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-<$=$)($. - )>?>@A)BC %$&(D= &>E<(F(G H>F$H>F(?$IJDC F$D&(( %@>IF(?-
)DIF(, DI)D<>))DC )> K(%$&LD@(?$IJ(M =(NN$&$)O(>@A)BM P&><)$)(GM %@DI-
JDC =$ND&H>O((, %D@P?$)B >)>@(F(?$IJ($ &$’$)(G NP)=>H$)F>@A)BM E>=>? D
)$IPQ$C I%DIDL)DIF( %@>IF(?$IJDKD %D@P%&DIF&>)IF<> %&( =><@$)(( %@DIJDKD
’F>H%> ( I=><@(<>)(( %@>IF(?$IJDKD I@DG 2&>)=F@G; <=><@(<>)(( J@()> < %@>-
IF(?$IJD$ %D@P%&DIF&>)IF<D ( )$IPQ$C I%DIDL)DIF( %@>IF(?$IJDKD J@()> %&(
=><@$)(( %@DIJDKD ’F>H%> [1, 2]. 2@>IF(?$IJ>G DL@>IFA %&( I=><@(<>)(( FD@-
IFDC %D@DIB %@DIJ(H( ’F>H%>H( %D 2&>)=F@R D%&$=$@G$FIG %&GHD@()$C)BH(
( J&PKD<BH( @()(GH( IJD@AS$)(G DJD@D ’F>H%> ( J&(<D@()$C)BH( @()(G-
H( IJD@AS$)(G %&( &$’$)(( IH$’>))DC E>=>?( )> DI( I(HH$F&(( ?(I@$))BH(
H$FD=>H(, (@( &$’$)($H F$@$K&>N)DKD P&><)$)(G )> %@DIJDIF( M>&>JF$&(IF(J.

TF( &$’$)(G DF)DIGFIG J IF>F(?$IJ( D%&$=$@(HBH E>=>?>H %@DIJDC =$ND&-
H>O((: @()(( IJD@AS$)(G <B?(I@GRFIG %D P&><)$)(GH :$)J( I K&>)(?)B-
H( PI@D<(GH( =@G )>%&GS$)(C I %DI@$=PRQ(H <B?(I@$)($H %D@G IJD&DIF$C
%D P&><)$)(GH :$C&()K$& %&( P=D<@$F<D&$)(( PI@D<(GH )$IPQ$C I%DIDL)DIF(
S$IFJDC DL@>IF( ( %D@DS(F$@A)DIF( =(II(%>F(<)DC NP)JO(( < %@>IF(?$IJDC
DL@>IF( [3].

- [2, 4] %&(<$=$)B &$’$)(G J()$H>F(?$IJ( D%&$=$@(HDC E>=>?( D %@>IF(?$-
IJDH F$?$)(( %&( <=><@(<>)(( ’F>H%> I <B%PJ@DC J&(<D@()$C)DC K&>)(O$C
< FD@IFPR (=$>@A)D %@>IF(?$IJPR %D@DIP. - UFDH I@P?>$ )$(E<$IF)D$ &>I%&$-
=$@$)($ JD)F>JF)DKD =><@$)(G )> K&>)(O$ ’F>H%> D%&$=$@G$FIG )> KD=DK&>N$
IJD&DIF$C %D PI@D<(R )$%&$&B<)DIF( )D&H>@A)DC IJD&DIF( )> JD)F>JF)DC K&>-
)(O$, > E>F$H <B?(I@GRFIG @()(( IJD@AS$)(G )> N(E(?$IJDC %@DIJDIF( &$’$-
)($H IF>F(?$IJ( D%&$=$@(HBM E>=>? 5D’( ( IH$’$))DKD F(%>. - [2] KD=DK&>N
IJD&DIF$C ( @()(( IJD@AS$)(G )>MD=GFIG ?(I@$))BH ()F$K&(&D<>)($H =(N-
N$&$)O(>@A)BM P&><)$)(C )> %@DIJDIF( M>&>JF$&(IF(J. - [4] &$’>$FIG F$@$-
K&>N)D$ P&><)$)($ =@G IJD&DIF$C ( J&(<(E)B @()(C IJD@AS$)(G )> %@DIJDIF(
M>&>JF$&(IF(J I %DI@$=PRQ(H( <B?(I@$)(GH( JDD&=()>F @()(C IJD@AS$)(G
)> N(E(?$IJDC %@DIJDIF(.

- )>IFDGQ$C &>LDF$ %&(<D=(FIG ?(I@$))D$ HD=$@(&D<>)($ %@DIJDKD %@>IF(?$-
IJDKD F$?$)(G %&( %D%$&$?)DH <=><@(<>)(( < FD@IFPR %D@DIP =<PM %P>)ID)D< I
K@>=JDC U@@(%F(?$IJDC, K(%$&LD@(?$IJDC ( %>&>LD@(?$IJDC O(@()=&(?$IJ(H(
K&>)(O>H( JD)F>JF> I %@>IF(?$IJDC DL@>IFAR. #> %$&<DC IF>=(( (I%D@AEP$F-
IG &$’$)($ E>=>?( D <=><@(<>)(( %P>)ID)D< I K@>=JDC <B%PJ@DC K&>)(O$C <
%@>IF(?$IJD$ %D@P%&DIF&>)IF<D. .()(( IJD@AS$)(G ( KD=DK&>N IJD&DIF$C <B-
?(I@GRFIG %D >@KD&(FHP ?(I@$))DKD &$’$)(G IF>F(?$IJ( D%&$=$@(HDC E>=>?(
D <=><@(<>)(( J&PKD<DKD ( U@@(%F(?$IJDKD O(@()=&D< [5, 6] I (I%D@AED<>)($H
?(I@$))BM %&DO$=P& &$’$)(G DI)D<)BM J&>$<BM E>=>? K(%$&LD@(?$IJ(M P&><-
)$)(C (=$>@A)DC %@>IF(?)DIF( %&( %@DIJDC =$ND&H>O(( [7].

2$&$MD= JD <FD&DC IF>=(( <=><@(<>)(G D%&$=$@G$FIG &><$)IF<DH JD)F>JF)DKD
=><@$)(G, E><(IGQ$KD DF DF)D’$)(G FD@Q()B %D@DIB J ’(&()$ KD&(ED)F>@A-
)DC %&D$JO(( K&>)(OB JD)F>JF>, ( =><@$)(G %P>)ID)D< )> %$&<DC IF>=(( %&(
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P<$@(?$)(( =@()B JD)F>JF)DC K&>)(OB =D %&$=$@A)DKD E)>?$)(G %&( <B&DS=$-
)(( PK@> <$$&> < I()KP@G&)DC FD?J$ @()(C IJD@AS$)(G. .()(( IJD@AS$)(G )>
%@DIJDIF( KD=DK&>N> IJD&DIF$C I K&>)(?)BH( PI@D<(GH( )$%&$&B<)DIF( )D&-
H>@A)DC IJD&DIF( )> K&>)(O$ JD)F>JF> ( &>E&B<DH IJD&DIF( )> S$IFJD%@>IF(-
?$IJDC K&>)(O$ < O$)F&$ %D@DIB D%&$=$@GRF &>I%&$=$@$)($ JD)F>JF)DKD =><-
@$)(G I %DI@$=PRQ(H( <B?(I@$)(GH( @()(C IJD@AS$)(G )> N(E(?$IJDC %@DI-
JDIF( &$’$)($H E>=>?( 5D’( DF JD)F>JF)DC K&>)(OB ( IH$’>))DKD F(%> %&(
E>=>))DC =@()$ K&>)(OB JD)F>JF>. :@PL()> <=><@(<>)(G %P>)ID)D< )> <FD&DC
IF>=(( DK&>)(?$)> <B&DS=$)($H <$$&> @()(C IJD@AS$)(G < I()KP@G&)DC FD?J$
)> K&>)(O$ JD)F>JF>.

3&$FAG IF>=(G <=><@(<>)(G HD=$@(&P$FIG @()(GH( IJD@AS$)(G I )$%&$&B<-
)BH %D@$H IJD&DIF$C %@>IF(?$IJDKD F$?$)(G %&( DF)D’$)(( KD&(ED)F>@A)DC
%&D$JO(( JD)F>JF)DC K&>)(OB J FD@Q()$ %@>IF(?$IJDKD I@DG )> JD)O$ K&>)(OB
JD)F>JF> LD@A’$ $=()(OB. #> F&$FA$C IF>=(( %&( LD@A’DC =@()$ (@( LD@A’DC
J&(<(E)$ JD)F>JF)DC K&>)(OB %&D(IMD=(F PH$)A’$)($ =@()B JD)F>JF)DC K&>-
)(OB, DK&>)(?$))DC JD)F>JFDH <$&M)$KD ( )(S)$KD %P>)ID)D< < O$)F&$ %D@DIB,
<I@$=IF<($ <BIDJDC IJD&DIF( %$&$H$Q$)(G I<DLD=)DC S$IFJDC DL@>IF( %D@DIB.

