQWX0$ ,’’&G0H.%K F,& = 224, 84 H,
l=0,064 U.

*H.+0O P&.Z0,’( O.(0-0U’-%0 N&0($G$HHK1 H. &0-.2 Q,.OK(.$% H. %’, I%’
N&0 G+0H$ ’% 0,00532 U G’ 0,064 U ’R0G.$U.S N’%$&S Q-%’2I0(’-%0 G’+RH. N&’-
0-1’G0%J (’ (%’&’2 O’H$, . N&0 G+0H$ ’% 0,064 U G’ 1,676 U ’R0G.$U.S N’%$&S
Q-%’2I0(’-%0 G’+RH. N&’0-1’G0%J ( N$&(’2 O’H$. >+S N&’($&,0 (KY$Q,.O.HH’-
P’ .H.+0O. P&.Z0,’( H.U0 MK+0 N&’($G$HK -$&00 ’NK%’( - ’M&.OL.U0 G+0H’2
40 UU 0 140 UU.
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2. :,-N$&0U$H%.+JH’$ 0--+$G’(.H0$ N’%$&0 Q-%’2I0(’-%0 %’H,’-%$HHK1 L0-
+0HG&0I$-,01 ’M’+’I$, -&$GH$2 G+0HK N&0 N&SU’U 0OP0M$. >+S ’N&$G$+$-
H0S N’%$&0 Q-%’2I0(’-%0 N&0 0OP0M$ %’H,’-%$HH’2 L0+0HG&0I$-,’2 ’M’+’I,0
0O .+WU0H0$(’P’ -N+.(. U.&,0 3004 ( -’-%’SH00 H-19 0OP’%’(+$H. 0 -’M&.-
H. -N$L0.+JH.S T,-N$&0U$H%.+JH.S Q-%.H’(,. &0-.3.. 6--+$GQ$UK$ ’M&.OLK (1)
’GH0U ,’HL’U R$-%,’ O.,&$N+S+0-J , ’N&.(,$ (2). " -(’W ’I$&$GJ, ’N&.(,.
R$-%,’ O.,&$N+S+.-J , -%.H0H$ (3). >+S ,’H%&’+S N&’P0M. -(’M’GH’P’ ,’HL.
’N&.(,0 Q-%.H’(+$H (K-’,’,.I$-%($HHK2 U0,&’HHK2 L0Z&’(’2 0HG0,.%’& (4).
>+S 0OU$&$H0S N&’P0M. -(’M’GH’P’ ,’HL. ’M&.OL. Q-%.H’(+$H %., R$ (K-’,’,.-
I$-%($HHK2 U0,&’HHK2 L0Z&’(’2 0HG0,.%’& (5). >+S N&0G.H0S R$-%,’-%0 H.
-(’M’GHK2 ,’H$L 0-NK%K(.$U’P’ ’M&.OL., O.,&$N+S+’-J R$-%,’$ ,’+JL’ (6), ,
,’%’&’UQ N&0,&$N+S+-S ,&WI’, (7). 8’’-H’-%J L$H%&. ’N&.(,0 0 L$H%&. -(’-
M’GH’P’ ,’HL. L0+0HG&0I$-,’2 ’M’+’I,0 ,’H%&’+0&’(.+0 - N’U’XJW +.O$&H’P’
Q&’(HS (H0($+0&.) &0-.3M. ;. ,&WI’, Q-%.H.(+0(.+-S N’G($- (8).

.) M)

:(&. 3. C</B($670$8 D’&</-(2/0.$670$8 "&.$0+#’$

6-NK%Q$UK2 ’M&.O$L 0O .+WU0H0$(’P’ -N+.(. 3004 ( -’-%’SH00 ;19 0U$+
-+$GQWX0$ &.OU$&K: (H$YH02 G0.U$%& D = 63, 05 UU, (HQ%&$HH02 G0.U$%&
d = 62, 85 UU, &.-I$%HK$ G+0HK ’M&.OL’( l = 40 UU 0 140 UU, %’+X0H. -%$H,0
h = 0, 1 UU.

