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Abstract. Oleg Vasilyevich Voinov (1944–2024) belongs to a renowned generation of Soviet
mechanical engineers. His approach to his work was distinguished by the depth of his research
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/:,% 8’;<:=,)<> .$&<:;? ) 2$;@), ) ;,A=, <(B,(,.’1. /-,C, 8’;<:<D 7)’($-
)<> 8$D($), ;$;-$?:;? ) E.$F,;;<<, GH: ’)-$.$A .?&’ ’)-$.;@<I ;)<&,-,:=;-)
,J, ; &$)$,((HI ).,A,(, ) -$A ><;:, K#’LA’@ A,-’::<>,;@<I @$:$((M (1933),
K3E$;$G ;$,&<(,(<? A,-’::<>,;@<I @$(;-.N@C<DM (1934), K+,.,%.NO$>(HD A$;-
; ,O&$D E$ (<ONM (1944, ) ;$’)-$.;-), ; ),&NJ<A ;$),-;@<A ;E,C<’:<;-$A )
$G:’;-< ;-.$<-,:=($D A,I’(<@< < -,$.<< A,-’::<>,;@<I @$(;-.N@C<D "<@$-
:’,A +.$@$F=,)<>,A 2,:=(<@$)HA), K2$(-’B(HD ;-H@ (,.’O.,O(HI G’:$@M
(1951), KP;-’@’&’M (1955), ’ -’@B, (,@$-$.HI &.N%<I, (,E$&:,B’J<I $ENG:<-
@$)’(<Q (;,@.,-(HI). /:,% %$.&<:;? $-C$A, .’;;@’OH)’: $G ,%$ N>’;-<< ) ;$-
O&’(<< $.%’(<O’C<< – F:’%A’(’ $-,>,;-),(($D ’)<’C<$(($D -,I(<@< – R!*7
<A,(< E.$F. ".5. SN@$);@$%$, ;$-.N&(<>,;-), ; ;’A<A 3.!. 1’E:H%<(HA. T
(,;>’;-=Q 8$<($)-;-’.L<D .’($ NL,: <O B<O(< ;H(’, -$%&’ ,J, L@$:=(<@’,
N-$(N) )$ ).,A? @NE’(<? ) 1,.($A A$., 22 ’)%N;-’ 1960 %$&’. 2’A’, 8,.’
7)’($)(’ (1903–1990), E$:N><:’ %<A(’O<>,;@$, $G.’O$)’(<,, ;)$G$&($ ):’&,:’
F.’(CNO;@<A ?OH@$A, .’G$-’:’ U@$($A<;-$A, $&(’@$ ,J, ) E,.<$& N>,(<>,;-)’
A:’&L,%$ ;H(’ NB, (, A$%:’ -.N&<-=;? E$ ;$;-$?(<Q O&$.$)=?.

3-’.L<D G.’- /:,%’, 8:’&<A<. (1940–2012) E$;:, L@$:H E$;-NE<: (’ F<-
O<>,;@<D F’@N:=-,- 2*0. 8,.$?-($, E$& ,%$ ):<?(<,A /:,% -’@B, .,L<: E$-
:N><-= E.$F,;;<Q N>,($%$-F<O<@’. 8E.$>,A, ,%$ L@$:=(H, $C,(@< GH:< $--
:<>(HA< -$:=@$ E$ ,;-,;-),((HA (&,;?-< )@:Q>,((HA ) ’--,;-’- $ ;.,&(,A
$G.’O$)’(<<) E.,&A,-’A < :<L= I$.$L<A< – E$ (L,;-<) %NA’(<-’.(HA. V@$:=-
(<@$A $( E$;,J’: A’-,A’-<>,;@<D @.NB$@, .?& :,- GH: ,%$ ;-’.$;-$D, ’ -’@B,
N>’;-)$)’: ) A’-,A’-<>,;@<I $:<AE<’&’I. /&(’@$ E.< E$;-NE:,(<< (’ F<O<-
>,;@<D F’@N:=-,- 2*0 ,%$ E$;-<%:’ (,N&’>’ – $( E$:N><: (<O@NQ $C,(@N (’