1. 5D)F>JF)>G K&>)(O>. 2&( I=><@(<>)(( %D@DIB ’(&()DC B ( FD@Q()DC
2H =<PHG %P>)ID)>H( %D )D&H>@( J K&>)(O>H %D@DIB (H$RF H$IFD =<$ D&FD-
KD)>@A)B$ %@DIJDIF( I(HH$F&((. 2&( PI@D<(( 2H → B < )D&H>@A)DH I$?$)((
J O(@()=&(?$IJDC K&>)(O$ JD)F>JF> %&()(H>$H PI@D<($ %@DIJDC %@>IF(?$IJDC
=$ND&H>O((, E><(IGQ$C DF K@PL()B <=><@(<>)(G s DF)DI(F$@A)D %D<$&M)DIF(
%D@DIB.

1L&>EPRQPR JD)F>JF)DC K&>)(OB E>=>$H J>)D)(?$IJ(H( P&><)$)(GH( U@-
@(%I>, ID%&GS$))DC K(%$&LD@B ( %>&>LD@B, IH$Q$))BH( %D DI( y )> &>IIFD-
G)($ H ↑ s DF O$)F&> O ( )>?>@A)DC FD?JDC JD)F>JF> s = 0, y = H, x = 0 <
%$&<DH J<>=&>)F$ %@DIJDIF( x, y )D&H>@A)DKD I$?$)(G %D@DIB

U@@(%I
x2

a2 +
(y + s ↑ H ↑ 1)

2

b2 = 1, (1)

ID%&GS$))>G K(%$&LD@>
(y + s ↑ H ↑ 1)

2

b2 ↑ x2

a2 = 1, (2)

%>&>LD@> y = ax2
+ H ↑ s, (3)

K=$ a ( b – %D@PDI( U@@(%I> ( K(%$&LD@B %D )>%&><@$)(GH DI$C JDD&=()>F x
( y; %>&>H$F& a < P&><)$)(( %>&>LD@B &><$) DL&>F)DC <$@(?()$ P=<D$))DKD
NDJ>@A)DKD &>IIFDG)(G 2p.

V> $=()(OP =@()B %&()(H>$H E)>?$)(G b ( 2p =@G U@@(%I>, K(%$&LD@B ( %>&>-
LD@B, IDDF<$FIF<$))D. 2&( <B?(I@$)(( @()(C IJD@AS$)(G ( KD=DK&>N> IJD&D-
IF$C E> $=()(OP )>%&GS$)(C ( IJD&DIF$C %&()(H>$H P=<D$))PR %@>IF(?$IJPR
%DIFDG))PR 2k ( IJD&DIFA V <=><@(<>)(G %P>)ID)> %D )D&H>@( J K&>)(O$ %D-
@DIB DF)DI(F$@A)D O$)F&> O.
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2$&<>G IF>=(G. #> &(I. 1 %DJ>E>)B @()(( IJD@AS$)(G < %@>IF(?$IJDC DL-
@>IF( )> %$&<DC IF>=(( <=><@(<>)(G %P>)ID)> I K@>=JDC K&>)(O$C JD)F>JF>.
-I@$=IF<($ H>@DC =@()B K&>)(OB JD)F>JF> O1A %D I&><)$)(R I %D@PFD@Q(-
)DC %D@DIB H %@>IF(?$IJD$ F$?$)($ %&(<D=(F J <B=><@(<>)(R H>F$&(>@> )>
%D<$&M)DIFA %D@DIB I DL&>ED<>)($H I<DLD=)DC K&>)(OB AB I K@><)BH( )>%&G-
S$)(GH( ω1 = 0, ω2 = ↑1 %D )D&H>@( ( J>I>F$@A)DC J UFDC K&>)(O$. .()((
IJD@AS$)(G ε %$&$I$J>RF K@>=JPR K&>)(OP O1A ( K&>)(OP AB I PK@>H( )>J@D-
)> J>I>F$@A)DC ϑ = ↑ϖ/4 + ϱ ( ϑ = ϖ/4 + ς; K=$ ϱ ↓ 0 ( ς ↔ 0 – PK@B )>J@D)>
J>I>F$@A)DC J K&>)(O>H O1A ( AB. 2&( E>=>))DH E)>?$)(( PK@> ϱA < FD?J$
A )> K&>)(O$ JD)F>JF> PKD@ ςA I<GE>) I PK@DH <$$&> φ @()(C IJD@AS$)(G ↼
IDDF)D’$)($H

ςA = ↼ + ϱA ↑ ϖ/2. (4)

:&#. 1. @&/&& #$"2>A./&; /+ =.,%"’ #-+*&& %*+%2&%+/&; =)+/#"/+.

:&>)(OP AB )>MD=(H ()F$K&(&D<>)($H =(NN$&$)O(>@A)DKD IDDF)D’$)(G
dy/dx = tg ς ( PKD@ ς E>=>$H IF$%$))DC NP)JO($C JDD&=()>FB x

ς = ςA[(x ↑ xA)
m ↑ 1], xA ↔ x ↔ xB, (5)

K=$ m < 1 – E>=>))BC %>&>H$F&.
#> K&>)(O$ AB (E<$IF)B PK@B )>J@D)> J>I>F$@A)DC ε @()(C IJD@AS$)(G

ϑ = ↑ϖ/4 + ϱ ( I&$=)$$ )>%&GS$)($ ω = ↑1/2, JDFD&B$ D%&$=$@GRF @()((
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IJD@AS$)(G ( )>%&GS$)(G < DL@>IF( ABC &$’$)($H E>=>?( 5D’( I IDDF)D’$-
)(GH( :$)J( =@G ω ( ϑ. V>F$H &$’>$FIG E>=>?> :P&I> < DL@>IF( ACD I <B&DS-
=$))DC φ @()($C IJD@AS$)(G < FD?J$ A I PK@DH <$$&> ↼ ( E>=>?> IH$’>))DKD
F(%> < DL@>IF( ADO1 )> K@>=JDC K&>)(O$ JD)F>JF> O1A I D%&$=$@$)($H JD)-
F>JF)DKD =><@$)(G p = ↑ω + 1/2. :D=DK&>N IJD&DIF$C D%&$=$@G$FIG PI@D<(GH(
)$%&$&B<)DIF( )D&H>@A)DC JDH%D)$)FB IJD&DIF( )> JD)F>JF)DC K&>)(O$ O1A
( )> S$IFJD%@>IF(?$IJDC K&>)(O$ O1–B I &>E&B<DH IJD&DIF( [V ] =

↗
2. - DL-

@>IF( ADO1 &$’>$FIG E>=>?> IH$’>))DKD F(%> ( E>=>?> :P&I> I <B?(I@$)($H
IJD&DIF$C Vω, Vε %D P&><)$)(GH :$C&()K$& < DL@>IF( ADCB ( )> K&>)(O$ AB I
JD)F&D@$H %D@DS(F$@A)DIF( =(II(%>F(<)DC NP)JO((.

#>%&GS$)(G ( IJD&DIF( < %@>IF(?$IJDC DL@>IF( E><(IGF DF J&(<(E)B K&>)(-
OB O1A ( DF I()KP@G&)DC FD?J( A. #$D=)D&D=)DIFA %D@$C )>%&GS$)(C ( IJD-
&DIF$C )> N(E(?$IJDC %@DIJDIF( ( )> KD=DK&>N$ IJD&DIF$C <B&>S>$FIG JD)O$)-
F&>O($C FD?$J %$&$I$?$)(G @()(C IJD@AS$)(G %&( <B?(I@$)(GM I %DIFDG))BH
’>KDH %D PK@P !ϑ < FD?J$ A ( %D PK@P )>J@D)> J>I>F$@A)DC !ϱ )> K&>)(O$ A,
)> JDFD&DC JDD&=()>FB FD?$J <B?(I@GRFIG < E><(I(HDIF( DF PK@> ϱ, %&( b = 1

< P&><)$)(GM (1) ( (2)

U@@(%I : x = a2
tg ϱ (1 + a2

tg
2 ϱ)

→1/2, y = 1 + H ↑ s ↑ (1 + a2
tg

2 ϱ)
→1/2, (6)

ID%&GS$))>G K(%$&LD@> :

x = a2
tg ϱ (1 ↑ a2

tg
2 ϱ)

→1/2, y = H ↑ s ↑ 1 + (1 ↑ a2
tg

2 ϱ)
→1/2, (7)

%>&>LD@> : x =
tg ϱ

2a
, y = ax2

+ H ↑ s. (8)

2>&>H$F&B @()(C IJD@AS$)(G ↼ ( xB D%&$=$@GRFIG <>&A(&D<>)($H < (I-
MD=)BM =>))BM <B?(I@(F$@A)DC %&DK&>HHB %D PI@D<(GH x = 0 < FD?J$ O1 (
&><$)IF<P %@DQ>=$C I$KH$)F> I$?$)(G O(@()=&> )(S$ K&>)(OB %D@DIB ( %@>-
IF(?$IJDC DL@>IF( <B’$ K&>)(OB %D@DIB. - [5, 6] %&(<$=$) >@KD&(FH <B?(I-
@$)(C @()(C IJD@AS$)(G ( KD=DK&>N> IJD&DIF$C %&( <=><@(<>)(( J&PKD<DKD (
U@@(%F(?$IJDKD O(@()=&>.