#’-+$ -M’&,0 -N$L0.+JH’2 T,-N$&0U$H%.+JH’2 Q-%.H’(,0 (&0-. 3.) G’ H.P&Q-
R$H0S N’,.O.H0S (K-’,’,.I$-%($HHK1 U0,&’HHK1 L0Z&’(K1 0HG0,.%’&’( (4) 0
(5) Q-%.H.(+0(.+0 H. “0”. E.%$U H. N’G($- (8) Q-%.H.(+0(.+0 P&QO (9), ,’%’&K2
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-’OG.(.+ 0OP0M.WX02 U’U$H%. #’-+$ T%’P’ H.P&QR.+0 ’M&.O$L (H.I.+$ M’+J-
Y0U0, . O.%$U U.+KU0 -%QN$HSU0, ’%U$I.S N’-+$ ,.RG’2 -%QN$H0 H.P&QR$H0S
($&%0,.+JH’$ N$&$U$X$H0$ H. -(’M’GH’U ,’HL$ ’M&.OL. (1). 8%QN$H0 U.+K1 H.-
P&QR$H02 (KM0&.+0 %.,, I%’MK G’ G’-%0R$H0S N’%$&0 Q-%’2I0(’-%0 MK+’ H$
U$H$$ NS%0 -%QN$H$2 U.+K1 H.P&QR$H02. #’-+$ N’%$&0 Q-%’2I0(’-%0 Z0,-0&’-
(.+0-J G.HHK$ ,&0%0I$-,’2 H.P&QO,0 0 N’,.O.H0S U0,&’HHK1 L0Z&’(K1 0HG0-
,.%’&’( (4) 0 (5), ,’%’&K$ O.N0-K(.+0 ( RQ&H.+ 0-NK%.H02. 5.OU$&K ’M&.OL’(
N&0($G$HK ( %.M+. 1.

" ,.RG’2 -$&00 0-NK%K(.+0-J N’ G$-S%J ’M&.OL’( - N’-+$GQWX$2 -%.%0-%0-
I$-,’2 ’M&.M’%,’2 &$OQ+J%.%’( [15]. " N$&(’2 -$&00 0-NK%.H02 ’M&.O$L %$&S+
Q-%’2I0(’-%J ( G($ -%.G00: N$&(.S – N’%$&S U$-%H’2 Q-%’2I0(’-%0, (%’&.S –
N’+H.S N’%$&S Q-%’2I0(’-%0 ’M&.OL..

8$&0S
0-NK%.H02

5.G0Q-
-&$G0HH’2
N’($&1H’-
-%0 r, UU

3’+X0H.
’M’+’I,0

h, UU

>+0H.
’M’+’I,0

l, UU
l
r

1 31,48 0,1 40 1,27
2 31,48 0,1 140 4,45

E$96(B$ 1. :$@2/-1 (&<1."/21A +9-$@B+#

" N$&(’2 -%.G00 U$-%H.S N’%$&S Q-%’2I0(’-%0 H.M+WG.+.-J ( H$-,’+J,01 (.-
&0.H%.1. )G0H 0O (.&0.H%’( – N’S(+$H0$ (US%0HK U$RGQ O’H’2 U.,-0U.+JHK1
H.N&SR$H02 N&SU’P’ 0OP0M. (O’H. I) 0 U.,-0U.+JHK1 ,.-.%$+JHK1 H.N&SR$-
H02 (O’H. II) &0-. 4.. E.%$U N&0 G.+JH$2Y$U H.P&QR$H00 ’M&.OL. ’GH’(&$U$HH’
N’S(+SW%-S (US%0H. ( N$&(’2 O’H$ &0-. 4., 4M 0 (’ (%’&’2 O’H$ &0-. 4(. >&Q-
P’2 (.&0.H% ’GH’(&$U$HH’$ N’S(+$H0$ (US%0H ( N$&(’2 0 (’ (%’&’2 O’H.1. "’
(%’&’2 O’H$, PG$ G$2-%(QW% U.,-0U.+JHK$ ,.-.%$+JHK$ H.N&SR$H0S N’S(0+0-J
(N.G0HK, H.,+’H$HHK$ N’G QP+’U , ’M&.OQWX$2 %’H,’-%$HH’2 L0+0HG&0I$-,’2
’M’+’I,0 &0-. 4(.

