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"0/./*)/. #&D/E&D)F/G(H/ EH./I)%H0&*)/ E/J&*)F/G(HKH LH0/./*)M E)(-
%HLHIM%*NJ $L%$K)J D/I *&F)*&/DGM G LHGD%H/*)M O*/%K)) ./PH%E&Q)) [1R10].
@*/%K)M ./PH%E&Q)) /GDS 0*$D%/**MM O*/%K)M, LHG(HIS($ EN HK%&*)F)0&/E-
GM )THO*D%HL)U*NE) (&.)&V&D)F/G()E)) L%HQ/GG&E). WIM )THD/%E)F/G()J L%H-
Q/GGH0 O*/%K)X ./PH%E&Q)) GI/.$/D )*D/%L%/D)%H0&DS (&( G0HVH.*$X O*/%K)X
=/ISEKHISQ&. " VHIS’)*GD0/ .HGD$L*NJ I)D/%&D$%*NJ )GDHF*)(H0 0*$D%/**MM
O*/%K)M 00H.)DGM (&( D/%EH.)*&E)F/G()U LHD/*Q)&I GHGDHM*)M *& /.)*)Q$ )*-
0&%)&*D*HKH HVY/E& ) HVHT*&F&/DGM U . " JH./ HVG$Z./*)M %&GGE&D%)0&XDGM
DHIS(H )THO*D%HL)U*N/ L%HQ/GGN. 4&()E HV%&THE, .IM 0*$D%/**/U O*/%K)) )E/-
/E

U = U(S, ωij, εij) , (1)
K./ ωij R */G)EE/D%)F*NU D/*TH% ./PH%E&Q)), εij R D/*TH% )TK)V&-(%$F/*)M, S
R O*D%HL)M *& /.)*)Q$ )*0&%)&*D*HKH HVY/E&, F/%D& *&. G)E0HIHE HD*HG)DGM
( D/%EH.)*&E)F/G(HE$ LHD/*Q)&I$ GHGDHM*)M 0 HDI)F)/ HD G&EHU P)T)F/G(HU
LHI/0HU 0/I)F)*N (0 (1) ODH T&E/F&*)/ HD*HG)DGM ( U ) S).

"DH%HU (0T&)E*NU) L%)*Q)L =)VVG& KI&G)D (GE. [11]): [.IM IH(&IS*HKH %&0*H-
0/G)M */HVJH.)EH ) .HGD&DHF*H, FDHVN L%) 0G/J 0HTEHZ*NJ )TE/*/*)MJ GHGDHM-
*)M G)GD/EN, */ E/*MX\)J // O*D%HL)), )TE/*/*)/ // O*/%K)) I)VH HV%&\&IHGS
0 *$IS, I)VH VNIH LHIHZ)D/IS*NE: ϑU → 0.]

6GJH.*&M PH%E$I)%H0(& 0T&)E*HKH L%)*Q)L& EHZ/D VNDS &*&IHK)F*H $G)I/-
*& GHKI&G*H

U(S, ωij, εij) ↑↓ min (ϑS = 0), (2)
D./. LHG(HIS($ ϑS = 0, DH

ϑU = 0, ϑ2U → 0,

ϑ2U = 0, DHK.& ) DHIS(H DHK.&, (HK.& ϑωij = 0 ) ϑεij = 0.
(3)

" G)I$ .0$GDH%H**/KH HK%&*)F/*)M ϑU = 0, U */ .HIZ*& T&0)G/DS HD I)*/U-
*NJ FI/*H0 LH 0&%)&Q)ME L/%/E/**NJ GHGDHM*)M. @DHD HVGDHMD/ISGD0H LH.D0/%-
Z.&/DGM L%HGDHU HQ/*(HU L%)%&\/*)M 0*$D%/**/U O*/%K)):

U ↑ U
)︄)︄)︄)︄
equilibrium

= ϑU +
1

2!
ϑ2U + · · · , (4)

K./ L/%0&M 0&%)&Q)M 0NF)GIM/DGM (&(

ϑU [ϑωij, ϑεij] =
ϖU

ϖωij

)︄)︄)︄)︄)︄)︄
S=fixed

ϑωij +
ϖU

ϖεij

)︄)︄)︄)︄)︄)︄
S=fixed

ϑεij , (5)

& 0DH%&M R HL%/./IM/DGM 0N%&Z/*)/E

ϑ2U [ϑωij, ϑεij] =
ϖ2U

ϖωijϖωkl

)︄)︄)︄)︄)︄)︄
S=fixed

ϑωijϑωkl +
ϖ2U

ϖωijϖεkl

)︄)︄)︄)︄)︄)︄
S=fixed

ϑωijϑεkl+

+
ϖ2U

ϖεijϖεkl

)︄)︄)︄)︄)︄)︄
S=fixed

ϑεijϑεkl .