!$EP@AF>FB ?(I@$))DKD HD=$@(&D<>)(G %&( <=><@(<>)(( K@>=JDKD J&PKD<DKD
O(@()=&> [5] %DJ>EB<>RF, ?FD %&( H>@BM PK@>M JD)F>JF> ϱA ↘ 0, ↼ ↘ ϖ/2, PKD@
ςA ( s ↘ 0, JD)F>JF)D$ =><@$)($ %&(L@(S>$FIG J E)>?$)(R 1+ϖ/2 =@G %@DIJDKD
’F>H%> 2&>)=F@G. 8KD@ <$$&> @()(C IJD@AS$)(G ↼ <B&DS=>$FIG %&( ϱA ≃ 0.8,
I&$=)$H JD)F>JF)DH =><@$)(( q = 1.938 ( K@PL()$ <=><@(<>)(G s = 0.311.

#> &(I. 2 ( 3 %DJ>E>)B @()(( IJD@AS$)(G I &>I%&$=$@$)(GH( JD)F>JF)DKD
=><@$)(G ( KD=DK&>NB IJD&DIF$C =@G ϱA = 0.5 ( s = 0.092 ( 0.035 %&( <=><@(<>-
)(( %P>)ID)D< I K(%$&LD@(?$IJDC ( %>&>LD@(?$IJDC K&>)(O>H(. 1JD@D %P>)ID)>
DL&>EP$FIG <DK)PF>G I<DLD=)>G K&>)(O> %@>IF(?$IJDC DL@>IF( AB c PK@DH )>-
J@D)> J>I>F$@A)DC ςA < FD?J$ A, ?FD %&(<D=(F J PH$)A’$)(R PK@> <$$&> @()(C
IJD@AS$)(G ↼ ( )D&H>@A)DKD =><@$)(G pA = 1 + ↼ < FD?J$ A I P<$@(?$)($H =D
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E)>?$)(G 1 + ϖ/2 < FD?J$ O1. -I@$=IF<($ J&(<(E)B K&>)(O AB ( O1A %D@$ IJD-
&DIF$C <B’$ S$IFJD%@>IF(?$IJDC K&>)(OB O1–B )$%&$&B<)D ( P=D<@$F<D&G$F
PI@D<(R %D@DS(F$@A)DIF( =(II(%>F(<)DC NP)JO(( < %@>IF(?$IJDC DL@>IF(.

>) b)

:&#. 2. @&/&& #$"2>A./&; (a) & ("*"(,+B #$","#-.’ (b) /+ =.,%"’ #-+*&& %*+%2&%+/&;
(&=.,?"2&3.#$"(" =)+/#"/+.

- F>L@. 1 ( 2 %&(<$=$)B E><(I(HDIF( PK@> ςA, PK@> <$$&> ↼ @()(C IJD@AS$-
)(G, JDD&=()>F FD?$J A ( B K&>)(OB %@>IF(?$IJDC DL@>IF(, %$&$H$Q$)(G s (
I&$=)$KD =><@$)(G q DF %&$=$@A)DKD PK@> )>J@D)> J>I>F$@A)DC ϱA J K&>)(O$
O1A %&( ↼ ↘ 0 =@G U@@(%F(?$IJDC, K(%$&LD@(?$IJDC ( %>&>LD@(?$IJDC K&>)(O
JD)F>JF>. 2&( H>@BM PK@>M ϱA @()(( IJD@AS$)(G %&(L@(S>RFIG J E>=>?$ D
)>?>@A)DH <=><@(<>)(( %@DIJDKD ’F>H%> %&( q = 1 + ϖ/2. 2&( P<$@(?$)(( ϱA

=D ϖ/4 PKD@ <$$&> ↼ %&(L@(S>$FIG J )P@R; %&( ϱA = 0.7 I&$=)$$ =><@$)($ q )>
%P>)ID)B I)(S>$FIG =D E)>?$)(G L@(EJDKD J =<PH.

-FD&>G IF>=(G. !>I?$FB @()(C IJD@AS$)(G )> %$&<DC IF>=(( %DJ>EB<>RF
I)(S$)($ I&$=)$KD =><@$)(G q I P<$@(?$)($H K@PL()B <=><@(<>)(G s ( =@()B
K&>)(OB JD)F>JF>. 2&( =DIF(S$)(( %&$=$@A)BM E)>?$)(C s1 ( q1 %@>IF(?$IJ>G
DL@>IFA DL&>EP$FIG H$S=P <$&M)(H ( )(S)(H %P>)ID)>H( %D FD@Q()$ %D@DIB
2H. 2&( s > s1 PKD@ ϱA < FD?J$ A P<$@(?(<>$FIG, ( =><@$)($ q I)(S>$FIG I
PH$)A’$)($H DF)D’$)(G yA/xA %D >)>@DK(( I E>=>?$C 2&>)=F@G D I=><@(<>)((
%D@DIB %@DIJ(H( ’F>H%>H( %&( yA/xA > 1.

#> &(I. 4 %DJ>E>)B @()(( IJD@AS$)(G ( KD=DK&>N IJD&DIF$C < %@>IF(?$IJDC
DL@>IF( )> <FD&DC IF>=(( <=><@(<>)(G %P>)ID)> I K@>=JDC O(@()=&(?$IJDC K&>-
)(O$C JD)F>JF> %&( %&$=$@A)DH E)>?$)(( PK@> )>J@D)> J>I>F$@A)DC ϱA. V>=>?>
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>) b)

:&#. 3. @&/&& #$"2>A./&; (a) & ("*"(,+B #$","#-.’ (b) /+ =.,%"’ #-+*&& %*+%2&%+/&;
=+,+?"2&3.#$"(" =)+/#"/+.

G<@G$FIG J()$H>F(?$IJ( D%&$=$@(HDC [2], < JDFD&DC &>I%&$=$@$)($ I&$=)$KD )>-
%&GS$)(G ω )> JD)F>JF)DC K&>)(O$ O1A D%&$=$@G$FIG )> %@DIJDIF( KD=DK&>N>
IJD&DIF$C (&(I. 4b) %D PI@D<(R )$%&$&B<)DIF( )D&H>@A)DC IJD&DIF( J K&>)(O$
JD)F>JF>

Vy = tg ϱ Vx ↑ 1, 0 ↔ ϱ ↔ ϱA. (9)

V>F$H <B?(I@GRFIG @()(( IJD@AS$)(G )> N(E(?$IJDC %@DIJDIF( (&(I. 4a) &$-
’$)($H E>=>?( 5D’( I (E<$IF)BH( E)>?$)(GH( ω ( ϑ = ↑ϖ/4 + ϱ )> K&>)(O$
O1A, E>=>?( :P&I> < DL@>IF( ABE c I()KP@G&)DC FD?JDC A ( IH$’>))DKD F(%>
< DL@>IF( O1BO %&( ϑ = ↑ϖ/4 )> @()(( I(HH$F&((. *&$=)$$ )>%&GS$)($ ω0 <
O$)F&$ O D%&$=$@G$FIG (E &><$)IF<> )P@R KD&(ED)F>@A)DC I(@B )> S$IFJD%@>-
IF(?$IJDC K&>)(O$ A–O.

