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Abstract. This paper is devoted to a canonical diagonal energy form for a hemitropic micropolar
elastic solid. The strain energy is given by a quadratic form dependent on the asymmetric strain
tensor and wryness tensor. The A-representation of the strain energy of a hemitropic micropolar
elastic medium, characterized by nine isentropic mechanical moduli, is most convenient for the
aims of this study. The quadratic form of the strain energy is diagonalized by using the method
of two-dimensional Jacobi rotations. Undepend two-dimensional rotations can be combined into a
single multidimensional rotation by their composition. Five diTerent rotations were found to be
suUcient for diagonalizing the matrix of the quadratic form. Application of the Jacobi method
yields a diagonal matrix similar to the matrix of the quadratic energy form. The eigenvalues
are located on the main diagonal. The composition of mentioned five rotations, which constitute a
similarity transformation, determines the transition to new canonical variables. The canonical form
of the strain energy allows for the explicit and simple formulation of equilibrium stability criteria
for a hemitropic micropolar elastic body. Unilateral constraints are obtained on the constitutive
constants, assuring the positive definiteness of the quadratic form and the equilibrium stability
of a hemitropic micropolar elastic body. The equivalence of the systems of inequalities previously
obtained by the Lagrange method and the Jacobi method is demonstrated.
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"0/./*)/. CFGH0)I $FJHKL)0HFJ) %&0*H0/F)I ./MH%N)%$/NHOH J/G& PHQ0H-
GIRJ OH0H%)JS H P%/./G&T P%)N/*)NHFJ) JHK )G) )*HK N&J/N&J)L/F(HK NH./G)
$P%$OHOH J/G&. ,&)UHG// P%HFJH H*) PHG$L&RJFI .GI G)*/K*VT $P%$O)T J/G.
" WJHN FG$L&/ .HFJ&JHL*H HP%/./G)JS $FGH0)I PHGHX)J/GS*HK HP%/./G/**HFJ)
(0&.%&J)L*HK MH%NV W*/%O)) ./MH%N&Y)). 1GI (&*H*)L/F()T (.)&OH*&GS*VT)
MH%N J&()/ $FGH0)I FHHJ0/JFJ0$RJ PHGHX)J/GS*HFJ) )T (HWMM)Y)/*JH0. " J/H-
%)) (0&.%&J)L*VT MH%N )Q0/FJ*H */F(HGS(H FPHFHUH0 .)&OH*&G)Q&Y)): N/JH.
HJ./G/*)I (0&.%&JH0 6&O%&*X& [1Z3], N/JH. PHFG/.H0&J/GS*VT PH0H%HJH0 9(H-
U) [1Z7] ) J...

#&J/N&J)L/F(H/ NH./G)%H0&*)/ N/T&*)L/F(HOH PH0/./*)I N)(%HPHGI%*VT
$P%$O)T J/G *&L)*&/JFI F PHFJ%H/*)I W*/%O)) ./MH%N&Y)) [8Z16]. :*/%O)I ./-
MH%N&Y)) /FJS 0*$J%/**II W*/%O)I, PHF(HGS($ NV HO%&*)L)0&/NFI )QHW*J%H-
P)K*VN) (&.)&U&J)L/F()N)) P%HY/FF&N). 1GI )QHJ/%N)L/F()T P%HY/FFH0 W*/%-
O)R ./MH%N&Y)) FG/.$/J )*J/%P%/J)%H0&JS (&( F0HUH.*$R W*/%O)R 4/GSNOHGS-
Y&. " UHGS’)*FJ0/ .HFJ$P*VT G)J/%&J$%*VT )FJHL*)(H0 0*$J%/**II W*/%O)I
00H.)JFI (&( J/%NH.)*&N)L/F()K PHJ/*Y)&G FHFJHI*)I *& /.)*)Y$ )*0&%)&*J-
*HOH HU[/N& ) HUHQ*&L&/JFI U . " TH./ HUF$X./*)I %&FFN&J%)0&RJFI JHGS(H
)QHW*J%HP)K*V/ P%HY/FFV. ;&()N HU%&QHN, .GI 0*$J%/**/K W*/%O)) )N//N

U = U(S, ωij, εij) , (1)

O./ ωij Z */F)NN/J%)L*VK J/*QH% ./MH%N&Y)), εij Z J/*QH% )QO)U&-(%$L/*)I, S
Z W*J%HP)I *& /.)*)Y$ )*0&%)&*J*HOH HU[/N&, L/%J& *&. F)N0HGHN HJ*HF)JFI
( J/%NH.)*&N)L/F(HN$ PHJ/*Y)&G$ FHFJHI*)I 0 HJG)L)/ HJ F&NHK M)Q)L/F(HK
PHG/0HK 0/G)L)*V (0 (1) WJH Q&N/L&*)/ HJ*HF)JFI ( U ) S).

"JH%HK (0Q&)N*VK) P%)*Y)P 4)UUF& OG&F)J (FN. [17]): \.GI GH(&GS*HOH %&0*H-
0/F)I */HUTH.)NH ) .HFJ&JHL*H, LJHUV P%) 0F/T 0HQNHX*VT )QN/*/*)IT FHFJHI-
*)I F)FJ/NV, */ N/*IR])T // W*J%HP)), )QN/*/*)/ // W*/%O)) G)UH HU%&]&GHFS
0 *$GS, G)UH UVGH PHGHX)J/GS*VN: ϑU → 0.^

2FTH.*&I MH%N$G)%H0(& 0Q&)N*HOH P%)*Y)P& NHX/J UVJS &*&GHO)L*H $F)G/-
*& FHOG&F*H

U(S, ωij, εij) ↑↓ min (ϑS = 0), (2)

J./. PHF(HGS($ ϑS = 0, JH

ϑU = 0, ϑ2U → 0,

ϑ2U = 0, JHO.& ) JHGS(H JHO.&, (HO.& ϑωij = 0 ) ϑεij = 0.
(3)

5F*H0V0&IFS *& 0Q&)N*HN P%)*Y)P/, (%)J/%)K $FJHKL)0HFJ) )QHW*J%HP)K*H-
OH %&0*H0/F)I MH%N$G)%$/JFI H.*HFJH%H**)N HO%&*)L/*)/N *& 0JH%V/ 0&%)&-
Y)) 0*$J%/**/K W*/%O)) ϑ2U :

ϑ2U(0, 0)[ϑωij, ϑεij] = ϑ2U

)︄)︄)︄)︄)︄)︄
ωij=0, εij=0

[ϑωij, ϑεij] → 0,

ϑ2U = 0, JHO.& ) JHGS(H JHO.&, (HO.& ϑωij = 0 ) ϑεij = 0.

(4)
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" F)G$ JHOH, LJH 0JH%&I 0&%)&Y)I 0*$J%/**/K W*/%O)) ϑ2U I0GI/JFI (0&.-
%&J)L*HK MH%NHK HJ 0&%)&Y)K ϑωij ) ϑεij (%)J/%)K $FJHKL)0HFJ) %&0*H0/F)I
HP%/./GI/JFI $FGH0)IN) PHGHX)J/GS*HK HP%/./G/**HFJ) $(&Q&**HK (0&.%&J)L-
*HK MH%NV.

" *&FJHI]/N )FFG/.H0&*)) ’)%H(H )FPHGSQ$/JFI J/%N)*HGHO)I, HUHQ*&L/*)I,
N/JH.V ) %/Q$GSJ&JV, P%/.FJ&0G/**V/ 0 *&’)T P%/.V.$])T %&UHJ&T [14, 15,
18Z23].

1. :*/%O)I ./MH%N&Y)) O/N)J%HP*HOH N)(%HPHGI%*HOH $P%$OHOH J/G&. "
WJHN %&Q./G/ HO%&*)L)NFI %&FFNHJ%/*)IN) 0 J%/TN/%*HN P%HFJ%&*FJ0/, F*&U-
X/**HN ./(&%JH0HK F)FJ/NHK (HH%.)*&J.