(6)
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" G)I$ L/%0HU PH%E$IN 0 (3) $%&0*/*)/ (5) L%/HV%&T$/DGM ( 0).$

U ↑ U
)︄)︄)︄)︄
equilibrium

=
1

2
ϑ2U + · · · . (7)

5G*H0N0&MGS *& 0T&)E*HE L%)*Q)L/, (%)D/%)U $GDHUF)0HGD) )THO*D%HL)U*H-
KH %&0*H0/G)M PH%E$I)%$/DGM H.*HGDH%H**)E HK%&*)F/*)/E *& 0DH%N/ 0&%)&-
Q)) 0*$D%/**/U O*/%K)) ϑ2U :

ϑ2U(0, 0)[ϑωij, ϑεij] = ϑ2U

)︄)︄)︄)︄)︄)︄
ωij=0, εij=0

[ϑωij, ϑεij] → 0,

ϑ2U = 0, DHK.& ) DHIS(H DHK.&, (HK.& ϑωij = 0 ) ϑεij = 0.

(8)

" *&GDHM\/E )GGI/.H0&*)) ’)%H(H )GLHIST$/DGM D/%E)*HIHK)M, HVHT*&F/*)M,
E/DH.N ) %/T$ISD&DN, L%/.GD&0I/**N/ 0 *&’)J L%/.N.$\)J %&VHD&J [8, 9, 12R
17].

1. @*/%K)M ./PH%E&Q)) K/E)D%HL*HKH E)(%HLHIM%*HKH $L%$KHKH D/I&. "
ODHE %&T./I/ HK%&*)F)EGM %&GGEHD%/*)ME) 0 D%/JE/%*HE L%HGD%&*GD0/, G*&V-
Z/**HE ./(&%DH0HU G)GD/EHU (HH%.)*&D.

#)(%HLHIM%*H/ D0/%.H/ D/IH *&TN0&/DGM K/E)D%HL*NE, /GI) (HELH*/*DN
HL%/./IMX\)J D/*TH%H0 */ )TE/*MXDGM L%) LH0H%HD&J G)GD/EN (HH%.)*&D, D./.
H*) )*0&%)&*D*N HD*HG)D/IS*H K%$LLN LHI$)THE/D%)F/G()J L%/HV%&TH0&*)U, &
)E/**H )THE/D%)F/G()J L%/HV%&TH0&*)U, T& )G(IXF/*)/E T/%(&IS*NJ HD%&Z/-
*)U ) )*0/%G)U D%/JE/%*HKH /0(I).H0& L%HGD%&*GD0&. " ODHE GI$F&/ (H%%/(D*&M
T&L)GS HG*H0*NJ $%&0*/*)U EHZ/D VNDS L%/.GD&0I/*& DHIS(H G )GLHISTH0&*)/E
PH%E&I)TE& LG/0.HD/*TH%H0. 5.*&(H, L%HGDHU &IKH%)DE L%/HV%&TH0&*)M LG/0-
.HD/*TH%& 0 GHHD0/DGD0$X\)U /E$ &VGHIXD*NU D/*TH% LHT0HIM/D *&E L%H0/GD)
*&’/ )GGI/.H0&*)/ 0 D/%E)*&J &VGHIXD*NJ D/*TH%H0.

"0/./E O*/%K)X ./PH%E&Q)) U
)︄)︄)︄)︄
adiabatic

[9, 13, 14], %&GGF)D&**$X *& /.)*)F-
*NU )*0&%)&*D*NU OI/E/*D HVY/E& L%) LHGDHM**HU O*D%HL)) (S = const), 0
0)./:

U
)︄)︄)︄)︄
adiabatic

= U
)︄)︄)︄)︄
S=const

= U
)︄)︄)︄)︄
adiabatic

(ω(ij), ε(ij), ϱi, εi), (9)
K./

ωij = ϖiuj ↑ eijkϱk, 2ω(ij) = ϖiuj + ϖjui, εij = ϖiςj,

ε(ij) = ϖiςj + ϖjςi, ϱi = ςi ↑ 1

2
eiklϖ[kul], εi =

1

2
eijsε[js].