- [2] @()(( IJD@AS$)(G )> N(E(?$IJDC %@DIJDIF( ( )> %@DIJDIF( KD=DK&>N>
IJD&DIF$C )>MD=GFIG ?(I@$))BH ()F$K&(&D<>)($H =(NN$&$)O(>@A)BM P&><)$-
)(C )> %@DIJDIF( M>&>JF$&(IF(J ε, φ. - )>IFDGQ$C &>LDF$ E>=>?> &$’>$FIG ?(I-
@$))BH ()F$K&(&D<>)($H =(NN$&$)O(>@A)BM P&><)$)(C @()(C IJD@AS$)(G ε,
φ )> %@DIJDIF( KD=DK&>N> IJD&DIF$C I IDDF)D’$)(GH( :$)J( =@G ω ( ϑ

dVy

dVx
= ↑ ctg ϑ =@G ε,

dVy

dVx
= tg ϑ =@G φ, (10)

dω ↑ dϑ = 0 <=D@A ε, dω + dϑ = 0 <=D@A φ, (11)
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5+?2&C+ 1. D*+%2&%+/&. =)+/#"/+ # E22&=-&3.#$"’ (,+/&C.’ $"/-+$-+ % =2+#-&3.#$".
="2)=,"#-,+/#-%"

ϱA ↑ςA ↼ xA xB s q
a = 1/3

0.2 0.123 1.245 0.023 0.050 0.001 2.404
0.3 0.203 1.068 0.034 0.064 0.002 2.344
0.4 0.294 0.877 0.046 0.085 0.005 2.253
0.5 0.410 0.661 0.060 0.107 0.009 2.098
0.6 0.521 0.450 0.074 0.130 0.014 2.010
0.7 0.664 0.207 0.090 0.154 0.017 1.996

a = 1

0.2 0.128 1.243 0.199 0.380 0.015 2.383
0.3 0.199 1.072 0.295 0.556 0.021 2.355
0.4 0.286 0.885 0.389 0.715 0.037 2.235
0.5 0.371 0.700 0.479 0.866 0.068 2.144
0.6 0.476 0.495 0.565 0.999 0.079 2.105
0.7 0.591 0.280 0.644 1.115 0.105 2.015

a = 3

0.2 0.116 1.255 1.559 3.011 0.071 2.455
0.3 0.179 1.092 2.041 3.835 0.124 2.345
0.4 0.230 0.941 2.356 4.372 0.173 2.298
0.5 0.273 0.798 2.561 4.725 0.214 2.282
0.6 0.322 0.649 2.697 4.905 0.241 2.230
0.7 0.357 0.514 2.790 5.044 0.268 2.207

I %DI@$=PRQ(H ?(I@$))BH ()F$K&(&D<>)($H =(NN$&$)O(>@A)BM P&><)$)(C
@()(C IJD@AS$)(G )> N(E(?$IJDC %@DIJDIF(

dy

dx
= tg ϑ =@G ε,

dy

dx
= ↑ ctg ϑ =@G φ. (12)

*(IF$H> P&><)$)(C (10), (11) E>HJ)PF> =@G %$&$H$))BM Vx, Vy, ω, ϑ )> %@DI-
JDIF( KD=DK&>N> IJD&DIF$C. 2&( &$’$)(( U@$H$)F>&)DC E>=>?( 5D’( I (E<$IF-
)BH( E)>?$)(GH( Vx, Vy, ω, ϑ < =<PM FD?J>M JD)FP&> 5D’( )> ε ( φ @()(GM
IJD@AS$)(G (E IDDF)D’$)(C (11) )>MD=(H ω ( ϑ < FD?J$ %$&$I$?$)(G @()(C
IJD@AS$)(G. V>F$H (E @()$C)DC I(IF$HB JD)$?)D-&>E)DIF)BM P&><)$)(C (10)
%&( I&$=)(M E)>?$)(GM PK@D< ϑ <=D@A ε ( φ @()(C IJD@AS$)(G )>MD=(H Vx, Vy

– JDD&=()>FB @()(C IJD@AS$)(G )> %@DIJDIF( KD=DK&>N> IJD&DIF$C.
1L@>IFA OBO1 )> %@DIJDIF( KD=DK&>N> D%&$=$@G$FIG &><$)IF<DH %DFDJD<

IJD&DIF( %&( <=><@(<>)(( %P>)ID)> ID IJD&DIFAR V = ↑1 %D DI( y ( %$&$H$-
Q$)(( S$IFJDC DL@>IF( %D@DIB %D DI( x ID IJD&DIFAR V1 = xA/yA >)>@DK(?)D
E>=>?$ D <=><@(<>)(( %@DIJDKD ’F>H%>. - O$)F&$ O <DE)(J>$F &>E&B< IJD&DIF(
<=D@A S$IFJD%@>IF(?$IJDC K&>)(OB OBA, &><)BC

↗
2, JDFD&BC DFDL&>S>$FIG



146 F.-.<O*OFU-<

5+?2&C+ 2. D*+%2&%+/&. =)+/#"/+ # (&=.,?"2&3.#$"’ & =+,+?"2&3.#$"’ (,+/&C+F&
$"/-+$-+ % =2+#-&3.#$". ="2)=,"#-,+/#-%"

ϱA ↑ςA ↼ xA xB s q
:(%$&LD@>, a = 1

0.1 0.061 1.410 0.101 0.199 0.005 2.453
0.2 0.128 1.243 0.207 0.398 0.010 2.433
0.3 0.210 1.061 0.325 0.611 0.025 2.343
0.4 0.309 0.862 0.466 0.847 0.051 2.190
0.5 0.433 0.638 0.652 1.166 0.092 2.134
0.6 0.609 0.362 0.938 1.619 0.176 1.976
0.65 0.718 0.203 1.170 1.985 0.257 1.891

2>&>LD@>, a = 1

0.1 0.062 1.409 0.050 0.098 0.001 2.462
0.2 0.124 1.243 0.101 0.195 0.005 2.439
0.3 0.208 1.069 0.155 0.789 0.011 2.322
0.4 0.297 0.874 0.211 0.387 0.021 2.235
0.5 0.399 0.672 0.273 0.491 0.035 2.164
0.6 0.536 0.435 0.372 0.596 0.054 1.976
0.7 0.691 0.180 0.421 0.713 0.080 1.926

J&PKD<DC φ @()($C IJD@AS$)(G OBA, ( )>%&GS$)($ ω D%&$=$@G$FIG <FD&BH ID-
DF)D’$)($H < (11) I FD?)DIFAR =D ω0 < O$)F&$ O. - DL@>IF( OBO1 %$&$H$))B$
Vx, Vy, ω, ϑ )>MD=(H &$’$)($H IH$’>))DC E>=>?( %D (E<$IF)BH E)>?$)(GH )>
φ @()(( IJD@AS$)(G OB ( K&>)(?)BH PI@D<(GH ϑ = ↑ϖ/4, Vx = 0 )> DI( y
?(I@$))BH ()F$K&(&D<>)($H P&><)$)(C (10), (11) %&( JD)$?)D-&>E)DIF)DC >%-
%&DJI(H>O(( %$&<DKD P&><)$)(G (10). 5DD&=()>FB FD?J( B )> J&PKD<DC φ @()((
IJD@AS$)(G OB ( PKD@ <$$&> ↼1 =D ε @()(( IJD@AS$)(G AB )>MD=(H %D PI@D<(R
Vy = ↑1 < FD?J$ O1 %&( <B?(I@$)(( @()(( IJD@AS$)(G O1B.

*JD&DIF( < DL@>IF( O1BA I I()KP@G&)DC FD?JDC A )> %@DIJDIF( KD=DK&>-
N> <B?(I@G$H %D PI@D<(R (9). 8KD@ )>J@D)> <$JFD&> IJD&DIF( ↽ DF)DI(F$@A)D
IJD&DIF( %P>)ID)> (0, ↑1) < FD?J>M KD=DK&>N> (Vx, Vy) D%&$=$@G$FIG P&><)$)($H
tg ↽ = (1+Vy)/Vx ( PI@D<($ )$%&$&B<)DIF( )D&H>@A)DC IJD&DIF( (9) )> K&>)(O$
O1A (H$$F <(= tg ϱ = tg ↽. !><$)IF<D ϱ = ϑ + ϖ/4 %&(<D=(F J P&><)$)(R =@G
PK@> ϑ )> K&>)(O$ O1A %&( 0 ↔ ϱ ↔ ϱA

tg ϑ =
tg ↽ ↑ 1

1 + tg ↽
. (13)

-B’$ K&>)(OB O1A PK@B ↽ ( ϱ P=D<@$F<D&GRF )$&><$)IF<P ϱ < ↽, (E JDFD-
&DKD I@$=P$F )$&><$)IF<D =@G &>E)DIF( @$<DC ( %&><DC ?>IF( P&><)$)(G (13)
)> ε @()(GM IJD@AS$)(G )>= K&>)(O$C O1A )> %@DIJDIF( KD=DK&>N> IJD&DIF$C
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>) b)

:&#. 4. @&/&& #$"2>A./&; (a) & ("*"(,+B #$","#-.’ (b) /+ %-","’ #-+*&& %*+%2&%+/&;
$,)("%"(" =)+/#"/+.

(&(I. 4b)

f = tg ϑ +
1 ↑ tg ↽

1 + tg ↽
< 0, (14)

%&( f = 0 )> K&>)(O$ O1A )> ε @()(GM IJD@AS$)(G, ( f > 0 )(S$ UFDC K&>)(OB.
"EH$)$)($ E)>J> NP)JO(( f (I%D@AEP$H =@G <B?(I@$)(G ω, ϑ ( PK@D< )>J@D)>
J>I>F$@A)DC ϱ )> K&>)(O$ O1A %D I@$=PRQ$HP >@KD&(FHP.