#)(%HPHGI%*H/ J0/%.H/ J/GH *&QV0&/JFI O/N)J%HP*VN, /FG) (HNPH*/*JV
HP%/./GIR])T J/*QH%H0 */ )QN/*IRJFI P%) PH0H%HJ&T F)FJ/NV (HH%.)*&J, J./.
H*) )*0&%)&*J*V HJ*HF)J/GS*H O%$PPV PHG$)QHN/J%)L/F()T P%/HU%&QH0&*)K, &
)N/**H )QHN/J%)L/F()T P%/HU%&QH0&*)K, Q& )F(GRL/*)/N Q/%(&GS*VT HJ%&X/-
*)K ) )*0/%F)K J%/TN/%*HOH /0(G).H0& P%HFJ%&*FJ0&. " WJHN FG$L&/ (H%%/(J*&I
Q&P)FS HF*H0*VT $%&0*/*)K NHX/J UVJS P%/.FJ&0G/*& JHGS(H F )FPHGSQH0&*)/N
MH%N&G)QN& PF/0.HJ/*QH%H0. 5.*&(H, P%HFJHK &GOH%)JN P%/HU%&QH0&*)I PF/0-
.HJ/*QH%& 0 FHHJ0/JFJ0$R])K /N$ &UFHGRJ*VK J/*QH% PHQ0HGI/J *&N P%H0/FJ)
*&’/ )FFG/.H0&*)/ 0 J/%N)*&T &UFHGRJ*VT J/*QH%H0.

"0/./N W*/%O)R ./MH%N&Y)) U
)︄)︄)︄)︄
adiabatic

[15, 19, 20], %&FFL)J&**$R .GI /.)-
*)L*HOH )*0&%)&*J*HOH WG/N/*J& HU[/N& P%) PHFJHI**HK W*J%HP)) (S = const),
0 0)./:

U
)︄)︄)︄)︄
adiabatic

= U
)︄)︄)︄)︄
S=const

= U
)︄)︄)︄)︄
adiabatic

(ω(ij), ε(ij), ϖi, εi), (5)

O./

ωij = ϱiuj ↑ eijkϖk, 2ω(ij) = ϱiuj + ϱjui, εij = ϱiςj,

ε(ij) = ϱiςj + ϱjςi, ϖi = ςi ↑ 1

2
eiklϱ[kul], εi =

1

2
eijsε[js].

(6)

" $%&0*/*)IT (5) ) (6) )FPHGSQ$RJFI FG/.$R])/ HUHQ*&L/*)I: ui Z J%&*F-
GIY)H**V/ P/%/N/]/*)I; ςi Z FP)*H%*V/ P/%/N/]/*)I; ωkl Z &F)N/J%)L*VK
J/*QH% ./MH%N&Y)); εkl Z J/*QH% )QO)U&–(%$L/*)I; ϱi HUHQ*&L&/J L&FJ*$R P%H-
)Q0H.*$R PH P%HFJ%&*FJ0/**HK (HH%.)*&J/ xi; eijk Z &GSJ/%*)%$R])K J/*QH%;
ϖi Z HJ*HF)J/GS*V/ N)(%HPH0H%HJV; (%$OGV/ F(HU() HUHQ*&L&RJ &GO/U%&)L/-
F($R F)NN/J%)Q&Y)R; (0&.%&J*V/ F(HU() HUHQ*&L&RJ &GO/U%&)L/F(H/ &GSJ/%-
*)%H0&*)/.

=G/.$/J HJN/J)JS, LJH U
)︄)︄)︄)︄
adiabatic

PH F$J) I0GI/JFI PHJ/*Y)&GHN F)GH0VT )

NHN/*J*VT *&P%IX/*)K. " .&GS*/K’/N 0N/FJH U
)︄)︄)︄)︄
adiabatic

)FPHGSQ$/JFI FH(%&-
]/**H/ HUHQ*&L/*)/ U .
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:*/%O)I ./MH%N&Y)) U )*0&%)&*J*& HJ*HF)J/GS*H 0%&]/*)K ) J%&*FGIY)K
P%HFJ%&*FJ0&, & J&(X/ HJ*HF)J/GS*H P%/HU%&QH0&*)K P%HFJ%&*FJ0/**HK )*0/%-
F)) ) Q/%(&GS*VT HJ%&X/*)K, J./. .GI PHG*HK )QHN/J%)L/F(HK O%$PPV. =$]/-
FJ0$RJ J%) %&QG)L*VT PH.TH.& ( HP%/./G/*)R W*/%O)) ./MH%N&Y)), PH.%HU*H
HP)F&**V/ 0 FJ&JS/ [15]. B/%0VK )Q *)T Z WJH A-P%/.FJ&0G/*)/. A-P%/.FJ&0G/*)/
[14] HF*H0&*H *& PH*IJ)IT J/H%)) %&Y)H*&GS*VT &GO/U%&)L/F()T )*0&%)&*JH0
) I0GI/JFI G)*/K*HK HUHGHL(HK )*.)0).$&GS*VT ) FH0N/FJ*VT Y/GVT %&Y)H-
*&GS*VT &GO/U%&)L/F()T )*0&%)&*JH0 */F)NN/J%)L*HOH J/*QH%& ./MH%N&Y)) )
P%HFJ%&*FJ0/**HOH O%&.)/*J& PHGI N)(%H0%&]/*)K. 5F*H0V J/H%)) Y/GVT %&-
Y)H*&GS*VT &GO/U%&)L/F()T )*0&%)&*JH0 PH.%HU*H HUF$X.&RJFI 0 M$*.&N/*-
J&GS*VT NH*HO%&M)IT [24, 25].

2*0&%)&*JV PHG*HK */P%)0H.)NHK F)FJ/NV )*.)0).$&GS*VT ) FH0N/FJ-
*VT Y/GVT %&Y)H*&GS*VT &GO/U%&)L/F()T (0&.%&J)L*VT )*0&%)&*JH0 F)NN/J-
%)L*VT (HNPH*/*J */F)NN/J%)L*VT J/*QH%H0 ./MH%N&Y)), J/*QH%& )QO)U&-
(%$L/*)I ) F0IQ&**VT F *)N) 0/(JH%H0 .GI O/N)J%HP*HOH J0/%.HOH J/G&, 0V-
L)FGIRJFI 0 ./(&%JH0VT (HH%.)*&J&T FG/.$R])N HU%&QHN [23]

I
1

= ϑikϑlmω(ik)ω(lm), I
2

= ϑikϑlmε(ik)ε(lm), I
3

= ϑikϑlmω(il)ω(km),

I
4

= ϑikϑlmε(il)ε(km), I
5

= ϑikϖiϖk, I
6

= ϑikεiεk,

I
7

= ϑikϑlmω(ik)ε(lm), I
8

= ϑikϑlmω(ik)ε(lm), I
9

= ϑikεiϖk,
(7)

O./ ϑlm Z F)N0HG >%H*/(/%&.
" F)G$ MH%N$G (7) .GI )*0&%)&*JH0 I

c
(c = 1, . . . , 9) W*/%O)I ./MH%N&Y)) (5)

P%/.FJ&0GI/JFI 0 0)./ (FN. [14, 15, 19]):

U = A
1
ϑisϑlmω(is)ω(lm) + A

2
ϑisϑlmε(is)ε(lm) + A

3
ϑisϑlmω(il)ω(sm)+

+ A
4
ϑisϑlmε(il)ε(sm) + A

5
ϑisϖiϖs + A

6
ϑisεiεs+

+ A
7
ϑisϑlmω(is)ε(lm) + A

8
ϑisϑlmω(is)ε(lm) + A

9
ϑisεiϖs, (8)

O./ A
c

(c = 1, . . . , 9) Z P%H)Q0HGS*V/ (H*FJ&*JV. 5L/0).*H, WJ) (H*FJ&*JV NHO$J
)*J/%P%/J)%H0&JSFI (&( HP%/./GIR])/ $P%$O)/ NH.$G) (&UFHGRJ*V/ F(&GI%V)
P%) FP/Y)M)(&Y)) NH./G) O/N)J%HP*HOH N)(%HPHGI%*HOH $P%$OHOH J0/%.HOH J/-
G&.