1A47&0 6)+. W/%9 U 2. C8&#: U 51. H9. 74. 192. @/4/J’2 U 13.
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N;-($A U@O’A,(,, (, ;A$% $-;-$?-= G$:,, )H;$@NQ (’ ’E,::?C<<. W$%&’ $( E$-
&’: &$@NA,(-H (’ $-&,:,(<, A,I’(<@< A,I’(<@$-A’-,A’-<>,;@$%$ F’@N:=-,-’
2*0 < N;E,L($ ;&’: -N&’ );-NE<-,:=(H, U@O’A,(H ) -$A B,, 1961, %$&N. 5%$
E<;=A,((’? .’G$-’ E$ A’-,A’-<@, E$:N><:’ $C,(@N I$.$L$, N;-(HD U@O’A,( E$
A’-,A’-<@, $( ;&’: (’ $-:<>($, F<O<@N – (’ $-:<>($, <($;-.’((HD ?OH@ – (’
N&$):,-)$.<-,:=($. 5%$ ;$><(,(<, (’ -,AN K2H .$B&,(H, >-$G ;@’O@N ;&,:’-=
GH:=QM, < ; UE<%.’F$A K3,%$&(? AH (, (’ E’.’&,, AH @ @$AAN(<OAN (’ EN-<M,
; E,.)HA E.,&:$B,(<,A – K8 @’@$, N&<)<-,:=($, ).,A? AH B<),A!M -’@B,
E$:N><:$ -$:=@$ N&$):,-)$.<-,:=(NQ $C,(@N –U@O’A,(’-$.$A GH:$ N@’O’($:
K-,A’ .’;@.H-’ E.’)<:=($, &$;-’-$>($ E$:($, ;$&,.B’(<, <O:$B,($ :$%<>($,
NG,&<-,:=($M, ($ ) .’G$-, <A,:<;= $L<G@<, < I$-? <I GH:$ );,%$ -.< (!): ;:$)$
K+.$%.’AA’M (<A,:’;= ) )<&N +.$%.’AA’ T+33) /:,% (’E<;’: ; A’:,(=@$D
GN@)H < (< @ A,;-N E$;-’)<: &), O’E?-H, – .N@’ U@O’A,(’-$.’ &.$%(N:’, < E,.-
)$(’>’:=(’? $C,(@’ I$.$L$ GH:’ <;E.’):,(’ (’ N&$):,-)$.<-,:=($... 8E.$>,A,
(’G.’((HI G’::$) $@’O’:$;= )E$:(, &$;-’-$>($ &:? O’><;:,(<? ) ;-N&,(-H.

8 (’>’:, $GN>,(<? /:,%’ 8$<($)’ ) N(<),.;<-,-, A’-,.<’:=(H, N;:$)<? <I
;,A=< <O &)NI ;-N&,(-$) < E,(;<$(,.’ GH:< $>,(= ;@.$A(HA<, < $( E$;-’)<: ;,-
G, O’&’>N N><-=;? (’ $-:<>($, (’ E$)HL,((NQ ;-<E,(&<Q. ", ;.’ON (GH:’ &’B,
< &)$D@’ E$ A’-,A’-<>,;@$AN ’(’:<ON O’ )-$.$D ;,A,;-., E,.,;&’((’? (’ -.$D-
@N), ($ @ -.,-=,AN ;,A,;-.N $( ;)$,D C,:< &$;-<%, &’B, (’ $-:<>($ ;&’) ) U-$-
.’O U@O’A,( ;’A$D X$, 2<I’D:$)(, T<L@<($D2(!). W,$.,-<>,;@NQ A,I’(<@N O’
5-D ;,A,;-. $( (’ $-:<>($ ;&’: ),;=A’ ;-.$%$AN U@O’A,(’-$.N – 4.". 3.,-,(;@$-
AN (),.$?-($, 4,$(<& "<@$:’,)<> (, ;.’ON NG,&<:;? ) O(’(<?I U@O’A,(N,A$%$
– E,.)$(’>’:=($ E$;-’):,((NQ $C,(@N I$.$L$ $( E$-$A ;$G;-),(($.N>($ E,-
.,E.’)<: (’ $-:<>($, ;$E.$)$&<) @$AA,(-’.<,A – <;E.’):,(($AN ),.<-=). 3
-.,-=,%$ @N.;’ /:,% E$:N>’: E$)HL,((NQ ;-<E,(&<Q (-$%&’, ) 1964 %$&N, U-$
GH:$ 56 .NG:,D 25 @$E,,@).