.()(( IJD@AS$)(G < DL@>IF( O1BA )>MD=(H &$’$)($H E>=>?( :P&I> %D (E-
<$IF)BH E)>?$)(GH Vx, Vy, ω, ϑ )> ε @()(( IJD@AS$)(G BO1 ( )> J&PKD<DC φ
@()(( IJD@AS$)(G BA. #> @()(GM IJD@AS$)(G )>MD=(H FD?J( i ( i + 1, H$S=P
JDFD&BH( %&D(E<$=$)($ NP)JO(C fifi+1 H$)G$F E)>J, ( %&( f = 0 )> K&>)(O$
O1A @()$C)DC ()F$&%D@GO($C )>MD=(H Vx, Vy, ω, ϑ ( PKD@ ϱ = ϑ + ϖ/4. 8KD@ <$-
$&> ↼2 =D ε @()(( IJD@AS$)(G AA )> %@DIJDIF( KD=DK&>N> )>MD=(H %D PI@D<(R
ϱ = ϱA %&( 0 ↔ ϱ ↔ ϱA )> K&>)(O$ O1A.
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V>F$H )> K&>)(O$ O1A )>MD=(H ϑ = ϱ ↑ ϖ/4, JDD&=()>FB x, y, ( <B?(I@G$H
@()(( IJD@AS$)(G )> %@DIJDIF( x, y &$’$)($H E>=>?( 5D’( < DL@>IF( O1AE,
IH$’>))DKD F(%> < DL@>IF( O1ED, :P&I> < DL@>IF( ABCDE I PK@DH <$$&> φ
@()(C IJD@AS$)(G ↼ = ↼2 ↑ ↼1 < FD?J$ A, ( E>=>?( IH$’>))DKD F(%> < DL@>IF(
DCO.

2DK&$’)DIFA <B?(I@$)(G @()(C IJD@AS$)(G %&( E>=>))BM E)>?$)(GM H (
PK@> JD)F>JF> ϱA IDIF><@G@> |y| ⇐ 10

→3. 2DI@$ <B?(I@$)(G @()(C IJD@AS$)(G
D%&$=$@G$FIG S$IFJD%@>IF(?$IJ>G K&>)(O> O–A. 8I@D<($ &><)D<$I(G S$IFJ(M
JD)OD< %D@DIB %D DI( x ( IDDF)D’$)(G =@G )D&H>@A)DKD ( J>I>F$@A)DKD )>-
%&GS$)(C ω = ω0 ↑ (ϖ/4 + ϑ), ⇀ = 1/2 )> S$IFJD%@>IF(?$IJDC K&>)(O$ O–A
%&(<D=GF J P&><)$)(R =@G I&$=)$KD )>%&GS$)(G < O$)F&$ O

ω0 =
ϖ

4
+

)︄ yA
0 ϑ dy + xA/2

yA
, (15)

%&( )>%&GS$)(( ω1 = ω0+1/2 > 0 %D DI( x < DJ&$IF)DIF( O$)F&> O, %$&$MD=GQ($
< )>%&GS$)(G IS>F(G %&( %&(L@(S$)(( J JD)F>JF)DC K&>)(O$ O1A.

#> &(I. 5, 6, 7 %DJ>E>)B @()(( IJD@AS$)(G ( KD=DK&>NB IJD&DIF$C )> <FD&DC
IF>=(( <=><@(<>)(G %P>)ID)D< I K@>=JDC JD)F>JF)DC K&>)(O$C %&( ϱA = 0.5:
I %>&>H$F&>H( a = 3 =@G U@@(%I> ( a = 1 =@G K(%$&LD@B ( %>&>LD@B =@G
DF)D’$)(C yA/xA = 2.69, 6.08 ( 5.27, IDDF<$FIF<$))D. - F>L@. 3 %&(<$=$)B E>-
<(I(HDIF( JD)F>JF)DKD =><@$)(G p DF PK@> )>J@D)> J>I>F$@A)DC ϱ J K&>)(O>H
JD)F>JF> O1A. V)>?$)(G I&$=)$KD =><@$)(G q = 1.375, 2.125 ( 1.980 )> UF(M
K&>)(O>M L@(EJ( J =><@$)(GH )> %$&<DC IF>=(( <=><@(<>)(G %&( ϱA = 0.5.
1F)D’$)(G yA/xA D%&$=$@GRF %&$=$@A)BC PKD@ <$$&> ↼ @()(C IJD@AS$)(G <
FD?J$ A ( %D@PFD@Q()P %D@DIB H %&( %$&$MD=$ DF %$&<DC IF>=(( <=><@(<>)(G
JD <FD&DC. 2&( %DIFDG))DH E)>?$)(( ϱA ( P<$@(?$)(( K@PL()B <=><@(<>)(G
E)>?$)(G yA/xA, q ( ↼ PH$)A’>RFIG. #(S)(C %&$=$@ =@G @()(C IJD@AS$)(G
<FD&DC IF>=((, DF)D’$)($ yA/xA ( %$&$H$Q$)($ %P>)ID)> s2 D%&$=$@GRFIG %&(
I)(S$)(( PK@> <$$&> ↼ < FD?J$ =D )P@G.

5+?2&C+ 3. G+%2./&. p /+ $"/-+$-/"’ (,+/&C. O1A =,& ωA = 0.5 *2; 2&/&’ #$"2>A.-
/&; /+ ,&#. 5a, 6a, 7a

&(I. 5a &(I. 6a &(I. 7a
ϱ p ϱ p ϱ p

0.000 1.392 0.000 2.162 0.000 2.013
0.075 1.389 0.076 2.159 0.076 2.010
0.154 1.382 0.155 2.152 0.155 2.003
0.237 1.372 0.240 2.140 0.240 1.991
0.325 1.356 0.332 2.121 0.331 1.972
0.417 1.336 0.429 2.096 0.427 1.948
0.500 1.317 0.500 2.075 0.500 1.927
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>) b)

:&#. 5. @&/&& #$"2>A./&; (a) & ("*"(,+B #$","#-.’ (b) /+ %-","’ #-+*&& %*+%2&%+/&;
E22&=-&3.#$"(" =)+/#"/+.

- F>L@. 4 ( 5 %&(<$=$)B E><(I(HDIF( =><@$)(G q %&( ϱA = 0.7 )> <FD&DC
IF>=(( <=><@(<>)(G DF JDD&=()>FB yA ( DF)D’$)(G yA/xA =@G U@@(%F(?$IJDC,
K(%$&LD@(?$IJDC ( %>&>LD@(?$IJDC K&>)(OB JD)F>JF> O1A. +><@$)(G q =@G PK@>
ϱA = 0.7 %&( H>JI(H>@A)BM E)>?$)(GM yA/xA <B’$ E)>?$)(C q %&( <=><@(<>)((
%P>)ID)D< )> %$&<DC IF>=((. 9()(H>@A)B$ E)>?$)(G q <B?(I@$)B =@G H>@BM
PK@D< <$$&> ↼ @()(C IJD@AS$)(G %&( %&(L@(S$)(( DF)D’$)(G yA/xA J =<PH.

3&$FAG IF>=(G. 2&( DF)D’$)(GM yA/xA ↔ 1 P<$@(?(<>$FIG IJD&DIFA %$&$-
H$Q$)(G S$IFJ(M JD)OD< %D@DIB, ( %&( <B%D@)$)(( )$&><$)IF<> tg ϱA > ds/dx
%&D(IMD=(F PH$)A’$)($ =@()B K&>)(OB JD)F>JF> ( PK@> )>J@D)> J>I>F$@A)DC
ϱA < FD?J$ A =D JD)F>JF> <$&M)$KD ( )(S)$KD %P>)ID)D< < O$)F&$ %D@DIB %&(
s = H. 2@>IF(?$IJ>G DL@>IFA PH$)A’>$FIG I PH$)A’$)($H PK@> ϱA ( K&>)(OB
JD)F>JF> ( HD=$@(&P$FIG @()(GH( IJD@AS$)(G I )$%&$&B<)BH %D@$H IJD&DIF$C.
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>) b)

:&#. 6. @&/&& #$"2>A./&; (a) & ("*"(,+B #$","#-.’ (b) /+ %-","’ #-+*&& %*+%2&%+/&;
(&=.,?"2&3.#$"(" =)+/#"/+.