1GI $P%H]/*)I .&GS*/K’/OH )QGHX/*)I 00/./N MH%N&GS*V/ Q&N/*V */Q&0)-
F)NVT P/%/N/**VT FHFJHI*)I ω(ij), ε(ij), ϖi, εi W*/%O)) ./MH%N&Y)) U FHOG&F*H
FG/.$R])N P%&0)G&N:

ω(11) ↔↓ Y1, ϖ1 ↔↓ Y7, ε(11) ↔↓ Y10, ε1 ↔↓ Y16,
ω(22) ↔↓ Y2, ϖ2 ↔↓ Y8, ε(22) ↔↓ Y11, ε2 ↔↓ Y17,
ω(33) ↔↓ Y3, ϖ3 ↔↓ Y9; ε(33) ↔↓ Y12, ε3 ↔↓ Y18;
ω(23) ↔↓ Y4, ε(23) ↔↓ Y13,
ω(13) ↔↓ Y5, ε(13) ↔↓ Y14,
ω(12) ↔↓ Y6; ε(12) ↔↓ Y15;

(9)
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O./ NV PH.L/%()0&/N )*./(F, LJHUV HJG)L)JS .0$Q*&L*V/ 0/(JH%*V/ )*./(-
FV HJ .0$T FHF/.*)T H.*HN/FJ*VT J/*QH%*VT )*./(FH0. "/(JH% MH%N&GS*VT
P/%/N/**VT2

[Y ] P%)*&.G/X)J MH%N&GS*HN$ 0/(JH%*HN$ P%HFJ%&*FJ0$ &GO/U-
%&)L/F(HK %&QN/%*HFJ) 18.

= $L/JHN Q&N/* (9) (0&.%&J)L*&I MH%N& W*/%O)) ./MH%N&Y)) (8) Q&P)FV0&-
/JFI (&(:

U = A
1
Y 2

1 + A
3
Y 2

1 + A
7
Y1Y10 + A

8
Y1Y10 + A

2
Y 2

10 + A
4
Y 2

10 + A
7
Y1Y11 + 2A

2
Y10Y11+

+ A
2
Y 2

11 + A
4
Y 2

11 + A
7
Y1Y12 + 2A

2
Y10Y12 + 2A

2
Y11Y12 + A

2
Y 2

12 + A
4
Y 2

12+

+ 2A
4
Y 2

13 + 2A
4
Y 2

14 + 2A
4
Y 2

15 + A
6
Y 2

16 + A
6
Y 2

17 + A
6
Y 2

18 + 2A
1
Y1Y2 + A

7
Y10Y2+

+ A
7
Y11Y2 + A

8
Y11Y2 + A

7
Y12Y2 + A

1
Y 2

2 + A
3
Y 2

2 + 2A
1
Y1Y3 + A

7
Y10Y3+

+ A
7
Y11Y3 + A

7
Y12Y3 + A

8
Y12Y3 + 2A

1
Y2Y3 + A

1
Y 2

3 + A
3
Y 2

3 + 2A
8
Y13Y4+

+ 2A
3
Y 2

4 + 2A
8
Y14Y5 + 2A

3
Y 2

5 + 2A
8
Y15Y6 + 2A

3
Y 2

6 + A
9
Y16Y7+

+ A
5
Y 2

7 + A
9
Y17Y8 + A

5
Y 2

8 + A
9
Y18Y9 + A

5
Y 2

9 . (10)

5JN/J)N, LJH $%&0*/*)/ (10) NHX/J UVJS P%/.FJ&0G/*H 0 (HNP&(J*VT N&J-
%)L*VT HUHQ*&L/*)IT 0 0)./:

U = [Y]
T
[A][Y], (11)

O./ [Y] = [Y1, Y2, Y3, Y4, Y5, Y6, Y7, Y8, Y9, Y10, Y11, Y12, Y13, Y14, Y15, Y16, Y17, Y18]
T Z

J%&*FPH*)%H0&**&I 0/(JH%-FJ%H(& &GO/U%&)L/F(HK %&QN/%*HFJ) 18, FHFJ&0G/*-
*&I )Q MH%N&GS*VT P/%/N/**VT; [A] Z MH%N&GS*&I (0&.%&J*&I F)NN/J%)L*&I
N&J%)Y& %&QN/%*HFJ) 18 ↗ 18 N/T&*)L/F()T NH.$G/K N)(%HPHGI%*HK F%/.V F
WG/N/*J&N) aij (i, j = 1, . . . , 18). " FG$L&/ O/N)J%HP*HOH N)(%HPHGI%*HOH $P%$-
OHOH J/G& N&J%)Y& [A] )N//J FG/.$R]$R UGHL*$R FJ%$(J$%$ (( FHX&G/*)R, */
.)&OH*&GS*$R, *H, PH N/*S’/K N/%/, UGHL*$R J%/T.)&OH*&GS*$R):

[A] =

[︄

]︄]︄]︄]︄]︄]︄]︄]︄⌊︄

[A11] [0] [0] [A14] [0] [0]
[0] [A22] [0] [0] [A25] [0]
[0] [0] [A33] [0] [0] [A36]

[A41] [0] [0] [A44] [0] [0]
[0] [A52] [0] [0] [A55] [0]
[0] [0] [A63] [0] [0] [A66]

⌋︄

⌈︄⌈︄⌈︄⌈︄⌈︄⌈︄⌈︄⌈︄⌉︄

, (12)

O./ [Ahk] (h, k = 1, . . . , 6) Z F)NN/J%)L*V/ UGHL*V/ N&J%)YV &GO/U%&)L/F(HK
%&QN/%*HFJ) 3 ↗ 3; h ) k N/J&)*./(FV, *$N/%$R])/ UGHL*V/ WG/N/*JV; [0] Z

2! %2#$/5C"F #$2$:" &#8/1:K=E$#5 0"’$/4%/-,2$4&>%I" /D/K%2>"%&5. V%& /$1&>2E$#5 /$
0"’$/4%/-$"%K/4%I7 /D/K%2>"%&F. <284&,"4, Y · A · Y = [Y]T[A][Y], ;9" ’02942$%I" #’/D-
’& =’2KI02E$ %2 ’02942$%=E ,2$4&B= &1& 0"’$/4-#$/1D"B. V$,"$&,, >$/ #&#$",2 #&,-
0/1:%I7 0I>&#1"%&F (%284&,"4, Wolfram Mathematica) /8"4&4="$ # 0"’$/4%/-,2$4&>%I,&
/D/K%2>"%&5,&.
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*$G/0V/ UGHL*V/ N&J%)YV %&QN/%*HFJ) 3 ↗ 3. B%) WJHN, */*$G/0V/ UGH() %&F-
PHGHX/*V *& J%/T .)&OH*&GIT:

[Ahk] = [Akh] ↘= [0] P%) h = k, k = h + 3, h = k + 3. (13)

,/*$G/0V/ UGHL*V/ N&J%)YV [Ahk] HP%/./GIRJFI L/%/Q N)(%HPHGI%*V/ $P%$-
O)/ N/T&*)L/F()/ NH.$G) A

a
(a = 1, . . . , 9) FHOG&F*H FG/.$R])N MH%N$G&N:

[A11] =

[︄

]︄]︄⌊︄

A
1

+ A
3

A
1

A
1

A
1

A
1

+ A
3

A
1

A
1

A
1

A
1

+ A
3

⌋︄

⌈︄⌈︄⌉︄ , [A44] =

[︄

]︄]︄⌊︄

A
2

+ A
4

A
2

A
2

A
2

A
2

+ A
4

A
2

A
2

A
2

A
2

+ A
4

⌋︄

⌈︄⌈︄⌉︄ ,

[A14] = [A41] = 1
2

[︄

]︄]︄⌊︄

A
7

+ A
8

A
7

A
7

A
7

A
7

+ A
8

A
7

A
7

A
7

A
7

+ A
8

⌋︄

⌈︄⌈︄⌉︄ ,

2[A36] = 2[A63] = A
9

diag[1, 1, 1], [A25] = [A52] = A
8

diag[1, 1, 1],

[A22] = 2A
3

diag[1, 1, 1], [A33] = A
5

diag[1, 1, 1],

[A55] = 2A
4

diag[1, 1, 1], [A66] = A
6

diag[1, 1, 1].