(10)

" $%&0*/*)MJ (5) ) (6) )GLHIST$XDGM GI/.$X\)/ HVHT*&F/*)M: ui R D%&*G-
IMQ)H**N/ L/%/E/\/*)M; ςi R GL)*H%*N/ L/%/E/\/*)M; ωkl R &G)E/D%)F*NU
D/*TH% ./PH%E&Q)); εkl R D/*TH% )TK)V&–(%$F/*)M; ϖi HVHT*&F&/D F&GD*$X L%H-
)T0H.*$X LH L%HGD%&*GD0/**HU (HH%.)*&D/ xi; eijk R &ISD/%*)%$X\)U D/*TH%;
ϱi R HD*HG)D/IS*N/ E)(%HLH0H%HDN; (%$KIN/ G(HV() HVHT*&F&XD &IK/V%&)F/-
G($X G)EE/D%)T&Q)X; (0&.%&D*N/ G(HV() HVHT*&F&XD &IK/V%&)F/G(H/ &ISD/%-
*)%H0&*)/.
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;I/.$/D HDE/D)DS, FDH U
)︄)︄)︄)︄
adiabatic

LH G$D) M0IM/DGM LHD/*Q)&IHE G)IH0NJ )

EHE/*D*NJ *&L%MZ/*)U. " .&IS*/U’/E 0E/GDH U
)︄)︄)︄)︄
adiabatic

)GLHIST$/DGM GH(%&-
\/**H/ HVHT*&F/*)/ U .

@*/%K)M ./PH%E&Q)) U )*0&%)&*D*& HD*HG)D/IS*H 0%&\/*)U ) D%&*GIMQ)U
L%HGD%&*GD0&, & D&(Z/ HD*HG)D/IS*H L%/HV%&TH0&*)U L%HGD%&*GD0/**HU )*0/%-
G)) ) T/%(&IS*NJ HD%&Z/*)U, D./. .IM LHI*HU )THE/D%)F/G(HU K%$LLN. ;$\/-
GD0$XD D%) %&TI)F*NJ LH.JH.& ( HL%/./I/*)X O*/%K)) ./PH%E&Q)), LH.%HV*H
HL)G&**N/ 0 GD&DS/ [9]. >/%0NU )T *)J R ODH A-L%/.GD&0I/*)/. A-L%/.GD&0I/*)/
[8] HG*H0&*H *& LH*MD)MJ D/H%)) %&Q)H*&IS*NJ &IK/V%&)F/G()J )*0&%)&*DH0
) M0IM/DGM I)*/U*HU HVHIHF(HU )*.)0).$&IS*NJ ) GH0E/GD*NJ Q/INJ %&Q)H-
*&IS*NJ &IK/V%&)F/G()J )*0&%)&*DH0 */G)EE/D%)F*HKH D/*TH%& ./PH%E&Q)) )
L%HGD%&*GD0/**HKH K%&.)/*D& LHIM E)(%H0%&\/*)U. 5G*H0N D/H%)) Q/INJ %&-
Q)H*&IS*NJ &IK/V%&)F/G()J )*0&%)&*DH0 LH.%HV*H HVG$Z.&XDGM 0 P$*.&E/*-
D&IS*NJ EH*HK%&P)MJ [18, 19].

6*0&%)&*DN LHI*HU */L%)0H.)EHU G)GD/EN )*.)0).$&IS*NJ ) GH0E/GD-
*NJ Q/INJ %&Q)H*&IS*NJ &IK/V%&)F/G()J (0&.%&D)F*NJ )*0&%)&*DH0 G)EE/D-
%)F*NJ (HELH*/*D */G)EE/D%)F*NJ D/*TH%H0 ./PH%E&Q)), D/*TH%& )TK)V&-
(%$F/*)M ) G0MT&**NJ G *)E) 0/(DH%H0 .IM K/E)D%HL*HKH D0/%.HKH D/I&, 0N-
F)GIMXDGM 0 ./(&%DH0NJ (HH%.)*&D&J GI/.$X\)E HV%&THE [17]

I
1

= ϑikϑlmω(ik)ω(lm), I
2

= ϑikϑlmε(ik)ε(lm), I
3

= ϑikϑlmω(il)ω(km),

I
4

= ϑikϑlmε(il)ε(km), I
5

= ϑikϱiϱk, I
6

= ϑikεiεk,

I
7

= ϑikϑlmω(ik)ε(lm), I
8

= ϑikϑlmω(ik)ε(lm), I
9

= ϑikεiϱk,
(11)

K./ ϑlm R G)E0HI 3%H*/(/%&.
" G)I$ PH%E$I (7) .IM )*0&%)&*DH0 I

c
(c = 1, . . . , 9) O*/%K)M ./PH%E&Q)) (5)

L%/.GD&0IM/DGM 0 0)./ (GE. [8, 9, 13]):

U = A
1
ϑisϑlmω(is)ω(lm) + A

2
ϑisϑlmε(is)ε(lm) + A

3
ϑisϑlmω(il)ω(sm)+

+ A
4
ϑisϑlmε(il)ε(sm) + A

5
ϑisϱiϱs + A

6
ϑisεiεs+

+ A
7
ϑisϑlmω(is)ε(lm) + A

8
ϑisϑlmω(is)ε(lm) + A

9
ϑisεiϱs, (12)

K./ A
c

(c = 1, . . . , 9) R L%H)T0HIS*N/ (H*GD&*DN. 5F/0).*H, OD) (H*GD&*DN EHK$D
)*D/%L%/D)%H0&DSGM (&( HL%/./IMX\)/ $L%$K)/ EH.$I) (&VGHIXD*N/ G(&IM%N)
L%) GL/Q)P)(&Q)) EH./I) K/E)D%HL*HKH E)(%HLHIM%*HKH $L%$KHKH D0/%.HKH D/-
I&.