#&0 G.+JH$2Y$U H.P&QR$H00 H.-%QN.+. (%’&.S -%.G0S – N’+H.S N’%$&S
Q-%’2I0(’-%0 ’M&.OL.. )M&.O$L N$&(’2 -$&00 0-NK%.H02 N’-+$ N’+H’2 N’%$&0
Q-%’2I0(’-%0 N&0($G$H H. &0-. 5.. 9’+0I$-%(’ (N.G0H ( ’M&.OL.1 N$&(’2 -$&00
0-NK%.H02 11 (N.G0H, ’GH. (N.G0H. ( L$H%&$ N$&(’2 O’HK 0 N’ NS%J (N.G0H
H.,+’H$HHK$ N’G QP+’U , ’M&.OQWX$2 %’H,’-%$HH’2 L0+0HG&0I$-,’2 ’M’+’I,0
- ’GH’2 0 G&QP’2 -%’&’HK. 6O T%01 NS%0 (N.G0H - ’GH’2 0 G&QP’2 -%’&’HK ’GH.
(N.G0H. \ 4 (&0-. 5.) ( L$H%&$ O’HK 2 H. (-W G+0HQ %’H,’-%$HH’2 L0+0HG&0I$-
-,’2 ’M’+’I,0.

"’ (%’&’2 -$&00 0-NK%.H02 ’M&.O$L %$&S+ Q-%’2I0(’-%J ( ’GHQ -%.G0W –
N’+H.S N’%$&S Q-%’2I0(’-%0 ’M&.OL.. )M’+’I,0 -&$GH$2 G+0HK N&0 N&SU’U
0OP0M$ %$&SW% Q-%’2I0(’-%J - ’M&.O’(.H0$U ’GH’P’ &SG. (N.G0H [9]. )M&.O$L
(%’&’2 -$&00 0-NK%.H02 N’-+$ N’+H’2 N’%$&0 Q-%’2I0(’-%0 N&0($G$H H. &0-. 5M.
)M&.OLK (%’&’2 -$&00 %$&SW% Q-%’2I0(’-%J, ’M&.OQS (N.G0HK, &.-N’+’R$HHK$
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.) M) ()

:(&. 4. F.$<1 2/&.0+) <+./-( "&.+)=(#+&.( </-#+) &/-(( (&<1.$0()

N’ N’+Q’,&QRH’-%0 ( ’G0H &SG ( ’M$ -%’&’HK , &.-%SHQ%’2 O’H$. #&0 T%’U (
N$&(’2 O’H$ ’M&.OQW%-S U$+,0$ (N.G0HK - M’+JY’2 P+QM0H’2, P+QM0H. (N.G0H
QU$HJY.$%-S N’ N’+Q’,&QRH’-%0 N&0 N&0M+0R$H00 , &.-%SHQ%’2 O’H$ (&0-.5M).

.) M)

:(&. 5. G9-$@B1 </-#+) ( #.+-+) &/-() (&<1.$0() <+&6/ <+60+) <+./-( "&.+)=(#+&.(
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5$OQ+J%.%K -%.%0-%0I$-,’2 ’M&.M’%,0 0-NK%.H02 - G’($&0%$+JH’2 ($&’S%H’-
-%JW P = 0, 95 N&0($G$HK ( %.M+0L$ 2.

C/-((
(&<1.$0()

H0$=/-
0(/

’-(.(-
=/&’+)
&(61

F
exp
’- , 4

C-/,0//
’#$,-$-
.(=/-
&’+/

+.’6+-
0/0(/, 4

I+#/-(-
./6701)
(0./--
#$6, 4

J+D??(-
B(/0.
#$-($-
B((, ω,

%

J+D??(-
B(/0.
$&(2-

2/.-((,
Sµ

J+D??(-
B(/0.
D’&B/&-
&$, Ex

C-/,088
’#$,-$-
.(=/-
&’$8

+%(9’$
$&(2-

2/.-((,
S

2
A

C-/,088
’#$,-$-
.(=/-
&’$8

+%(9’$
D’&-

B/&c$,
S

2
E

1 &/-(8
(&<1.$0():

2/&.0$8
<+./-8

"&.+)=(#+-
&.(

264,28 46,23 (264,28±
33,04) 17,49 -1,146 0,664 0,377 0,569

1 &/-(8
(&<1.$0():

<+60$8
<+./-8

"&.+)=(-
#+&.(

328,39 19,92 (328,39±
14,24) 6,07 0,548 -0,483 0,377 0,569

2 &/-(8
(&<1.$0():

<+60$8
<+./-8

"&.+)=(-
#+&.(

106,83 14,11 (106,83±
10,08) 13,21 -0,738 -0,804 0,377 0,569

E$96(B$ 2. :/@"67.$.1 &.$.(&.(=/&’+) +9-$9+.’( (&<1.$0()