(14)

2. #/JH. PHFG/.H0&J/GS*VT PH0H%HJH0 (#/JH. 9(HU)) N&J%)YV (0&.%&J)L-
*HK W*/%O/J)L/F(HK MH%NV. #/JH. PHFG/.H0&J/GS*VT PH0H%HJH0 [1, 2, 4Z7],
P%/.GHX/**VK >.4.9. 9(HU) 0 1846 O. 0 %&UHJ/ [5, P. 65–66], P%/.*&Q*&L/* .GI
P%)0/./*)I (0&.%&J)L*HK MH%NV ( (&*H*)L/F(HN$ 0).$. " HF*H0/ N/JH.& G/-
X)J (GRL/0H/ PH*IJ)/ G)*/K*HK &GO/U%V Z PH.HU*V/ N&J%)YV, (HJH%V/ Q&.&RJ
H.)* ) JHJ X/ J/*QH%, P%/.FJ&0G/**VK 0 %&Q*VT U&Q)F&T.

>0&.%&J*V/ N&J%)YV [A] ) [B] &GO/U%&)L/F(HK %&QN/%*HFJ) N ↗ N *&QV-
0&RJFI PH.HU*VN), /FG) F$]/FJ0$/J */0V%HX./**&I (HU%&J)N&I) N&J%)Y& [P]

%&QN/%*HFJ) N ↗ N J&(&I, LJH:

[B] = [P]
→1

[A][P]. (15)

#&J%)Y$ [P] *&QV0&RJ N&J%)Y/K P/%/TH.& ()G) N&J%)Y/K P%/HU%&QH0&*)I PH-
.HU)I). BH.HU*V/ N&J%)YV HUG&.&RJ 0&X*VN) .GI P%)GHX/*)K F0HKFJ0&N):
H.)*&(H0VN) FHUFJ0/**VN) Q*&L/*)IN), HP%/./G)J/G/N, FG/.HN, %&*OHN ) T&-
%&(J/%)FJ)L/F()N N*HOHLG/*HN. BHFG/.*// HUFJHIJ/GSFJ0H HFHU/**H 0&X*H P%)
)FPHGSQH0&*)) 0 (&L/FJ0/ N&J%)YV P/%/TH.& N&J%)YV PH0H%HJ&, HJ*HFI]/KFI
( O%$PP/ )QHN/J%)L/F()T/H%JHOH*&GS*VT */0V%HX./**VT N&J%)Y. 5U%&J*&I
N&J%)Y& ( H%JHOH*&GS*HK/)QHN/J%)L/F(HK PHG$L&/JFI )Q )FTH.*HK J%&*FPH*)-
%H0&*)/N, J./. [P]

→1
= [P]

T.
1GI J/H%)) (0&.%&J)L*VT MH%N )FPHGSQH0&*)/ PH.HU*VT N&J%)Y HQ*&L&/J

FG/.$R]//. 7&.&.)N P/%/TH. HJ FJ&%VT P/%/N/**VT [Y] ( *H0VN P/%/N/**VN
[X] F PHNH]SR P%/HU%&QH0&*)I 0%&]/*)I/PH0H%HJ& FHOG&F*H:

[X] = [P][Y], [Y] = [P]
→1

[X]. (16)
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B%/.FJ&0G/*)/ (0&.%&J)L*HK MH%NV (11) 0 *H0VT (HH%.)*&J&T (16) PHFG/
*/FGHX*VT P%/HU%&QH0&*)K P%)N/J FG/.$R])K 0).:

U = [Y]
T
[A][Y] =

{︄
[P]

→1
[X]

}︄T
[A]

{︄
[P]

→1
[X]

}︄
=

= [X]
T

{︄
[P][A][P]

T
}︄
[X] = [X]

T
[A]sim[X],

(17)

O./ 00/./*H HUHQ*&L/*)/ .GI PH.HU*HK N&J%)YV [A]sim = [P][A][P]
T.

"F/ 0V’/F(&Q&**H/ P%)0H.)J *&F (, HL/0).*HN$, $J0/%X./*)R [1, 2], LJH 0FI-
(&I F)NN/J%)L*&I N&J%)Y& [A] &GO/U%&)L/F(HK %&QN/%*HFJ) N ↗N NHX/J UVJS
P%/.FJ&0G/*& 0 0)./:

[A] = [P]
T
[A]diag[P], (18)

O./ [A]diag = diag[φ1, φ2, . . . , φN ] = Z .)&OH*&GS*&I N&J%)Y&; φ1, φ2, . . . , φN Z
FHUFJ0/**V/ L)FG& F)NN/J%)L*HK N&J%)YV [A]; [P] ([P]

→1
= [P]

T) Z N&J%)Y&
PH0H%HJ& ()QHN/J%)L/F(&I/H%JHOH*&GS*&I).

=G/.$/J HJN/J)JS, LJH /FG) N&J%)Y& [A] I0GI/JFI N&J%)Y/K (0&.%&J)L*HK
MH%NV U , JHO.& .)&OH*&GS*V/ WG/N/*JV N&J%)YV [A]diag, (%HN/ JHOH, I0GIRJFI
(HWMM)Y)/*J&N) (&*H*)L/F(HK MH%NV, P%/.FJ&0G/**HK 0 *H0VT MH%N&GS*VT
P/%/N/**VT ([X] = [P][Y]):

U = Udiag = [X]
T
[A]diag[X] =

18⟨︄

s=1
φjX

2
j . (19)

B%/.FJ&0G/*)/ (18) NHX*H P%/HU%&QH0&JS ( 0).$:

[A][P]
T

= [P]
T
[A]diag, (20)

!FG) 0VP)F&JS F)FJ/N$ %&0/*FJ0 (20) PH FJHGUY&N, JH H(&X/JFI, LJH FJHGU/Y
F )*./(FHN i N&J%)YV [P]

T I0GI/JFI FHUFJ0/**VN 0/(JH%HN, FHHJ0/JFJ0$R])N
FHUFJ0/**HN$ L)FG$ φi.

CN*HX)0 %&0/*FJ0H (18) FG/0& ) FP%&0& *& )QHN/J%)L/F()/ N&J%)YV [P] )
[P]

T, FHHJ0/JFJ0/**H, PHG$L)N

[A]diag = [P][A][P]
T. (21)

=$JS N/JH.& 9(HU) FHFJH)J 0 PHFJ%H/*)) J&(HK (HNPHQ)Y)) PGHF()T 0%&]/-
*)K F PHNH]SR )QHN/J%)L/F()T N&J%)Y [P1], ..., [Pn], J&( LJHUV 0VPHG*IGHFS
$FGH0)/

[!n][A][!n]
T ↑↓

n↑↓
[A]diag, (22)

O./ P%/HU%&QH0&*)I PH.HU)I !n, I0GIR])/FI (HNPHQ)Y)/K PHFG/.H0&J/GS*VT
PH0H%HJH0 P1, ..., Pn HP%/./GI/JFI FHOG&F*H

[!n] = [Pn] · · · · · [P1] = [Pn] . . . [P1]. (23)
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"0/./N 0 %&FFNHJ%/*)/ N&J%)Y$ [Pkl
](↼) F WG/N/*J&N) pij, HP%/./GIR])N)FI

FHOG&F*H P%&0)G&N:

pij =

⟩︄
/︄/︄/︄/︄/︄\︄

/︄/︄/︄/︄/︄/︂

pkk(↼) = pll(↼) = cos ↼,

pkl(↼) = ↑plk(↼) = sin ↼,

pii = 1, P%) i ↘= k, i ↘= l,

pij = 0, 0 HFJ&GS*VT FG$L&IT,

(24)

)G) 0 N&J%)L*HN P%/.FJ&0G/*))

[Pkl
](↼) =

[︄

]︄]︄]︄]︄]︄]︄]︄]︄]︄]︄]︄]︄]︄⌊︄

1 · · · 0 · · · 0 · · · 0

... . . . ...
...

...
0 · · · cos ↼ · · · sin ↼ · · · 0

...
... . . . ...

...
0 · · · ↑ sin ↼ · · · cos ↼ · · · 0

...
...