#> &(I. 8 %DJ>E>)B @()(( IJD@AS$)(G ( KD=DK&>N IJD&DIF$C )> F&$FA$C IF>-
=(( %&( <=><@(<>)(( J&PKD<DKD %P>)ID)> I %>&>H$F&>H( ϱA = 0.5 ( yA/xA =

0.777. - DL@>IF( O1BO (H$$F H$IFD D=)D&D=)D$ )>%&GS$))D$ IDIFDG)($ ω0 =

const, ϑ = ↑ϖ/4 ( @()$C)D$ &>I%&$=$@$)($ IJD&DIF$C

Vx =
x

xB
, 0 ↔ x ↔ xB, Vy = ↑ y

yO1

, xB = yO1 . (16)

- DL@>IF( O1AB @()(( IJD@AS$)(G ε %&GHB$ I %DIFDG))BH( E)>?$)(GH(
ϑ = ↑ϖ/4 + ϱ ( ω = ω0 ↑ ϱ, D%&$=$@G$HBH( %D IDDF)D’$)(GH (11). #D&H>@A)D$
=><@$)($ )> K&>)(O$ JD)F>JF> O1A D%&$=$@G$FIG @()$C)DC E><(I(HDIFAR DF
PK@> ϱ

p =
1

2
+ ϱ ↑ ω0, 0 ↔ ϱ ↔ ϱA. (17)
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>) b)

:&#. 7. @&/&& #$"2>A./&; (a) & ("*"(,+B #$","#-.’ (b) /+ %-","’ #-+*&& %*+%2&%+/&;
=+,+?"2&3.#$"(" =)+/#"/+.

5+?2&C+ 4. G+%2./&. q /+ E22&=-&3.#$"’ (,+/&C. $"/-+$-+ ωA = 0.7. D-",+; #-+*&;

a = 1/3, xA = 0.09 a = 1, xA = 0.644 a = 3, xA = 2.79

yA yA/xA q yA yA/xA q yA yA/xA q
0.192 2.130 1.179 1.372 2.130 1.181 5.925 2.124 1.195
0.217 2.408 1.255 1.551 2.408 1.256 6.668 2.391 1.272
0.251 2.786 1.325 1.742 2.704 1.343 7.495 2.687 1.358
0.279 3.096 1.457 2.011 3.122 1.456 8.644 3.099 1.472
0.325 3.608 1.575 2.316 3.595 1.579 9.960 3.571 1.594
0.428 4.757 1.842 2.667 4.140 1.709 11.47 4.112 1.724
0.483 5.356 1.954 3.439 5.338 1.959 13.21 4.735 1.861
0.556 6.172 2.101 3.963 6.152 2.106 14.79 5.302 1.975
0.641 7.118 2.253 17.04 6.109 2.123

19.65 7.046 2.277
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5+?2&C+ 5. G+%2./&. q /+ (&=.,?"2&3.#$"’ & =+,+?"2&3.#$"’ (,+/&C+1 $"/-+$-+, a =
1. D-",+; #-+*&;

K(%$&LD@>, ϱA = 0.65,
xA = 1.066

%>&>LD@>, ϱA = 0.7,
xA = 2.375

yA yA/xA q yA yA/xA q
1.924 2.051 1.164 0.878 2.085 1.153
2.216 2.362 1.257 1.013 2.404 1.248
2.545 2.713 1.360 1.164 2.715 1.352
3.345 3.566 1.586 1.319 3.132 1.452
4.271 4.553 1.807 1.520 3.608 1.574
5.071 5.260 1.945 1.750 4.157 1.704
5.606 5.977 2.082 2.003 4.757 1.842
6.429 6.854 2.227 2.257 5.359 1.953
7.380 7.868 2.376 2.601 6.176 2.100

3.000 7.123 2.252

>) b)

:&#. 8. @&/&& #$"2>A./&; (a) & ("*"(,+B #$","#-.’ (b) /+ -,.->.’ #-+*&& %*+%2&%+/&;
$,)("%"(" =)+/#"/+.

- DL@>IF( ABC @()(( IJD@AS$)(G J&(<D@()$C)B ( D%&$=$@GRFIG &$’$)($H
IH$’>))DC E>=>?( =@G P&><)$)(C (11), (12) I (E<$IF)BH( E)>?$)(GH( ϑ ( ω
)> φ @()(( IJD@AS$)(G AB ( K&>)(?)BH PI@D<($H ϑ = ↑ϖ/4, y = 0 )> BC.
W$IFJD%@>IF(?$IJ>G K&>)(O> AC G<@G$FIG @()($C %DIFDG))BM E)>?$)(C K@><-
)BM )>%&GS$)(C ω1 = 0, ω2 = ↑1, ω = ↑1/2 %&( JD)F>JF)DH =><@$)(( p = 1

< FD?J$ A ( FDS=$IF<$))DH P=D<@$F<D&$)(( PI@D<(G &><$)IF<> )P@R I(@B %D
DI( x. #>%&GS$)($ ω0 < DL@>IF( O1BO ( )D&H>@A)D$ =><@$)($ p1 < FD?J$ O1
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)>MD=(H (E (17) %&( ϱ = ϱA ( p = 1 < FD?J$ A

ω0 = ϱA ↑ 1

2
, p1 = 1 ↑ ϱA. (18)

1L@>IFA O1BO )> KD=DK&>N$ IJD&DIF$C DK&>)(?$)> %&GHDC ε @()($C IJD@A-
S$)(G O1B I PK@DH ϑ = ϖ/4. *JD&DIF( < DL@>IF( O1BA D%&$=$@GRFIG &$’$)($H
IH$’>))DC E>=>?( =@G P&><)$)(C (10), (11) %&( (E<$IF)BM E)>?$)(GM Vx, Vy, ω,
ϑ )> @()(( IJD@AS$)(G O1B ( PI@D<(GM (9) ( ϑ = ↑ϖ/4 + ϱ )> K&>)(O$ O1A.
*JD&DIF( Vx, Vy < FD?J>M K&>)(OB O1A )>MD=(H (I%D@AEPG JD)$?)D-&>E)DIF)PR
>%%&DJI(H>O(R P&><)$)(C (10) ( (11) =@G @()(C IJD@AS$)(G φ ( P&><)$)($
(9), )>?()>G DF FD?J( )> ε @()(( IJD@AS$)(G O1B, L@(S>C’$C J FD?J$ O1,
I %DI@$=PRQ(H( <B?(I@$)(GH( IJD&DIF$C < &$KP@G&)BM FD?J>M I$FJ( @()(C
IJD@AS$)(G %&( JD)$?)D-&>E)DIF)DC >%%&DJI(H>O(( P&><)$)(C (10), (11). *JD-
&DIF( < DL@>IF( ABC )>MD=(H &$’$)($H IH$’>))DC E>=>?( =@G P&><)$)(C (10),
(11) %D (E<$IF)BH E)>?$)(GH Vx, Vy, ω, ϑ )> φ @()(( IJD@AS$)(G BA ( PI@D<(GH
Vy = 0, ϑ = ↑ϖ/4 )> BC I (I%D@AED<>)($H JD)$?)D-&>E)DIF)DC >%%&DJI(H>O((
P&><)$)(C (10) ( (11) =@G @()(C IJD@AS$)(G ε. - %&(<$=$))DH %&(H$&$ I&$=)$$
DFJ@D)$)($ &>I?$F)DC IJD&DIF( Vx )> K&>)(O$ AC DF E)>?$)(G xA/yA = 1.287

%D PI@D<(R %@>IF(?$IJDC )$IS(H>$HDIF( &><)D 0.014.
"E KD=DK&>N> IJD&DIF$C I@$=PRF DF&(O>F$@A)B$ E)>?$)(G IJD&DIF( =$ND&-

H>O(( ⇁2 )> K&>)(O$ AC ( %D@DS(F$@A)B$ E)>?$)(G IJD&DIF( =$ND&H>O(( ⇁1 )>
K&>)(O$ JD)F>JF> O1A ( )> @()(GM I(HH$F&(( x, y ( %D@DS(F$@A)B$ E)>?$)(G
=(II(%>F(<)DC NP)JO(( < %@>IF(?$IJDC DL@>IF(. 2&( ϱA = 1/2 < %@>IF(?$IJDC
DL@>IF( < O$)F&$ %D@DIB, DK&>)(?$))DC ε @()($C IJD@AS$)(G ( @()(GH( I(H-
H$F&(( x = 0, y = 0, (H$$F H$IFD %@>IF(?$IJ(C I=<(K I )>%&GS$)(GH( ω1 = 1/2,
ω2 = ↑1/2. 2&( ϱA = 1 =><@$)($ p1 < FD?J$ O1 JD)F>JF)DC K&>)(OB &><)D )P-
@R. 2&( ϱA > 1 < O$)F&$ %D@DIB DL&>EP$FIG I<DLD=)>G K&>)(O> %@>IF(?$IJDC
DL@>IF( I &>IFGS$)($H %D DI( x %&( ω1 = 1 ( ω2 = 0.

- F>L@. 6 ( 7 %&(<$=$)B E><(I(HDIF( I&$=)$KD =><@$)(G q ( JDD&=()>F xA,
yA FD?J( A DF PK@> JD)F>JF> 0.1 ↔ ϱA ↔ 0.7 %&( DF)D’$)(GM yA/xA < 1 )> F&$-
FA$C IF>=(( <=><@(<>)(G I U@@(%F(?$IJDC, K(%$&LD@(?$IJDC ( %>&>LD@(?$IJDC
K&>)(O>H(. * PH$)A’$)($H PK@> JD)F>JF> ϱA =><@$)($ q P<$@(?(<>$FIG, %&(-
L@(S>GIA J $=()(O$ %&( DF)D’$)(( yA/xA ↘ 1/2. 2&( U@@(%F(?$IJDC K&>)(O$ I
P<$@(?$)($H %>&>H$F&> a J&(<(E)> K&>)(OB JD)F>JF> PH$)A’>$FIG ( %&(<D=(F
J I)(S$)(R =><@$)(G q.