#’ G.HHKU -%.%0-%0I$-,’2 ’M&.M’%,0 0-NK%.H02 N&’($&0+0, N’GI0HSW%-S +0
’H0 H’&U.+JH’UQ O.,’HQ &.-N&$G$+$H0S N&0 N’U’X0 H$&.($H-%( (8) 0 (9) [15].

|Sµ| ↑ 3 ·
↓

S
2
A (8)

PG$ S2
A =

6·(n→1)
(n+1)·(n+3)

|Ex| ↑ 5 ·
↓

S
2
E, (9)

PG$ S2
E =

24·n·(n→2)·(n→3)
(n+1)2·(n+3)·(n+5)

#’G-%.(0( OH.I$H0S ( Z’&UQ+Q (8), N&’($&0+0 -’M+WG$H0$ Q-+’(02:
• 1 -$&0S 0-NK%.H02, U$-%H.S N’%$&S Q-%’2I0(’-%0 |→1, 146| ↑ 3 ·

↓
0, 377;

• 1 -$&0S 0-NK%.H02, N’+H.S N’%$&S Q-%’2I0(’-%0 |0, 548| ↑ 3 ·
↓

0, 377;
• 2 -$&0S 0-NK%.H02, N’+H.S N’%$&S Q-%’2I0(’-%0 |→0, 738| ↑ 3 ·

↓
0, 377.

#’G-%.(0( OH.I$H0S ( Z’&UQ+Q (9), N&’($&0+0 -’M+WG$H0$ Q-+’(02:
• 1 -$&0S 0-NK%.H02, U$-%H.S N’%$&S Q-%’2I0(’-%0 |0, 664| ↑ 5 ·

↓
0, 569;

• 1 -$&0S 0-NK%.H02, N’+H.S N’%$&S Q-%’2I0(’-%0 |→0, 483| ↑ 5 ·
↓

0, 569;
• 2 -$&0S 0-NK%.H02, N’+H.S N’%$&S Q-%’2I0(’-%0 |→0, 804| ↑ 5 ·

↓
0, 569.
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"KY$Q,.O.HHK$ Q-+’(0S -’M+WG.W%-S, %.$. .-0UU$%&0S 0 T,-L$-- H$-QX$-
-%($HHK, (KO(.HK (+0SH0$U -+QI.2HK1 Z.,%’&’(. 8+$G’(.%$+JH’, N&0($G$HHK$
( %.M+.2 &$OQ+J%.%K N’GI0HSW%-S H’&U.+JH’UQ O.,’HQ &.-N&$G$+$H0S.

EH.I$H0$ ,&0%0I$-,’2 -0+K ( N$&(’2 -$&00 0-NK%.H02 G+S U$-%H’2 N’%$&0
-’-%.(0+’ F exp

,& = 264, 28 H. 8’P+.-H’ P&.Z0,Q O.(0-0U’-%0 ,&0%0I$-,01 -0+
(’ (%’&’2 O’H$ ’% G+0HK L0+0HG&0I$-,’2 ’M’+’I,0 (&0-. 2) ’R0G.$U.S ,&0%0-
I$-,.S -0+. 0U$$% OH.I$H0$ F,& = 285 H. ;$-’’%($%-%(0$ T,-N$&0U$H%.+JH’P’
OH.I$H0S ,&0%0I$-,’2 -0+K - ’R0G.$U’2 ,&0%0I$-,’2 -0+’2 -’-%.(0+’ 7,27%.

EH.I$H0$ ,&0%0I$-,’2 -0+K ( N$&(’2 -$&00 0-NK%.H02 G+S N’+H’2 N’%$&0
-’-%.(0+’

F exp
,& = 328, 39H. 8’P+.-H’ P&.Z0,Q O.(0-0U’-%0 ,&0%0I$-,01 -0+ ( N$&(’2

O’H$ ’% G+0HK L0+0HG&0I$-,’2 ’M’+’I,0(&0-.2) ’R0G.$U.S ,&0%0I$-,.S -0+.
0U$$% OH.I$H0$ F,& = 359, 75 H. ;$-’’%($%-%(0$ T,-N$&0U$H%.+JH’P’ OH.I$H0S
,&0%0I$-,’2 -0+K - ’R0G.$U’2 ,&0%0I$-,’2 -0+’2 -’-%.(0+’ 8,72%.