... . . . ...
0 · · · 0 · · · 0 · · · 1

⌋︄

⌈︄⌈︄⌈︄⌈︄⌈︄⌈︄⌈︄⌈︄⌈︄⌈︄⌈︄⌈︄⌈︄⌉︄

. (25)

5L/0).*H, LJH N&J%)Y& [Pkl
](↼) I0GI/JFI )QHN/J%)L/F(HK ) HF$]/FJ0GI/J PH-

0H%HJ 0 PGHF(HFJ) YkYl *& $OHG ↼. ,/J%$.*H 0VL)FG)JS $OHG ↼, J&(HK LJHUV
PHFG/ P%/HU%&QH0&*)I PH.HU)I [Pkl

](↼) *& F)NN/J%)L*$R N&J%)Y$ [A] FHOG&F*H
(18) // WG/N/*JV akl ) alk FJ&G) UV %&0*V *HGR.

" %/Q$GSJ&J/ */FGHX*VT 0VL)FG/*)K PHG$L)N $%&0*/*)/ .GI HP%/./G/*)I
$OG& ↼ [1]:

tg2↼ =
2akl

akk ↑ all
. (26)

"&X*H HJN/J)JS, LJH $OHG ↼ HP%/./GI/J $OHG *&(GH*& ( OH%)QH*J$ OG&0*HK
HF), FHHJ0/JFJ0$R]/K *&)UHGS’/N$ FHUFJ0/**HN$ Q*&L/*)R. >%HN/ JHOH, %&-
0/*FJ0H (26) HP%/./GI/J .0$FJH%H**// HO%&*)L/*)/ *& $OHG ↼:

↑↽ ≃ 4↼ ≃ ↽. (27)
B%)L/N %&0/*FJ0H 0 (27) .HFJ)O&/JFI JHGS(H P%) $FGH0)) akk = all, J./.

|↼| =
↽

4
P%) akk = all. (28)

" %&FL/J&T $.HU*H )FPHGSQH0&JS FG/.$R])/ MH%N$GV, FG/.$R])/ )Q (26):

⇀ = ctg2↼, t =
sgn(⇀)

|⇀ | +
⇐

1 + ⇀ 2 , cos ↼ =
1⇐

1 + t2 , sin ↼ = t cos ↼. (29)

B/%/K./N ( PH’&OH0HK %/&G)Q&Y)) N/JH.& PHFG/.H0&J/GS*VT )QHN/J%)L/F()T
P%/HU%&QH0&*)K. _$./N HU[/.)*IJS 0 H.)* ’&O PH0H%HJV *& H.)* ) JHJ X/ $OHG
HJ*HF)J/GS*H */ F0IQ&**VT P&% N&J%)L*VT )*./(FH0.

‘&O 1. " N&J%)Y/ [A] P%)F$JFJ0$RJ */F(HGS(H P&% .)&OH*&GS*VT WG/N/*JH0,
(HJH%V/ $.H0G/J0H%IRJ $FGH0)R (28):

a1 1 = a2 2 = a3 3, a7 7 = a8 8 = a9 9. (30)
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2Q .0$T $(&Q&**VT *&UH%H0 NHX*H 0VU%&JS JHGS(H .0& */Q&0)F)NVT P%/HU-
%&QH0&*)I PH.HU)I. B%H)Q0/./N PH0H%HJ *& $OHG ↼1 =

↽

4
0 PGHF(HFJIT Y1Y2 )

Y11Y12. :G/N/*JV N&J%)YV [P1] J&(HOH P%/HU%&QH0&*)I P%)N$J 0).:

p(1)
ij =

⟩︄
/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄\︄

/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︂

p(1)
1 1 = p(1)

2 2 = p(1)
1 2 = p(1)

10 10 = p(1)
11 11 = p(1)

10 11 =
1⇐
2

,

p(1)
2 1 = p(1)

11 10 = ↑ 1⇐
2

,

p(1)
ii = 1, P%) i ↘= 1, i ↘= 2, i ↘= 10, i ↘= 11,

p(1)
ij = 0, 0 HFJ&GS*VT FG$L&IT.

(31)

-/Q$GSJ&J P%/HU%&QH0&*)I PH.HU)I (31) PHG$L)N PH MH%N$G/:

[A1] = [P1][A][P1]
T. (32)

B%)L/N, 0 N&J%)Y/ [A] )QN/*IJFI JHGS(H FG/.$R])/ UGHL*V/ WG/N/*JV:

[A11] =

[︄

]︄]︄]︄⌊︄

2A
1

+ A
3

0
⇐

2A
1

0 A
3

0
⇐

2A
1

0 A
1

+ A
3

⌋︄

⌈︄⌈︄⌈︄⌉︄ , [A44] =

[︄

]︄]︄]︄⌊︄

2A
2

+ A
4

0
⇐

2A
2

0 A
4

0
⇐

2A
2

0 A
2

+ A
4

⌋︄

⌈︄⌈︄⌈︄⌉︄ ,

[A14] = [A41] =
1

2

[︄

]︄]︄]︄⌊︄

2A
7

+ A
8

0
⇐

2A
7

0 A
8

0
⇐

2A
7

0 A
7

+ A
8

⌋︄

⌈︄⌈︄⌈︄⌉︄ .

(33)

‘&O 2. "VPHG*)N PH0H%HJ *& $OHG ↼2 0 PGHF(HFJIT Y1Y3 ) Y10Y12. 1GI HP%/-
./G/*)I N&J%)YV [P2], 0 FHHJ0/JFJ0)) F (26) ) (29) , 0VL)FG)N */HUTH.)NV/
FHHJ*H’/*)I:

tg2↼2 = ⇀→1
2 = 2

⇐
2, t2 =

1⇐
2

, cos ↼2 =

\︂
2

3
, sin ↼2 =

1⇐
3

. (34)

;HO.& WG/N/*JV N&J%)YV 0%&]/*)I [P2] U$.$J 0VL)FGIJSFI FHOG&F*H:

p(2)
ij =

⟩︄
/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄\︄

/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︂

p(2)
11 = p(2)

33 = p(2)
10 10 = p(2)

12 12 =

\︂
2

3
,

p(2)
13 = p(2)

10 12 =
1⇐
3

,

p(2)
31 = p(2)

12 10 = ↑ 1⇐
3

,

p(2)
ii = 1, P%) i ↘= 1, i ↘= 2, i ↘= 10, i ↘= 12,

p(2)
ij = 0, 0 HFJ&GS*VT FG$L&IT.

(35)

" %/Q$GSJ&J/ FG/.$R]/OH P%/HU%&QH0&*)I PH.HU)I
[A2] = [P2][A1][P2]

T, (36)



?-A)V<AN-WAX-. J<PQ)PY-(P3@VZ [VQ6\ )P6-YQV*<V)V 169

)QN/*IJSFI J/ X/ F&NV/ UGH(), LJH ) *& P/%0HN ’&O/ &GOH%)JN& PH MH%N$G&N:

[A11] = diag[3A
1

+ A
3
, A

3
, A

3
], [A44] = diag[3A

2
+ A

4
, A

4
, A

4
],

[A14] = [A41] =
1

2
diag[3A

7
+ A

8
, A

8
, A

8
].

(37)

BHFG/ 0VPHG*/*)I P/%0HOH ) 0JH%HOH N*HOHN/%*VT PH0H%HJH0 PHG$L&/N J%/T-
.)&OH*&GS*$R N&J%)Y$ [A2].

‘&O 3. "VL)FG)N $OHG PH0H%HJ& ↼3 0 PGHF(HFJ) Y1Y10 .GI HP%/./G/*)I N&J-
%)YV [P3], 0 FHHJ0/JFJ0)) F (26) ) (29), .HFJ&JHL*H 0VL)FG)JS ⇀3:

⇀3 = Ftg2↼3 =

3A
1

↑ 3A
2

+ A
3

↑ A
4

A
7

+ A
8

. (38)

;HO.& WG/N/*JV N&J%)YV P%/HU%&QH0&*)I PH.HU)I [P3] U$.$J 0VL)FGIJSFI FH-
OG&F*H:

p(3)
ij =

⟩︄
/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄\︄

/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︂

p(3)
1 1 = p(3)

10 10 = cos ↼3,

p(3)
1 10 = sin ↼3,

p(3)
10 1 = ↑ sin ↼3,

p(3)
ii = 1, P%) i ↘= 1, i ↘= 10,

p(3)
ij = 0, 0 HFJ&GS*VT FG$L&IT.