*(@> <=><@(<>)(G ( ND&H> J>)>@>. V><(I(HDIFA I(@B <=><@(<>)(G Q =

2q(s)xA DF %$&$H$Q$)(G s DF)DI(F$@A)D )>?>@A)DC K&>)(OB %D@DIB %&( yA =

H ↑ s D%&$=$@G$FIG ND&HDC JD)F>JF)DC K&>)(OB ( PK@DH ϱA %D P&><)$)(GH
(6) – (8). V)>?$)(G q(s) )> %$&<DC ( <FD&DC IF>=(GM <=><@(<>)(G %&(<$=$)B <
F>L@. 4 ( 5. 2D@PFD@Q()> %D@DIB D%&$=$@G$FIG &><$)IF<DH H = yA + s1, K=$ s1
– K@PL()> <=><@(<>)(G )> %$&<DC IF>=(( %&( E>=>))DH PK@$ ϱA, %&(<$=$))>G
< [6] ( < F>L@. 1 ( 2. V)>?$)($ yA %&( %$&$MD=$ DF %$&<DC IF>=(( <=><@(<>)(G
JD <FD&DC )>MD=(H %D F>L@. 4 ( 5 %&( q = q1 ( s = s1. 2$&$MD= DF <FD&DC IF>=((
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5+?2&C+ 6. 8"",*&/+-0 xA, yA & *+%2./&. q =,& #/&A./&& )(2+ ωA /+ E22&=-&3.#$"’
(,+/&C. $"/-+$-+. 5,.->; #-+*&;

a = 1/3 a = 1 a = 3

ϱA xA yA q xA yA q xA yA q
0.7 0.090 0.087 0.675 0.644 0.586 0.635 2.790 2.084 0.515
0.6 0.074 0.065 0.716 0.565 0.475 0.691 2.697 1.956 0.600
0.5 0.060 0.047 0.759 0.483 0.373 0.745 2.561 1.793 0.681
0.4 0.046 0.034 0.805 0.390 0.279 0.797 2.356 1.582 0.758
0.3 0.034 0.023 0.852 0.296 0.195 0.849 2.041 1.300 0.829
0.2 0.022 0.014 0.901 0.199 0.120 0.900 1.559 0.930 0.893
0.1 0.011 0.006 0.950 0.100 0.055 0.950 0.865 0.476 0.949

5+?2&C+ 7. 8"",*&/+-0 xA, yA & *+%2./&. q =,& #/&A./&& )(2+ ωA /+ (&=.,?"2&3.#$"’
& =+,+?"2&3.#$"’ (,+/&C+1 $"/-+$-+, a = 1. 5,.->; #-+*&;

K(%$&LD@> %>&>LD@>
ϱA xA yA q xA yA q
0.7 – – – 0.421 0.411 0.682
0.65 1.170 1.170 0.763 0.380 0.352 0.700
0.6 0.938 0.833 0.765 0.342 0.301 0.719
0.5 0.652 0.538 0.783 0.273 0.218 0.761
0.4 0.466 0.344 0.815 0.211 0.153 0.805
0.3 0.325 0.217 0.856 0.155 0.102 0.852
0.2 0.207 0.125 0.902 0.101 0.061 0.901
0.1 0.101 0.057 0.950 0.050 0.028 0.950

<=><@(<>)(G J F&$FA$C D%&$=$@G$FIG )$&><$)IF<>H( yA/xA < 1 %&( s > s2 (
ϱA < ϱ↑

A, K=$ ϱ↑
A – %DIFDG))D$ E)>?$)($ PK@> JD)F>JF> ϱA )> <FD&DC IF>=(( %&(

<=><@(<>)(( < FD@IFPR %D@DIP, ( E)>?$)(GH( q(s) %&(<$=$))BH( < F>L@. 6 ( 7.
#> %$&<DC IF>=(( <=><@(<>)(G %&( s ↔ s1 S$IFJ>G DL@>IFA %D@DIB )$%D=<(S-

)> ( ND&H> %@>IF(?$IJDKD DF%$?>FJ> D%&$=$@G$FIG %D P&><)$)(GH (6) – (8) %&(
<=><@(<>)(( < %@>IF(?$IJD$ %D@P%&DIF&>)IF<D I <B=><@(<>)($H H>F$&(>@> )>
%D<$&M)DIFA %D@DIB.

#> <FD&DC ( F&$FA$C IF>=(GM ND&H> =)> %D%$&$?)DKD J>)>@> D%&$=$@G$FIG %D
P&><)$)(GH (6) – (8) < E><(I(HDIF( DF PK@> 0 ↔ ϱ ↔ ϱA )>J@D)> J>I>F$@A)DC
J JD)F>JF)DC K&>)(O$. XD&H> I<DLD=)DC K&>)(OB J>)>@> I%&><> DF K&>)(OB
JD)F>JF> %&( x > xA ( y > yA D%&$=$@G$FIG < E><(I(HDIF( DF IJD&DIF( %P>)ID)>
V = 1 ( %$&$H$Q$)(G S$IFJDC DL@>IF( %D@DIB %D DI( x ID IJD&DIFAR

dx

ds
=

xA

H ↑ s
, s1 ↔ s ↔ H ↑ yA. (19)
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#> <FD&DC IF>=(( PKD@ JD)F>JF> ϱ↑
A (H$$F %DIFDG))D$ E)>?$)($, JDD&=()>F>

xA FD?J( A )$ E><(I(F DF s, ( P&><)$)($ I<DLD=)DC K&>)(OB J>)>@> %&( x > xA

)>MD=(H ()F$K&(&D<>)($H P&><)$)(G (19)

x = xA

[︄
1 + ln

]︄
H ↑ s1
H ↑ s

⌊︄⌋︄
, y = H ↑ s. (20)

2&( ϱA < ϱ↑
A )> F&$FA$C IF>=(( JDD&=()>F> xA < P&><)$)(( (19), D%&$=$-

@G$H>G %D P&><)$)(GH (6) – (8) G<@G$FIG )$G<)DC NP)JO($C s, ( P<$@(?$)($
%$&$H$Q$)(G S$IFJ(M JD)OD< %D@DIB %D DI( x )>MD=(H ?(I@$))BH ()F$K&(&D-
<>)($H P&><)$)(G (19).

#> &(I. 9 %DJ>E>)> E><(I(HDIFA I(@B Q(s) ( ND&HB J>)>@> %&( <=><@(<>)((
%P>)ID)> I %>&>LD@(?$IJDC K&>)(O$C JD)F>JF> < %D@DIP I %D@PFD@Q()DC H =

2.017 %&( ϱ↑
A = 0.7 ( xA = 0.421. 2&( %$&$MD=$ DF %$&<DC IF>=(( %&( s1 = 0.08

I(@> Q %&()(H>$F H>JI(H>@A)D$ E)>?$)($ 1.622. 2&( %$&$MD=$ J F&$FA$C IF>=((
%&( s = 1.85 I(@> Q I)(S>$FIG =D 0.574. !>I?$FB <B%D@)$)B I ’>KDH !s = 0.03

)> <FD&DC ( F&$FA$C IF>=(GM =D JD)$?)DKD E)>?$)(G s = 2 %&( I)(S$)(( PK@>
JD)F>JF> ϱA =D E)>?$)(G 0.282 < JD)O$ F&$FA$C IF>=((.

#> &(I. 10 %DJ>E>)> E><(I(HDIFA Q(s) ( ND&HB J>)>@> %&( <=><@(<>)(( %@DI-
JDKD K@>=JDKD %P>)ID)> I %D@P’(&()DC a = 0.421 < %D@DIP I %D@PFD@Q()DC
H = 2.017, =@G I&><)$)(G I <=><@(<>)($H %>&>LD@(?$IJDKD %P>)ID)> )> &(I. 9.
V><(I(HDIFA =><@$)(G q DF DF)D’$)(G yA/a %&( yA = H↑s =@G %@DIJDKD %P>)ID-
)> %&(<$=$)> < F>L@. 8 ( q = 1 %&( yA/a < 1. - UFDH I@P?>$ I=><@(<>)($ %D@DIB
)>?()>$FIG %&( s ↓ 0 L$E DL&>ED<>)(G )>%@B<> H>F$&(>@> )> K&>)(O$ %D@DIB
%&( %DIFDG))DC =@()$ JD)F>JF)DC K&>)(OB I ND&HDC J>)>@>, D%&$=$@G$HDC %D
P&><)$)(GH (20) %&( s1 = 0, xA = a, s < H, x > a. "E F>L@. 8 )>MD=(H q = 1.926

%&( s = 0, H/a = 4.791 ( Q = 1.622 &><)D H>JI(H>@A)DC I(@$ <=><@(<>)(G
%>&>LD@(?$IJDKD %P>)ID)> )> &(I. 9a %&( %$&$MD=$ DF %$&<DC IF>=(( JD <FD&DC.
V><(I(HDIF( Q(s) =@G %@DIJDKD ( %>&>LD@(?$IJDKD %P>)ID)D< %&>JF(?$IJ( ID<-
%>=>RF =D K@PL()B <=><@(<>)(G s = 1.5, %&( q = 1 ( Q = 0.845 ( yA/a = 1 =@G
%>&>LD@(?$IJDKD %P>)ID)>, ( yA/xA = 1.708 =@G %@DIJDKD %P>)ID)>.