WIM $L%H\/*)M .&IS*/U’/KH )TIHZ/*)M 00/./E PH%E&IS*N/ T&E/*N */T&0)-
G)ENJ L/%/E/**NJ GHGDHM*)M ω(ij), ε(ij), ϱi, εi O*/%K)) ./PH%E&Q)) U GHKI&G*H
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GI/.$X\)E L%&0)I&E:

ω(11) ↔↓ Y1, ϱ1 ↔↓ Y7, ε(11) ↔↓ Y10, ε1 ↔↓ Y16,
ω(22) ↔↓ Y2, ϱ2 ↔↓ Y8, ε(22) ↔↓ Y11, ε2 ↔↓ Y17,
ω(33) ↔↓ Y3, ϱ3 ↔↓ Y9; ε(33) ↔↓ Y12, ε3 ↔↓ Y18;
ω(23) ↔↓ Y4, ε(23) ↔↓ Y13,
ω(13) ↔↓ Y5, ε(13) ↔↓ Y14,
ω(12) ↔↓ Y6; ε(12) ↔↓ Y15;

(13)

K./ EN LH.F/%()0&/E )*./(G, FDHVN HDI)F)DS .0$T*&F*N/ 0/(DH%*N/ )*./(-
GN HD .0$J GHG/.*)J H.*HT*&F*NJ D/*TH%*NJ )*./(GH0. "/(DH% PH%E&IS*NJ
L/%/E/**NJ1

[Y ] L%)*&.I/Z)D PH%E&IS*HE$ 0/(DH%*HE$ L%HGD%&*GD0$ &IK/V-
%&)F/G(HU %&TE/%*HGD) 18.

; $F/DHE T&E/* (9) (0&.%&D)F*&M PH%E& O*/%K)) ./PH%E&Q)) (8) T&L)GN0&-
/DGM (&(:

U = A
1
Y 2

1 + A
3
Y 2

1 + A
7
Y1Y10 + A

8
Y1Y10 + A

2
Y 2

10 + A
4
Y 2

10 + A
7
Y1Y11 + 2A

2
Y10Y11+

+ A
2
Y 2

11 + A
4
Y 2

11 + A
7
Y1Y12 + 2A

2
Y10Y12 + 2A

2
Y11Y12 + A

2
Y 2

12 + A
4
Y 2

12+

+ 2A
4
Y 2

13 + 2A
4
Y 2

14 + 2A
4
Y 2

15 + A
6
Y 2

16 + A
6
Y 2

17 + A
6
Y 2

18 + 2A
1
Y1Y2 + A

7
Y10Y2+

+ A
7
Y11Y2 + A

8
Y11Y2 + A

7
Y12Y2 + A

1
Y 2

2 + A
3
Y 2

2 + 2A
1
Y1Y3 + A

7
Y10Y3+

+ A
7
Y11Y3 + A

7
Y12Y3 + A

8
Y12Y3 + 2A

1
Y2Y3 + A

1
Y 2

3 + A
3
Y 2

3 + 2A
8
Y13Y4+

+ 2A
3
Y 2

4 + 2A
8
Y14Y5 + 2A

3
Y 2

5 + 2A
8
Y15Y6 + 2A

3
Y 2

6 + A
9
Y16Y7+

+ A
5
Y 2

7 + A
9
Y17Y8 + A

5
Y 2

8 + A
9
Y18Y9 + A

5
Y 2

9 . (14)

5DE/D)E, FDH $%&0*/*)/ (10) EHZ/D VNDS L%/.GD&0I/*H 0 (HEL&(D*NJ E&D-
%)F*NJ HVHT*&F/*)MJ 0 0)./:

U = [Y]
T
[A][Y], (15)

K./ [Y] = [Y1, Y2, Y3, Y4, Y5, Y6, Y7, Y8, Y9, Y10, Y11, Y12, Y13, Y14, Y15, Y16, Y17, Y18]
T R

D%&*GLH*)%H0&**&M 0/(DH%-GD%H(& &IK/V%&)F/G(HU %&TE/%*HGD) 18, GHGD&0I/*-
*&M )T PH%E&IS*NJ L/%/E/**NJ; [A] R PH%E&IS*&M E&D%)Q& %&TE/%*HGD) 18↗18