(39)

" %/Q$GSJ&J/ FG/.$R]/OH P%/HU%&QH0&*)I PH.HU)I:

[A3] = [P3][A2][P3]
T, (40)

)QN/*IJSFI J/ X/ F&NV/ UGH(), LJH ) *& P/%0HN ’&O/ &GOH%)JN& PH MH%N$G&N:

[A11] = diag[3A
1

+ 3A
2

+ A
3

+ A
4

+

⎛
(3A

1
↑ 3A

2
+ A

3
↑ A

4
)2 + (3A

7
+ A

8
)2, A

3
, A

3
],

[A44] = diag[3A
1

+ 3A
2

+ A
3

+ A
4

↑
⎛

(3A
1

↑ 3A
2

+ A
3

↑ A
4
)2 + (3A

7
+ A

8
)2, A

4
, A

4
],

[A14] = [A41] =
1

2
diag[0, A

8
, A

8
].

(41)

‘&O 4. " F)G$ PHG$L/**HK *& P%/.V.$]/N ’&O/ N&J%)YV (0&.%&J)L*HK
MH%NV NHX*H HU[/.)*)JS PH0H%HJV 0 PGHF(HFJIT Y2Y11, Y3Y12, Y4Y13, Y5Y14,
Y6Y15. B%) WJHN, $OHG PH0H%HJ& ↼4 HP%/./GI/JFI )Q FHHJ*H’/*)I:

⇀4 = Ftg2↼4 =

3A
1

↑ 3A
2

+ A
3

↑ A
4

A
7

+ A
8

. (42)
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:G/N/*JV N&J%)YV P%/HU%&QH0&*)I PH.HU)I [P3] *& J/($]/N ’&O/ &GOH%)JN&
U$.$J 0VL)FGIJSFI FHOG&F*H:

p(4)
ij =

⟩︄
/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄\︄

/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︂

p(4)
2 2 = p(4)

3 3 = p(4)
4 4 = p(4)

5 5 = p(4)
6 6 = cos ↼4,

p(4)
11 11 = p(4)

12 12 = p(4)
13 13 = p(4)

14 14 = p(4)
15 15 = cos ↼4,

p(4)
2 11 = p(4)

3 12 = p(4)
4 13 = p(4)

5 14 = p(4)
6 15 = sin ↼4,

p(4)
11 2 = p(4)

12 3 = p(4)
13 4 = p(4)

14 5 = p(4)
15 6 = ↑ sin ↼4,

p(4)
ii = 1, P%) i ↘= 2, . . . , 6, i ↘= 11, . . . , 15,

p(4)
ij = 0, 0 HFJ&GS*VT FG$L&IT.

(43)

" %/Q$GSJ&J/ FG/.$R]/OH P%/HU%&QH0&*)I PH.HU)I

[A4] = [P4][A3][P4]
T, (44)

PHG$L)N

[A11] =diag[3A
1

+ 3A
2

+ A
3

+ A
4

+

⎛
(3A

1
↑ 3A

2
+ A

3
↑ A

4
)2 + (3A

7
+ A

8
)2,

1

2
(A

3
+ A

4
+

⎛
(A

3
↑ A

4
)2 + A

8
2
),

1

2
(A

3
+ A

4
+

⎛
(A

3
↑ A

4
)2 + A

8
2
)],

[A44] =diag[3A
1

+ 3A
2

+ A
3

+ A
4

↑
⎛

(3A
1

↑ 3A
2

+ A
3

↑ A
4
)2 + (3A

7
+ A

8
)2,

1

2
(A

3
+ A

4
↑

⎛
(A

3
↑ A

4
)2 + A

8
2
),

1

2
(A

3
+ A

4
↑

⎛
(A

3
↑ A

4
)2 + A

8
2
)],

[A22] =(A
3

+ A
4

+

⎛
(A

3
↑ A

4
)2 + A

8
2
)diag[1, 1, 1],

[A55] =(A
3

+ A
4

↑
⎛

(A
3

↑ A
4
)2 + A

8
2
)diag[1, 1, 1],

[A14] =[A41] = [A25] = [A52] = [0].

(45)

_GHL*V/ WG/N/*JV [A33], [A66], [A36], [A63] P%) WJHN */ )QN/*IRJFI.
‘&O 5. " F)G$ PHG$L/**HK *& P%/.V.$]/N ’&O/ N&J%)YV (0&.%&J)L*HK MH%-

NV NHX*H HU[/.)*)JS PH0H%HJV 0 PGHF(HFJIT Y7Y16, Y8Y17, Y9Y18. B%) WJHN,
$OHG PH0H%HJ& ↼5 HP%/./GI/JFI )Q FHHJ*H’/*)I:

⇀5 = Ftg2↼5 =

A
5

↑ A
6

A
9

. (46)
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:G/N/*JV N&J%)YV P%/HU%&QH0&*)I PH.HU)I [P3] *& J/($]/N ’&O/ &GOH%)JN&
U$.$J 0VL)FGIJSFI FHOG&F*H:

p(5)
ij =

⟩︄
/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄\︄

/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︂

p(5)
7 7 = p(5)

8 8 = p(5)
9 9 = cos ↼5,

p(5)
16 16 = p(5)

17 17 = p(5)
18 18 = cos ↼5,

p(5)
7 16 = p(5)

8 17 = p(5)
9 18 = sin ↼5,

p(5)
16 7 = p(5)

17 8 = p(5)
18 9 = ↑ sin ↼4,

p(5)
ii = 1, P%) i ↘= 7, 8, 9, i ↘= 16, 17, 18,

p(5)
ij = 0, 0 HFJ&GS*VT FG$L&IT.

(47)

" %/Q$GSJ&J/ FG/.$R]/OH P%/HU%&QH0&*)I PH.HU)I
[A5] = [P5][A4][P5]

T, (48)
PHG$L)N

[A11] =diag[3A
1

+ 3A
2

+ A
3

+ A
4

+

⎛
(3A

1
↑ 3A

2
+ A

3
↑ A

4
)2 + (3A

7
+ A

8
)2,

1

2
(A

3
+ A

4
+

⎛
(A

3
↑ A

4
)2 + A

8
2
),

1

2
(A

3
+ A

4
+

⎛
(A

3
↑ A

4
)2 + A

8
2
)],

[A44] =diag[3A
1

+ 3A
2

+ A
3

+ A
4

↑
⎛

(3A
1

↑ 3A
2

+ A
3

↑ A
4
)2 + (3A

7
+ A

8
)2,

1

2
(A

3
+ A

4
↑

⎛
(A

3
↑ A

4
)2 + A

8
2
),

1

2
(A

3
+ A

4
↑

⎛
(A

3
↑ A

4
)2 + A

8
2
)],

[A22] =(A
3

+ A
4

+

⎛
(A

3
↑ A

4
)2 + A

8
2
)diag[1, 1, 1],

[A55] =(A
3

+ A
4

↑
⎛

(A
3

↑ A
4
)2 + A

8
2
)diag[1, 1, 1],

[A33] =(A
5

+ A
6

+

⎛
(A

5
↑ A

6
)2 + A

9
2
)diag[1, 1, 1],

[A66] =(A
5

+ A
6

↑
⎛

(A
5

↑ A
6
)2 + A

9
2
)diag[1, 1, 1],

[A14] =[A41] = [A25] = [A52] = [A36] = [A63] = [0].