5+?2&C+ 8. G+%2./&. q /+ (2+*$&’ =2"#$&’ =)+/#"/ =" <,+/*-2H. ωA = 0, a = xA =
0.421. D-",+; #-+*&;

yA/a q yA/xA q yA/xA q
1.000 1.000 2.440 1.342 5.431 2.056
1.221 1.019 2.867 1.463 6.382 2.227
1.469 1.069 3.363 1.596 7.510 2.405
1.750 1.143 3.944 1.740 8.152 2.496
2.071 1.234 4.627 1.893 8.700 2.571

2&( <=><@(<>)(( K@>=JDKD %@DIJDKD %P>)ID)> %&( s > 1.5 ( yA/a < 1 E)>?$)(G
q ( Q DIF>RFIG %DIFDG))BH(. 2&( <=><@(<>)(( %>&>LD@(?$IJDKD %P>)ID)> =D
s = 1.805 %&( %$&$MD=$ J F&$FA$C IF>=(( E)>?$)(G q ( Q I)(S>RFIG =D 0.694
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>) b)

:&#. 9. I+%&#&F"#-> Q(s) & B",F0 $+/+2+ =,& %*+%2&%+/&& =+,+?"2&3.#$"(" =)+/#"-
/+. 1 – =.,.1"* $" %-","’ #-+*&& =,& s = 0.08; 2–6 – B",F0 $+/+2+ /+ %-","’ #-+*&&
=,& s = 0.89, 1.19, 1.43, 1.67, 1.85; 7 – B",F+ $+/+2+ /+ -,.->.’ #-+*&& =,& s = 2.

>) b)

:&#. 10. I+%&#&F"#-> #&20 Q(s) & B",F0 $+/+2+ =,& %*+%2&%+/&& =2"#$"(" =)+/#"/+.

( 0.585 IDDF<$FIF<$))D ( )$E)>?(F$@A)D (EH$)GRFIG %&( P<$@(?$)(( s =D 1.88
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%&( %DIFDG))BM E)>?$)(GM ϱA ( xA. 2&( s > 1.88 %&D(IMD=(F PH$)A’$)($ PK@>
JD)F>JF> ϱA =D 0.282 %&( s = 2, I)(S$)($ =@()B K&>)(OB JD)F>JF> ( I(@B Q
=D 0.450 %&( %D<B’$)(( =><@$)(G q =D 0.796.

XD&H> I<DLD=)DC K&>)(OB J>)>@> %&( x > xA D=()>JD<> %&( <=><@(<>)((
%@DIJDKD ( %>&>LD@(?$IJDKD %P>)ID)D< I %DIFDG))BH E)>?$)($H xA. #> F&$-
FA$C IF>=(( <=><@(<>)(G %@DIJDKD %P>)ID)> %&( s > 1.88 IJD&DIFA %$&$H$Q$-
)(G S$IFJ(M JD)OD< %D@DIB P<$@(?(<>$FIG %&( I=><@(<>)(( FD)JDKD I@DG, ?FD
%&(<D=(F J LBIF&DHP &>I’(&$)(R J>)>@> %D I&><)$)(R I <=><@(<>)($H %>&>-
LD@(?$IJDKD %P>)ID)>.

V>J@R?$)($. 2&(<$=$)D ?(I@$))D$ HD=$@(&D<>)($ %D%$&$?)DKD <=><@(<>-
)(G K@>=J(M %P>)ID)D< I U@@(%F(?$IJDC, K(%$&LD@(?$IJDC ( %>&>LD@(?$IJDC
O(@()=&(?$IJ(H( JD)F>JF)BH( K&>)(O>H( < FD@IFPR %D@DIP )> DI)D<$ P&><-
)$)(C F$D&(( (=$>@A)DC %@>IF(?)DIF( %&( %@DIJDC =$ND&H>O((. -I@$=IF<($
<B%PJ@DIF( O(@()=&(?$IJDC JD)F>JF)DC K&>)(OB <=><@(<>)($ %P>)ID)D< )>?(-
)>$FIG I @()$C)DKD JD)F>JF> I %D@DIDC %&( P<$@(?$)(( %@>IF(?$IJDC DL@>IF(
I DL&>ED<>)($H )>%@B<> H>F$&(>@> )> %D<$&M)DIF( %D@DIB %D HD=$@( <=><-
@(<>)(G < %@>IF(?$IJD$ %D@P%&DIF&>)IF<D. 2@>IF(?$IJ>G DL@>IFA DK&>)(?$)>
JD)$?)DC =@()DC JD)F>JF)DC K&>)(OB < )D&H>@A)DH I$?$)(( %P>)ID)D< %&( <B-
&DS=$)(( <$$&> @()(C IJD@AS$)(G < I()KP@G&)DC FD?J$ ( I)(S$)(( JD)F>JF)D-
KD =><@$)(G. #> <FD&DC IF>=(( <=><@(<>)(G < FD@IFPR %D@DIP =@()> JD)F>JF-
)DC K&>)(OB I %@>IF(?$IJDC DL@>IFAR %D FD@Q()$ %D@DIB H$S=P <$&M)(H (
)(S)(H %P>)ID)>H( DIF>$FIG %DIFDG))DC . .()(( IJD@AS$)(G <B?(I@GRFIG )>
%@DIJDIF( KD=DK&>N> IJD&DIF$C I J()$H>F(?$IJ(H( K&>)(?)BH( PI@D<(GH( )>
JD)F>JF)DC K&>)(O$ I D%&$=$@$)($H JD)F>JF)DKD =><@$)(G, @()(C IJD@AS$)(G
)> N(E(?$IJDC %@DIJDIF( ( J&(<D@()$C)DC K&>)(OB J>)>@> %&( &>E=<(S$)((
I<DLD=)BM S$IFJ(M JD)OD< %D@DIB. 3D@Q()> %D@DIB D%&$=$@G$FIG &><$)IF<DH
I&$=)$KD =><@$)(G %&( %$&$MD=$ DF %$&<DC IF>=(( <=><@(<>)(G JD <FD&DC. -FD-
&>G IF>=(G DK&>)(?$)> <B&DS=$)($H <$$&> @()(C IJD@AS$)(G I %&(L@(S$)($H
I&$=)$KD =><@$)(G J $=()(O$ %&( DF)D’$)(( %&D$JO(( JD)F>JF)DC K&>)(OB J
FD@Q()$ %@>IF(?$IJDC DL@>IF( L@(EJDKD J =<PH. 2&( I)(S$)(( PJ>E>))DKD DF-
)D’$)(G H$)A’$ $=()(OB )> F&$FA$C IF>=(( <=><@(<>)(G %@>IF(?$IJ>G DL@>IFA
HD=$@(&P$FIG @()(GH( IJD@AS$)(G I )$%&$&B<)BH %D@$H IJD&DIF$C ( I)(S$-
)(( =@()B JD)F>JF)DC K&>)(OB %&( IL@(S$)(( <$&M)$KD ( )(S)$KD %P>)ID)D<.
2&( H>@DC J&(<(E)$ ( LD@A’DC =@()$ JD)F>JF)DC K&>)(OB @()(( IJD@AS$)(G
( KD=DK&>NB IJD&DIF$C %&(L@(S>RFIG J E>=>?$ 2&>)=F@G D <=><@(<>)(( %@DI-
J(M %P>)ID)D< < FD@IFPR %D@DIP %&( =><@$)(( )(S$ 1 + ϖ/2 )> <FD&DC IF>=((
&><)DH $=()(O$ )> F&$FA$C IF>=(( %&( %DIFDG))DC =@()$ JD)F>JF)DC K&>)(OB
( I(@B <=><@(<>)(G I LBIF&BH P<$@(?$)($H ’(&()B J>)>@> %&( I=><@(<>)((
FD)JDKD %@>IF(?$IJDKD I@DG .
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=,& =,"%.*./&& &##2.*"%+/&;.
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