)THO*D%HL)U*NJ E/J&*)F/G()J EH.$I/U E)(%HLHIM%*HU G%/.N. " GI$F&/ K/E)D-
%HL*HKH E)(%HLHIM%*HKH D0/%.HKH D/I& E&D%)Q& [A] )E//D GI/.$X\$X VIHF*$X

1! %2#$/5C"F #$2$:" &#8/1:E=K$#5 0"’$/4%/-,2$4&>%H" /J/E%2>"%&5. T%& /$1&>2K$#5 /$
0"’$/4%/-$"%E/4%H7 /J/E%2>"%&F. <284&,"4, Y · A · Y = [Y]T[A][Y], ;9" ’02942$%H" ’/J’&
=’2EH02K$ %2 ,2$4&B= &1& 0"’$/4-#$/1J"B.
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GD%$(D$%$ (( GHZ&I/*)X, */ .)&KH*&IS*$X, *H LH E/*S’/U E/%/ D%/J.)&KH*&IS-
*$X):

[A] =

[︄

]︄]︄]︄]︄]︄]︄]︄]︄⌊︄

[A11] [0] [0] [A14] [0] [0]
[0] [A22] [0] [0] [A25] [0]
[0] [0] [A33] [0] [0] [A36]

[A41] [0] [0] [A44] [0] [0]
[0] [A52] [0] [0] [A55] [0]
[0] [0] [A63] [0] [0] [A66]

⌋︄

⌈︄⌈︄⌈︄⌈︄⌈︄⌈︄⌈︄⌈︄⌉︄

, (16)

K./ [0] R *$I/0HU E&D%)F*NU VIH( 3 ↗ 3; [Ahk] (h, k = 1, . . . , 6) R G)EE/D%)F*N/
VIHF*N/ E&D%)QN &IK/V%&)F/G(HU %&TE/%*HGD) 3 ↗ 3, (HDH%N/ HL%/./IMXDGM
F/%/T E)(%HLHIM%*N/ $L%$K)/ E/J&*)F/G()/ EH.$I) A

a
(a = 1, . . . , 9) GHKI&G*H

GI/.$X\)E PH%E$I&E:

[A11] =

[︄

]︄]︄⌊︄

A
1

+ A
3

A
1

A
1

A
1

A
1

+ A
3

A
1

A
1

A
1

A
1

+ A
3

⌋︄

⌈︄⌈︄⌉︄ , [A44] =

[︄

]︄]︄⌊︄

A
2

+ A
4

A
2

A
2

A
2

A
2

+ A
4

A
2

A
2

A
2

A
2

+ A
4

⌋︄

⌈︄⌈︄⌉︄ ,

[A14] = [A41] = 1
2

[︄

]︄]︄⌊︄

A
7

+ A
8

A
7

A
7

A
7

A
7

+ A
8

A
7

A
7

A
7

A
7

+ A
8

⌋︄

⌈︄⌈︄⌉︄ ,

2[A36] = 2[A63] = A
9

diag[1, 1, 1], [A25] = [A52] = A
8

diag[1, 1, 1],

[A22] = 2A
3

diag[1, 1, 1], [A33] = A
5

diag[1, 1, 1],

[A55] = 2A
4

diag[1, 1, 1], [A66] = A
6

diag[1, 1, 1].

(17)

2. 1&(DH%)T&Q)M J&%&(D/%)GD)F/G(HKH LHI)*HE& (0&.%&D)F*HU O*/%K/D)F/-
G(HU PH%EN. 3&*H*)F/G()U .)&KH*&IS*NU 0). (0&.%&D)F*HU PH%EN (10) EH-
Z/D VNDS L%/.GD&0I/* 0 D/%E)*&J GHVGD0/**NJ F)G/I φi (i = 1, ...18) E&D%)QN
[A]. " ODHE GI$F&/ )GJH.*&M (0&.%&D)F*&M PH%E&, L%/HV%&TH0&**&M ( (&*H*)F/-
G()E L/%/E/**NE X1,...,X18, L%)*)E&/D (&*H*)F/G(H/ .)&KH*&IS*H/ L%/.GD&0-
I/*)/:

U = Udiag =

18{︄

s=1
φsX

2
s . (18)

;HVGD0/**N/ F)GI& G)EE/D%)F*HU E&D%)QN [A] (0&.%&D)F*HU PH%EN U M0-
IMXDGM (H%*ME) J&%&(D/%)GD)F/G(HKH $%&0*/*)M, GI/.$X\/KH 0).&:

det

}︄
[A] ↑ φ diag[1, 1, 1]