(49)

" %/Q$GSJ&J/ 0VPHG*/*)I PIJ) ’&OH0 P%/HU%&QH0&*)/ PH.HU)I P%)0H.I]//
N&J%)Y$ [A] ( .)&OH*&GS*HN$ 0).$ NHX*H PHG$L)JS FHOG&F*H MH%N$G/:

[!5] = [P5][P4][P3][P2][P1]. (50)
#&J%)Y& (&*H*)L/F(HK (0&.%&J)L*HK MH%NV U$./J HP%/./GIJFI P%/HU%&QH-

0&*)/N PH.HU)I:
[A]diag = [!5][A][!5]

T
= [A5]. (51)

B%)L/N P/%/TH. HJ FJ&%VT P/%/N/**VT [Y] ( *H0VN P/%/N/**VN [X] HF$]/FJ0-
GI/JFI F PHNH]SR )QHN/J%)L/F(HOH P%/HU%&QH0&*)I FHOG&F*H:

[X] = [!5][Y]. (52)
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3. BHGHX)J/GS*&I HP%/./G/**HFJS (0&.%&J)L*HK W*/%O/J)L/F(HK MH%NV.
BHGHX)J/GS*&I HP%/./G/**HFJS (0&.%&J)L*HK W*/%O/J)L/F(HK MH%NV (19) ),
J/N F&NVN, $FJHKL)0HFJS %&0*H0/F)I G)*/K*HOH N)(%HPHGI%*HOH $P%$OHOH J/G&
[14] HU/FP/L)0&/JFI FG/.$R])N) HL/0).*VN) */%&0/*FJ0&N)

φs > 0 (s = 1, ..., 18). (53)

=)FJ/N& */%&0/*FJ0 (53) F $L/JHN (%&J*VT FHUFJ0/**VT L)F/G P%)N/J 0).:
⟩︄
/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄\︄

/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︄/︂

A
3

+ A
4

>
⎛

(A
3

↑ A
4
)2 + A

8
2,

A
3

+ A
4

> ↑
⎛

(A
3

↑ A
4
)2 + A

8
2,

A
5

+ A
6

>
⎛

(A
5

↑ A
6
)2 + A

9
2,

A
5

+ A
6

> ↑
⎛

(A
5

↑ A
6
)2 + A

9
2,

3A
1

+ 3A
2

+ A
3

+ A
4

>
⎛

(3A
1

↑ 3A
2

+ A
3

↑ A
4
)2 + (3A

7
+ A

8
)2,

3A
1

+ 3A
2

+ A
3

+ A
4

> ↑
⎛

(3A
1

↑ 3A
2

+ A
3

↑ A
4
)2 + (3A

7
+ A

8
)2.

(54)

>%HN/ JHOH, 0JH%H/, L/J0/%JH/ ) ’/FJH/ */%&0/*FJ0& 0 (54) Q&0/.HNH 0VPHG*I-
RJFI 0 F)G$ P/%0HOH, J%/JS/OH ) PIJHOH */%&0/*FJ0. BHWJHN$ F)FJ/N$ */%&0/*FJ0
(54) NHX*H P%/.FJ&0)JS 0 0)./:

⟩︄
/︄/︄/︄/︄/︄/︄/︄\︄

/︄/︄/︄/︄/︄/︄/︄/︂

A
3

+ A
4

>
⎛

(A
3

↑ A
4
)2 + A

8
2,

A
5

+ A
6

>
⎛

(A
5

↑ A
6
)2 + A

9
2,

3A
1

+ 3A
2

+ A
3

+ A
4

>
⎛

(3A
1

↑ 3A
2

+ A
3

↑ A
4
)2 + (3A

7
+ A

8
)2.

(55)

2QU&0)NFI 0 F)FJ/N/ */%&0/*FJ0 (55) HJ %&.)(&GH0, 0HQ0/.I )T 0 (0&.%&J.
;HO.& PHG$L)N */%&0/*FJ0&:

(A
3

+ A
4
)

2 > (A
3

↑ A
4
)

2
+ A

8
2,

(A
5

+ A
6
)

2 > (A
5

↑ A
6
)

2
+ A

9
2,

(3A
1

+ 3A
2

+ A
3

+ A
4
)

2 > (3A
1

↑ 3A
2

+ A
3

↑ A
4
)

2
+ (3A

7
+ A

8
)

2,

(56)

(HJH%V/ PHFG/ */FGHX*VT P%/HU%&QH0&*)K P%)N$J 0).:

4A
3
A
4

> A
8

2,

4A
5
A
6

> A
9

2,

4(3A
1

+ A
3
)(3A

2
+ A

4
) > (3A

7
+ A

8
)

2.

(57)
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B%/HU%&Q$/N F)FJ/N$ */%&0/*FJ0 (57) ( 0).$:

↑ C
I

< A
8

< C
I
,

↑ C
II

< A
9

< C
II

,

↑ C
III

< 3A
7

+ A
8

< C
III

.

(58)

O./ 00/./*V HUHQ*&L/*)I

C
I

2
= 4A

3
A
4

> 0,

C
II

2
= 4A

5
A
6

> 0,

C
III

2
= 4(3A

1
+ A

3
)(3A

2
+ A

4
) > 0,

signC
I

= signC
II

= signC
III

= +1.

(59)

=)FJ/N& */%&0/*FJ0 (58) NHX/J J%&(JH0&JSFI (&( 3 .0$FJH%H**)T */%&0/*FJ0&
)G) 6 Z H.*HFJH%H**)T. 5L/0).*H, LJH G/0V/ L&FJ) */%&0/*FJ0 0 (59) */HJ%)-
Y&J/GS*V 0 F)G$ (57).

>HWMM)Y)/*JV (0&.%&J)L*HK MH%NV A
a

(a = 1, ..., 9) 0 A-P%/.FJ&0G/*)) W*/%-
O)) ./MH%N&Y)K (8) NHO$J UVJS Q&N/*/*V &GSJ/%*&J)0*VN) HP%/./GIR])N)
(H*FJ&*J&N) O/N)J%HP*HOH N)(%HPHGI%*HOH $P%$OHOH J/G& [14]:

A
1

= G⇁(1 ↑ 2⇁)
→1, A

2
= GL2c3, A

3
= G,

A
4

= GL2, A
5

= 2Gc1, A
6

= GL2c2,

A
7

= GLc4, A
8

= GLc5, A
9

= GLc6,
(60)

O./ G Z NH.$GS F.0)O& $P%$OHFJ); ⇁ Z (HWMM)Y)/*J B$&FFH*&; L Z T&%&(J/%)-
FJ)L/F(&I N)(%H.G)*& J/H%)) N)(%HPHGI%*HK $P%$OHFJ); c1, c2, c3, c4, c5, c6 Z
U/Q%&QN/%*V/ (H*FJ&*JV.

;HO.&, $L)JV0&I P%/.FJ&0G/*)I (60) O/N)J%HP*VT N/T&*)L/F()T NH.$G/K,
*/%&0/*FJ0& (58) ) (59) P%)N$J 0).:

↑C
I

< GLc5 < C
I
, C

I
2

= 4G2L2 > 0,

↑C
II

< GLc6 < C
II

, C
II

2
= 8G2L2c1c2 > 0,

↑C
III

< GL(3c4 + c5) < C
III

, C
III

2
= 4G2L2 1 + ⇁

1 ↑ 2⇁
(1 + 3c3) > 0.

(61)

BHFG/ */FGHX*VT P%/HU%&QH0&*)K PHG$L)N:

↑2 < c5 < 2, c1c2 > 0,

↑2
⇐

2c1c2 < c6 < 2
⇐

2c1c2,
1 + ⇁

1 ↑ 2⇁
(1 + 3c3) > 0,

↑2

\︂
1 + ⇁

1 ↑ 2⇁
(1 + 3c3) < GL(3c4 + c5) < 2

\︂
1 + ⇁

1 ↑ 2⇁
(1 + 3c3).

(62)
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=G/.$/J HJN/J)JS, LJH F)FJ/N& */%&0/*FJ0 (61) W(0)0&G/*J*& F)FJ/N/ */%&-
0/*FJ0 PHG$L/**VT 0 %&UHJ/ [26], O./ %&FFN&J%)0&GFI N/JH. HJ./G/*)I (0&.%&-
JH0 6&O%&*X&.