3-N&,(-$A $( GH: .$A’(-<@$A, &)’B&H ,O&<: (’ C,:<(N, GH: @$A’(&<.$A
;-N&,(>,;@<I ;-.$D$-.?&$). Y’.’@-,.<O$)’:;? @’@ ;E$;$G(HD, ’@-<)($ N>’;--
)NQJ<D ) N>,G($A E.$C,;;, ;-N&,(-: K’@-<)($ E$;,J’,- ;E,C;,A<(’.M, K;&,:’:
(,;@$:=@$ <(-,.,;(HI &$@:’&$)M, K; G$:=L<A <(-,.,;$A < NE$.;-)$A $-($;<--
;? @ <ON>,(<Q ;)$,D ;E,C<’:=($;-<M, )A,;-, ; -,A – K$>,(= ’@-<)($ N>’;-)N,-
) .’G$-, ;,A<(’.$) E$ $GJ,;-),((HA (’N@’A, )H;-NE:,(<? (’ U-<I ;,A<(’.’I
E.$&NA’(H < <(-,.,;(HM, E.< U-$A – KE.<(C<E<’:,( )$ );,I )$E.$;’IM. T’@

2-.!. </0/D&1/0: N3 J12;/;/0"M%G, $4"8"$/, %2I" 8/’/1"%&" ,"7,2$>&’/0 85$&9"#5$G7
;/9/0 0#8/,&%2"$ Z/F 6&72M1/0%= @&I’&%= & <2$21&F A1"’#""0%= AME"%I$29$. C%& 0"1&
=842D%"%&5 8/ ,2$2%21&E= %2 8"40G7 90=7 ’=4#27. XFJ&1& %2# & 9421& 8/ #",: I’=4. ?"-
05%/#$/ &%$";421/0 E2 /9%/ 9/,2I%"" E292%&" – Q$/ !2, %" #/>&%"%&" %2 0/1:%=F $",=. @2’
%/0/J42%B2 9"12"$ #/192$/, #$24I&%2, $2’ & %2I" 8/’/1"%&" #9"121& 1F9:,& %"E2J0"%%G"
Z/5 6&72M1/0%2 & <2$21:5 A1"’#""0%2O.
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);E$A<(’,- $&($%.NEE(<@ /:,%’ 8.8. +.$@$F=,), ) N>,G, 8$<($)N GH:$ E.<-
;NJ, (,$GH@($),(($, NE$.;-)$, -’@, E.< )HE$:(,(<< O’&’>< E$ F<OA,IE.’@-
-<@NAN :,%,(&’.(HD E.,E$&’)’-,:= 4.!. V,(?);@<D3 O’&’: <A &)$<A )$E.$;
$G $E.,&,:,(<< <(-,%.’:=($D <O:N>’QJ,D ;E$;$G($;-< -),.&$%$ -,:’. +$:N><)
&)’ .’O(HI $-),-’, 4,) !:,@;’(&.$)<> E$.,@$A,(&$)’: <A, E$;$),J’)L<;=,
)H.’G$-’-= $GJ,, A(,(<, < ;$$GJ<-= ,%$ ,AN. /@’B,-;? $($ E.’)<:=(HA –
$G$<A O’>,-, (,- – (, $G,;;N&=-,. 8 E$;:,&$)’)L,A )H?;(,(<< ;NJ,;-)’ /:,%
O’J<J’: ;)$, A(,(<, NE$.($, &’B, $>,(= NE$.($, ($ );, B, <;-<(N N;-’($)<-=
N&’:$;= (@$, ) >,A $( );, B, N;-NE<:), O’>,- E$:N><:<.