⟨︄
= 0 . (19)

C%&0*/*)/ (19) M0IM/DGM $%&0*/*)/E &IK/V%&)F/G(HU GD/L/*) 18. >%)F/E 0
G)I$ G)EE/D%)F*HGD) E&D%)QN [A] (0&.%&D)F*HU PH%EN U (H%*) $%&0*/*)M
(19) V$.$D 0/\/GD0/**NE) F)GI&E). " GI$F&/ HV\/KH I)*/U*HKH &*)THD%HL*HKH
E)(%HLHIM%*HKH $L%$KHKH D/I& &*&I)D)F/G(H/ L%/.GD&0I/*)/ (H%*/U 0 HVHT%)-
EHE 0)./ 0/GSE& T&D%$.*)D/IS*H, LHG(HIS($ D%/V$/D M0*HKH HL%/./I*)M (H%*/U
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LHI)*HE& 18. 5.*&(H, .IM K/E)D%HL*HKH E)(%HLHIM%*HKH $L%$KHKH D/I&, J&%&(-
D/%)GD)F/G(H/ $%&0*/*)/ (19) .HL$G(&/D P&(DH%)T&Q)X, HV$GIH0I/**$X D%/J-
.)&KH*&IS*HU PH%EHU E&D%)QN [A], 0 GI/.$X\/E 0)./:

[(2A
3

↑ φ)(2A
4

↑ φ) ↑ A
8

2
]
3
[4(A

5
↑ φ)(A

6
↑ φ) ↑ A

9
2
]
3
[4(A

3
↑ φ)(A

4
↑ φ) ↑ A

8
2
]
2↗

↗[4(3A
1

+ A
3

↑ φ)(3A
2

+ A
4

↑ φ) ↑ (3A
7

+ A
8
)

2
] =0 .

(20)
5DE/D)E, FDH $%&0*/*)/ (20) )E//D: 4 (H%*M (%&D*HGD) 3, 2 (H%*M (%&D*HGD) 2

) 2 (H%*M (%&D*HGD) 1. 3%HE/ DHKH, FDH 0G/ $(&T&**N/ (H%*) M0IMXDGM (H%*ME),
GHHD0/DGD0$X\)J (0&.%&D*NJ $%&0*/*)U, ) EHK$D VNDS L%/.GD&0I/*N 0 M0*HU
PH%E/ 0 %&.)(&I&J:

2φ1 = 2φ2 = 2φ3 = A
3

+ A
4

↑
⟩︄

(A
3

↑ A
4
)2 + A

8
2,

2φ4 = 2φ5 = 2φ6 = A
3

+ A
4

+

⟩︄
(A

3
↑ A

4
)2 + A

8
2,

2φ7 = 2φ8 = 2φ9 = A
5

+ A
6

↑
⟩︄

(A
5

↑ A
6
)2 + A

9
2,

2φ10 = 2φ11 = 2φ12 = A
5

+ A
6

+

⟩︄
(A

5
↑ A

6
)2 + A

9
2,

φ13 = φ14 = A
3

+ A
4

↑
⟩︄

(A
3

↑ A
4
)2 + A

8
2,

φ15 = φ16 = A
3

+ A
4

+

⟩︄
(A

3
↑ A

4
)2 + A

8
2,

2φ17 = 3A
1

+ 3A
2

+ A
3

+ A
4

↑
⟩︄

(3A
1

↑ 3A
2

+ A
3

↑ A
4
)2 + (3A

7
+ A

8
)2,

2φ18 = 3A
1

+ 3A
2

+ A
3

+ A
4

+

⟩︄
(3A

1
↑ 3A

2
+ A

3
↑ A

4
)2 + (3A

7
+ A

8
)2.

(21)

,/D%$.*H T&E/D)DS, FDH 0G/ LH.(H%/**N/ 0N%&Z/*)M 0 (21) .HIZ*N VNDS
*/HD%)Q&D/IS*N, FDH HL%/./IM/DGM 0/\/GD0/**HT*&F*HGDSX GHVGD0/**NJ F)G/I
G)EE/D%)F*HU E&D%)QN. "E/GD/ G D/E, EHZ*H $GD&*H0)DS .HLHI*)D/IS*N/ GH-
HD*H’/*)M E/Z.$ GHVGD0/**NE) F)GI&E) 0 (21):

2φ1 = 2φ2 = 2φ3 = φ13 = φ14,

2φ4 = 2φ5 = 2φ6 = φ15 = φ16.
(22)