,/%&0/*FJ0& $FJHKL)0HFJ) %&0*H0/F*HOH FHFJHI*)I .GI )QHJ%HP*HOH N)(%H-
PHGI%*HOH J0/%.HOH J/G&, NHO$J UVJS PHG$L/*V P$J/N %/.$(Y)) */%&0/*FJ0 (61)
)G) (62) 0FG/.FJ0)/ P%/./GS*HOH P/%/TH.&: c4 ↓ 0, c5 ↓ 0, c6 ↓ 0. " )JHO/ .GI
)QHJ%HP*HK N)(%HPHGI%*HK $P%$OHK F%/.V )N//N

4G2L2 > 0, 8G2L2c1c2 > 0, 4G2L2 1 + ⇁

1 ↑ 2⇁
(1 + 3c3) > 0. (63)

5J($.&, HL/0).*H, 0HQ*)(&/J 0HQNHX*HFJS F*IJS HO%&*)L/*)I *& HP%/./GIR-
])/ PHFJHI**V/ G ) L, ) 0 %/Q$GSJ&J/ PHG$L)JS .0& F$]/FJ0/**VT */%&0/*FJ0&:

c1c2 > 0,
1 + ⇁

1 ↑ 2⇁
(1 + 3c3) > 0. (64)

=G/.$/J PH.L/%(*$JS, LJH PHFG/.*// */%&0/*FJ0H 0 (64) $(&QV0&/J *& F$]/-
FJ0H0&*)/ &$(F/J)(H0 F%/.) N)(%HPHGI%*VT J0/%.VT J/G, & HP%/./GIR]&I (H*-
FJ&*J& c3 )O%&/J 0&X*$R %HGS, &*&GHO)L*$R (HWMM)Y)/*J$ B$&FFH*& ⇁, )Q0/FJ-
*HN$ )Q Q&(H*& $P%$OHFJ) 4$(&, ) NHX/J UVJS *&Q0&*& 0JH%VN N)(%HPHGI%*VN
(HWMM)Y)/*JHN B$&FFH*&.

7&(GRL)J/GS*V/ Q&N/L&*)I ) 0V0H.V. " *&FJHI]/N )FFG/.H0&*)) %&FFNHJ-
%/*H P%)0/./*)/ ( (&*H*)L/F(HN$ 0).$ (.)&OH*&G)Q&Y)I) (0&.%&J)L*HK W*/%-
O/J)L/F(HK MH%NV O/N)J%HP*HK N)(%HPHGI%*HK $P%$OHK F%/.V N/JH.HN PHFG/-
.H0&J/GS*VT PGHF()T PH0H%HJH0 9(HU). :*/%O)I ./MH%N&Y)) %&FFN&J%)0&/JFI
(&( M$*(Y)I, Q&0)FI]&I HJ */F)NN/J%)L*VT J/*QH%H0 ./MH%N&Y)) ) )QO)U&-
(%$L/*)I, (HJH%V/ J%&(J$RJFI (&( J/%NH.)*&N)L/F()/ P/%/N/**V/ FHFJHI*)I.
>%HN/ JHOH, H*& NHX/J H.*H0%/N/**H %&FFN&J%)0&JSFI (&( PHJ/*Y)&G F)GH0VT
) NHN/*J*VT *&P%IX/*)K. 5UHU]&I %/Q$GSJ&JV )FFG/.H0&*)I, P%)TH.)N ( FG/-
.$R])N 0V0H.&N:

(1) BHG$L/*H )QHN/J%)L/F() )*0&%)&*J*H/ A-P%/.FJ&0G/*)/ (0&.%&J)L*HK
MH%NV W*/%O)) ./MH%N&Y)) O/N)J%HP*HOH N)(%HPHGI%*HOH $P%$OHOH
J0/%.HOH J/G&, HP%/./GI/NH/ 9 )QHW*J%HP)K*VN) (&.)&U&J)L/F()N)) N/-
T&*)L/F()N) NH.$GIN).

(2) 1GI HP/%)%H0&*)I F A-P%/.FJ&0G/*)/N 00/./*V MH%N&GS*V/ P/%/N/*-
*V/ Y1,...,Y18.

(3) >0&.%&J)L*&I MH%N& W*/%O)) ./MH%N&Y)) P%)0H.)JFI ( F$NN/ (0&.%&-
JH0 N/JH.HN PHFG/.H0&J/GS*VT PH0H%HJH0 9(HU). 1GI .)&OH*&G)Q&Y))
N&J%)YV (0&.%&J)L*HK MH%NV H(&Q&GHFS .HFJ&JHL*H 5 ’&OH0 &GOH%)J-
N&.

(4) " %/Q$GSJ&J/ P%)N/*/*)I N/JH.& 9(HU) *& OG&0*HK .)&OH*&G) )JHOH0HK
N&J%)YV (0&.%&J)L*HK MH%NV %&FPHG&O&RJFI // FHUFJ0/**V/ L)FG&, &
)JHOH0&I N&J%)Y& PH0H%HJ& HP%/./GI/J P/%/TH. ( *H0VN (HH%.)*&J&N.

(5) ,&K./*V HO%&*)L/*)I *& HP%/./GIR])/ N/T&*)L/F()/ NH.$G), HU/FP/-
L)0&R])/ J&()N HU%&QHN PHGHX)J/GS*$R HP%/./G/**HFJS (0&.%&J)L*HK
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MH%NV W*/%O)) ./MH%N&Y)) ) $FJHKL)0HFJS %&0*H0/F)I N)(%HPHGI%*HOH
$P%$OHOH J0/%.HOH J/G&.

(6) BH(&Q&*& W(0)0&G/*J*HFJS F)FJ/N */%&0/*FJ0 PHG$L/**VT N/JH.HN
6&O%&*X& ) N/JH.HN 9(HU). D&%&(J/%*V/ HJG)L)I .0$T $(&Q&**VT N/-
JH.H0 F0/./N 0 ;&UG)Y$.

#/JH. 6&O%&*X& #/JH. 9(HU)
,/0V%HX./**H/ P%/HU%&QH0&*)/ 5%JHOH*&GS*H//)QHN/J%)L/F(H/

P%/HU%&QH0&*)/, Q& 0VL/JHN Q/%-
(&GS*VT HJ%&X/*)K, J./. PH0H%HJ

1)&OH*&GS*&I N&J%)Y& 1)&OH*&GS*&I N&J%)Y&
1)&OH*&GS*V/ WG/N/*JV N&J%)YV
(0&.%&J)L*HK MH%NV Z */ HUIQ&-
J/GS*H FHUFJ0/**V/ Q*&L/*)I

1)&OH*&GS*V/ WG/N/*JV N&J%)YV
(0&.%&J)L*HK MH%NV Z FHUFJ0/*-
*V/ Q*&L/*)I

2QN/*I/J N/J%)($ P%HFJ%&*FJ0& =HT%&*I/J N/J%)($ P%HFJ%&*FJ0&
B%H]/ .GI %$L*HOH FL/J&, *H */ 0V-
.&/J *& 0VTH./ FHUFJ0/**V/ Q*&L/-
*)I

=GHX/* .GI %/&G)Q&Y)), *H *& 0V-
TH./ PHG$L&RJFI FHUFJ0/**V/ Q*&-
L/*)I

;HGS(H Y/GV/ %&Y)H*&GS*V/ HP/%&-
Y))

" TH./ 0VL)FG/*)K 0HQ*)(&RJ )%-
%&Y)H*&GS*HFJ), J%/U$/JFI )Q0G/L/-
*)/ (0&.%&J*VT %&.)(&GH0

=>:>?6!@A?B6>
C0+/D /8$)()8. C#, /8$)(E ’)D$8,(FD/G$ #))$8,$#$8%, #8),4) /8$)(#$8/ -,FD&"/-
()D"E- 0(%$,(%9- ICMJE (8#, /8$)(E 8",#+% #&H,#$8,""EI 80+/D 8 (/J(/*)$0& 0)"-
K,’K%%, ’()8,D,"%, %##+,D)8/"%9 % ’)D4)$)80& #$/$<%, ’();+% % )D)*(%+% L%"/+<"&G
8,(#%G ’,(,D ’&*+%0/K%,I).
M)"L+%0$ %"$,(,#)8. 18$)(E D,0+/(%(&G$ )$#&$#$8%, 98"E. % ’)$,"K%/+<"E. 0)"-
L+%0$)8 %"$,(,#)8, #89J/""E. # ’&*+%0/K%,I "/#$)9H,I #$/$<%.
!#$);"%0 L%"/"#%()8/"%9. 5/*)$/ 8E’)+","/ ’) $,-, 4)#&D/(#$8,"")4) J/D/"%9 (")-
-,( 4)#(,4%#$(/K%% 124013000674-0).
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