/-A,>’:’;= N>,G($D >’;-=Q < I$.$L’? ;E$.-<)(’? F$.A’ /:,%’.
+,.)HA (’N>(HA .N@$)$&<-,:,A /.8. 8$<($)’ (’ 3-A @N.;, ) 1963 %$&N ;-’:

*.*. 1,.(HD, -$%&’ >:.-@$.. !" 333Z. W,A$D E,.)$D @N.;$)$D .’G$-H /:,-
%’ ;-’:$ <;;:,&$)’(<, E$:ONJ<I &)<B,(<D, .,C,(O,(-$A E$ )HE$:(,(<< $($
GH:$ $C,(,($ (’ $-:<>($. "’ ;:,&NQJ,A @N.;, 8$<($) O’(?:;? &<FFNO<$(-
(HA .’O&,:,(<,A &)NIF’O(HI E$-$@$). Z,C,(O<.$)’)L<D )HE$:(,((NQ .’G$-N
3.!. Z,%<.,. .,@$A,(&$)’: E.$&$:B<-= &’:=(,DL<, <;;:,&$)’(<? E$ U-$D -,-
A,, @$-$.NQ @)’:<F<C<.$)’: @’@ E.,&;-’):?QJNQ G$:=L$D -,$.,-<>,;@<D <
E.’@-<>,;@<D <(-,.,;, ($ $C,(<)L<D )HE$:(,((NQ .’G$-N :<L= (’ I$.$L$.
"’N>(HD .N@$)$&<-,:= ; U-$D $C,(@$D ;$%:’;<:;?.

8 1965 %$&N /.8. 8$<($) E,.,L,: (’ $-@.H)LNQ;? 1 ;,(-?G.? 1964 %$&’ (’
F’@N:=-,-, ($)NQ @’F,&.N I<A<>,;@$D A,I’(<@<4 @ ($)$AN (’N>($AN .N@$)$-
&<-,:Q – 8.8. W$:A’>,)N. +.$<O)$&;-),((NQ E.’@-<@N E.$I$&<: ) :’G$.’-$.<<
($)HI E.$C,;;$) U:,@-.$GN.,(<? RTW#P (G,O O’><;:,(<? ) L-’- < (’><;:,(<?
O’.E:’-H).

T’@ ;-N&,(--$-:<>(<@ N>,GH NB, ) F,).’:, 1966 %$&’ 8$<($) E$:N><: .,-
@$A,(&’C<Q ) ’;E<.’(-N.N. 5%$ &<E:$A(’? .’G$-’ K+.<A,(,(<, &<’%.’AA($%$
A,-$&’ @ <ON>,(<Q ;-’C<$(’.($D <O$-.$E($D -N.GN:,(-($;-<M E$:N><:’ $-:<>-
(NQ $C,(@N. /-OH) (’ (,, (’N>($%$ .N@$)$&<-,:?, 8.8. W$:A’>,)’, GH: @.’-$@ –
;,A= (,E$:(HI ;-.$@ (KE$:N>,( .?& <(-,.,;(HI .,ON:=-’-$)M). /G;-$?-,:=(HD
E$:$B<-,:=(HD $-OH) (’ &<E:$A(HD E.$,@- E.<L,: <O 7(;-<-N-’ U:,@-.$I<-
A<< (KE.$?)<: ;,G? ;E$;$G(HA A’-,A’-<@$AM, KZ’G$-’ )HE$:(,((’? <A ),;=A’
-.N&$,A@’ < -,I(<>,;@< ;:$B(’M, K6<E:$A(<@ (’L,: ;E$;$G )H><;:,(<? ),;=-
A’ ;:$B(HI ’;<AE-$-<>,;@<I <(-,%.’:$)M).