EH.I$H0$ ,&0%0I$-,’2 -0+K (’ (%’&’2 -$&00 0-NK%.H02 G+S N’+H’2 N’%$&0
-’-%.(0+’ F exp

,& = 106, 83H. 8’P+.-H’ P&.Z0,Q O.(0-0U’-%0 ,&0%0I$-,01 -0+ (
N$&(’2 O’H$ ’% G+0HK L0+0HG&0I$-,’2 ’M’+’I,0(&0-. 2) ’R0G.$U.S ,&0%0I$-
-,.S -0+. 0U$$% OH.I$H0$ F,& = 102, 79 H. ;$-’’%($%-%(0$ T,-N$&0U$H%.+JH’P’
OH.I$H0S ,&0%0I$-,’2 -0+K - ’R0G.$U’2 ,&0%0I$-,’2 -0+’2 -’-%.(0+’ 3,78%.

" L$+’U H.M+WG.$%-S 1’&’Y$$ -’’%($%-%(0$ &$OQ+J%.%’( ,&0%0I$-,’2 -0+K
N’ %$’&$%0I$-,0U 0 T,-N$&0U$H%.+JHKU 0--+$G’(.H0SU.

E.,+WI$H0$. #’ &$OQ+J%.%.U N&’($G$HHK1 %$’&$%0I$-,01 0--+$G’(.H02 &$-
,’U$HG’(.H P&.Z0, O.(0-0U’-%0 ,&0%0I$-,01 -0+ ’% G+0HK L0+0HG&0I$-,’2
’M’+’I,0 G+S ’N&$G$+$H0S N’%$&0 Q-%’2I0(’-%0 ’M’+’I$, -&$GH$2 G+0HK ( O’-
H.1 U.,-0U.+JHK1 H’&U.+JHK1 0 ,.-.%$+JHK1 H.N&SR$H02. *H.+0O &$OQ+J-
%.%’( T,-N$&0U$H%.+JHK1 0--+$G’(.H02 N’,.O.+, I%’ N&0($G$HHK$ &$OQ+J%.%K
-%.%0-%0I$-,’2 ’M&.M’%,0 0-NK%.H02 OH.I$H0S ,&0%0I$-,’2 -0+K N’GI0HSW%-S
H’&U.+JH’UQ O.,’HQ &.-N&$G$+$H0S 0 T,-N$&0U$H%K (KN’+H$HK - G’($&0%$+J-
H’2 ($&’S%H’-%JW P = 0, 95. 5.-1’RG$H0$ %$’&$%0I$-,01 0 T,-N$&0U$H%.+JHK1
OH.I$H02 ,&0%0I$-,01 -0+ -’-%.(0+’ ’% 3,78 % G’ 8,72 %, I%’ N’G%($&RG.$% QG’-
(+$%(’&0%$+JH’$ -’’%($%-%(0$ &$OQ+J%.%’( %$’&$%0I$-,01 0 T,-N$&0U$H%.+JHK1
0--+$G’(.H02.

IG;GK43ELKM4G
N’6$, $#.+-+#. O.N. ;/.-+# – <+&.$0+#’$ @$,$=(, 0$<(&$0(/ ./’&.$ -"’+<(&(, &+*6$-
&+#$0(/ ?(0$670+) #/-&(( -"’+<(&(, G.P. P6/’&//#$ – +9@+- 6(./-$."-1, <+&.$0+#’$
( <-+#/,/0(/ D’&</-(2/0.+#, +9-$9+.’$ ,$001A, Q.N. O(A$)6+# – <+&.$0+#’$ ( <-+-
#/,/0(/ D’&</-(2/0.+#, +9-$9+.’$ ,$001A, $0$6(@ -/@"67.$.+#, +?+-26/0(/ .$96(B (
-(&"0’+#.
J+0?6(’. (0./-/&+#. P#.+-1 ,/’6$-(-"R. +.&".&.#(/ 8#01A ( <+./0B($6701A ’+0-
?6(’.+# (0./-/&+#, &#8@$001A & <"96(’$B(/) 0$&.+8S/) &.$.7(.
3&.+=0(’ ?(0$0&(-+#$0(8. P#.+-1 @$8#68R. +9 +.&".&.#(( #0/%0/*+ ?(0$0&(-+#$-
0(8 <-( <-+#/,/0(( (&&6/,+#$0(8.
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