>HIHZ)D/IS*&M HL%/./I/**HGDS O*/%K/D)F/G(HU (0&.%&D)F*HU PH%EN (19) ),
D/E G&ENE, $GDHUF)0HGDS %&0*H0/G)M I)*/U*HKH E)(%HLHIM%*HKH $L%$KHKH D/I&
[8] HV/GL/F)0&/DGM GI/.$X\)E) HF/0).*NE) */%&0/*GD0&E)

φs > 0 (s = 1, ..., 18). (23)
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CF)DN0&M 0N%&Z/*)M (21) ) (22), G)GD/E& */%&0/*GD0 (53) L%)E/D 0).:
/︄
\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄/︂

\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︄\︂

A
3

+ A
4

>
⟩︄

(A
3

↑ A
4
)2 + A

8
2,

A
3

+ A
4

> ↑
⟩︄

(A
3

↑ A
4
)2 + A

8
2,

A
5

+ A
6

>
⟩︄

(A
5

↑ A
6
)2 + A

9
2,

A
5

+ A
6

> ↑
⟩︄

(A
5

↑ A
6
)2 + A

9
2,

3A
1

+ 3A
2

+ A
3

+ A
4

>
⟩︄

(3A
1

↑ 3A
2

+ A
3

↑ A
4
)2 + (3A

7
+ A

8
)2,

3A
1

+ 3A
2

+ A
3

+ A
4

> ↑
⟩︄

(3A
1

↑ 3A
2

+ A
3

↑ A
4
)2 + (3A

7
+ A

8
)2.

(24)

!GI) 0HT0/GD) 0 (0&.%&D */%&0/*GD0& (54), DH HGD&*/DGM 0G/KH D%) G$\/GD0/*-
*NJ */%&0/*GD0&, GI/.$X\)J )T (54):

(A
3

+ A
4
)

2 > (A
3

↑ A
4
)

2
+ A

8
2,

(A
5

+ A
6
)

2 > (A
5

↑ A
6
)

2
+ A

9
2,

(3A
1

+ 3A
2

+ A
3

+ A
4
)

2 > (3A
1

↑ 3A
2

+ A
3

↑ A
4
)

2
+ (3A

7
+ A

8
)

2,

(25)

(HDH%N/ LHGI/ */GIHZ*NJ L%/HV%&TH0&*)U L%)E$D 0).:

4A
3
A
4

> A
8

2,

4A
5
A
6

> A
9

2,

4(3A
1

+ A
3
)(3A

2
+ A

4
) > (3A

7
+ A

8
)

2.

(26)

>%/HV%&T$/E G)GD/E$ */%&0/*GD0 (56) ( 0).$:

↑ C
ı

< A
8

< C
ı
,

↑ C
ıı

< A
9

< C
ıı

,

↑ C
ııı

< 3A
7

+ A
8

< C
ııı

.

(27)

K./ 00/./*N HVHT*&F/*)M

C
ı

2
= 4A

3
A
4
,

C
ıı

2
= 4A

5
A
6
,

C
ııı

2
= 4(3A

1
+ A

3
)(3A

2
+ A

4
).

(28)

;)GD/E& */%&0/*GD0 (58) EHZ/D D%&(DH0&DSGM (&( 3 .0$GDH%H**)J */%&0/*GD0&
)I) 6 R H.*HGDH%H**)J. 5F/0).*H, FDH I/0N/ F&GD) */%&0/*GD0 0 (59) .HIZ*N
VNDS */HD%)Q&D/IS*N.
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7&(IXF)D/IS*N/ HVG$Z./*)M ) 0N0H.N. " *&GDHM\/E )GGI/.H0&*)) %&G-
GEHD%/*& P&(DH%)T&Q)M J&%&(D/%)GD)F/G(HKH LHI)*HE& (0&.%&D)F*HU O*/%K/-
D)F/G(HU PH%EN K/E)D%HL*HU E)(%HLHIM%*HU $L%$KHU G%/.N. @*/%K)M ./PH%-
E&Q)) %&GGE&D%)0&/DGM (&( P$*(Q)M, T&0)GM\&M HD */G)EE/D%)F*NJ D/*TH%H0
./PH%E&Q)) ) )TK)V&-(%$F/*)M, (HDH%N/ D%&(D$XDGM (&( D/%EH.)*&E)F/G()/
L/%/E/**N/ GHGDHM*)M. 3%HE/ DHKH, H*& EHZ/D H.*H0%/E/**H %&GGE&D%)0&DSGM
(&( LHD/*Q)&I G)IH0NJ ) EHE/*D*NJ *&L%MZ/*)U. 5VG$Z./* 0DH%HU 0&%)&-
Q)H**NU L%)*Q)L =)VVG& ) L%)E/*/* ( PH%E$I)%H0(/ (%)D/%)M $GDHUF)0HGD)
%&0*H0/G)M .IM K/E)D%HL*HKH E)(%HLHIM%*HKH $L%$KHKH D0/%.HKH D/I&. 5VHV-
\&M %/T$ISD&DN )GGI/.H0&*)M, L%)JH.)E ( GI/.$X\)E 0N0H.&E:

(1) >HI$F/*H )THE/D%)F/G() )*0&%)&*D*H/ A-L%/.GD&0I/*)/ (0&.%&D)F*HU
PH%EN O*/%K)) ./PH%E&Q)) K/E)D%HL*HKH E)(%HLHIM%*HKH $L%$KHKH
D0/%.HKH D/I&, HL%/./IM/EH/ 9 )THO*D%HL)U*NE) (&.)&V&D)F/G()E)) E/-
J&*)F/G()E) EH.$IME).

(2) WIM HL/%)%H0&*)M G A-L%/.GD&0I/*)/E 00/./*N PH%E&IS*N/ L/%/E/*-
*N/ Y1,...,Y18.

(3) >HI$F/* J&%&(D/%)GD)F/G()U LHI)*HE &IK/V%&)F/G(HU GD/L/*) 18 O*/%-
K/D)F/G(HU (0&.%&D)F*HU PH%EN 0 D/%E)*&J Y1,...,Y18. >HGD%H/*H E$IS-
D)LI)(&D)0*H/ %&TIHZ/*)/ J&%&(D/%)GD)F/G(HKH LHI)*HE& *& 4 LHI)*H-
E& E/*S’/U GD/L/*).

(4) "NF)GI/*N GHVGD0/**N/ F)GI& ) HL%/./I/*& )J &IK/V%&)F/G(&M (%&D-
*HGDS.

(5) ,&U./*N HK%&*)F/*)M *& HL%/./IMX\)/ E/J&*)F/G()/ EH.$I), HV/GL/-
F)0&X\)/ D&()E HV%&THE LHIHZ)D/IS*$X HL%/./I/**HGDS (0&.%&D)F*HU
PH%EN O*/%K)) ./PH%E&Q)) ) $GDHUF)0HGDS %&0*H0/G)M E)(%HLHIM%*HKH
$L%$KHKH D0/%.HKH D/I&.

(6) WIM K/E)D%HL*HU E)(%HLHIM%*HU G%/.N HL%/./I/*N D%) G$\/GD0/**NJ
HL%/./IMX\)J */%&0/*GD0&, HV/GL/F)0&X\)J $GDHUF)0HGDS %&0*H0/G)M
)GGI/.$/EHKH D/I&.

=>:>?6!@A?B6>
C0+/D /8$)()8. C#, /8$)(E ’)D$8,(FD/G$ #))$8,$#$8%, #8),4) /8$)(#$8/ -,FD&"/-
()D"E- 0(%$,(%9- ICMJE (8#, /8$)(E 8",#+% #&H,#$8,""EI 80+/D 8 (/J(/*)$0& 0)"-
K,’K%%, ’()8,D,"%, %##+,D)8/"%9 % ’)D4)$)80& #$/$<%, ’();+% % )D)*(%+% L%"/+<"&G
8,(#%G ’,(,D ’&*+%0/K%,I).
M)"L+%0$ %"$,(,#)8. 18$)(E D,0+/(%(&G$ )$#&$#$8%, 98"E. % ’)$,"K%/+<"E. 0)"-
L+%0$)8 %"$,(,#)8, #89J/""E. # ’&*+%0/K%,I "/#$)9H,I #$/$<%.
!#$);"%0 L%"/"#%()8/"%9. 5/*)$/ 8E’)+","/ ’) $,-, 4)#&D/(#$8,"")4) J/D/"%9 (")-
-,( 4)#(,4%#$(/K%% 124013000674-0).

ADDITIONAL INFORMATION
Authors’ contribution. All authors confirm that their authorship meets the international
ICMJE criteria (all authors have made a significant contribution to the development of
the concept, research and preparation of the article, read and approved the final version
before publication).
Competing interests. The authors declare that they have no competing interests.



QA@STO-UAV-. WAOA@SNO-3S-(N3@T)T *TX-<T6A I<NO)NS-(N3@TY QTO6Z123

Funding. This study was in part financially supported by the Ministry of Science and
Higher Education of the Russian Federation (State Registration Number 124013000674-0).

?!@A51@N51
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mann et fils, 1909. – VI+226.

2. Kessel S. Lineare Elastizitätstheorie des anisotropen Cosserat-kontinuums // Ab-
handlungen der Braunschweig. Wiss. Ges. – 1964. – Vol. 16. – P. 1–22.

3. Nowacki W. Theory of Asymmetric Elasticity. – Oxford, New York, Toronto, Syd-
ney, Paris, Frankfurt : Pergamon Press, 1986. – viii+383.
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