8 1966 %$&N /:,% 8$<($) ; @.’;(HA &<E:$A$A $@$(><: A,IA’- E$ @’F,&.,
I<A<>,;@$D A,I’(<@<, :<L= &), $C,(@< <O 23 ) &<E:$A, GH:< (, $-:<>(HA< –
)H;L’? ’:%,G.’ < -’ ;’A’? @N.;$)’? (’ 4-A @N.;,. 5

3NVK"9=I%GM ,21"%:’&M S&E&’, = ’/$/4/;/, ’2E21/#:, %/;&-#8&>’& 42#$=$ 845,/ &E #8&-
%G, /J12921 D"1"E%/M 0/1"M & #$/M’&,& 8"92;/;&>"#’&,& 84&%B&82,&O. !129&,&4 */8/0
[$2D& 6)+ // N?"%: & %/>:O. 2006. U 11.

46"72%&’2 0 6/#’/0#’/, =%&0"4#&$"$" / */9 4"9. -.A. VF1&%/M, <.<. 3,&4%/02. 6.:
AM4&#-*4"##, 2005. 352 #. ISBN 5-8112-1474-X.

5A47&0 6)+. W/%9 U 51. C8&#: U 21. H9. 74. 64.
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"’ );-NE<-,:=(HI U@O’A,(’I ) ’;E<.’(-N.N 8$<($) $-),>’: (’ )$E.$;H:
KX’)<;<A$;-= ><;:’ ;-,E,(,D ;)$G$&H ) -N.GN:,(-($A E$-$@, $- ><;:’ Z,D-
($:=&;’M, K3$E.$-<):,(<, E.< :’A<(’.($A < -N.GN:,(-($A &)<B,(<< B<&@$-
;-< ) -.NG,M, K0.’)(,(<? *’A<:=-$(’M, K2,-$& [N.=, &:? .,L,(<? N.’)(,(<D
) >’;-(HI E.$<O)$&(HIM. T$A<;;<? ) ;$;-’), 8.*. 4,)<>’, !.2. *$:$)<(’, 8.8.
T’.’AHL@<(’ E$;-’)<:’ $-:<>($, (’ I$.$L$ GH:< ;&’(H 7;-$.<? T+33 <
(,A,C@<D ?OH@.

"’N>($, .N@$)$&;-)$ /. 8$<($)HA E.$&$:B<: 8.8. W$:A’>,), -,A$D &<;-
;,.-’C<< GH:< )HG.’(H K",@$-$.H, O’&’>< &)<B,(<? A($%<I ;F,. ) <&,’:=-
($D B<&@$;-<M. 1,.,O %$& W$:A’>,)’ ;A,(<: !.2. *$:$)<(. W,A$D &<;;,.-’-
C<$(($%$ <;;:,&$)’(<? GH:$ N-),.B&,($ K6)<B,(<, B<&@$;-,D ) E.<;N-;-)<<
E$),.I($;-($-’@-<)(HI ),J,;-)M.

#H:< ;&’(H U@O’A,(H @’(&<&’-;@$%$ A<(<ANA’. +$ F<:$;$F<< 8$<($)N GH-
:$ E.,&:$B,($ $-),-<-= (’ )$E.$;H:

K[<:$;$F;@<, )O%:?&H Z. 6,@’.-’ < #. 3E<($OH < <I <;-$.<>,;@$, O(’>,(<,M
K8$OA$B($;-= < &,D;-)<-,:=($;-=. T’-,%$.<? ),.$?-($;-<. /;$G,(($;-< E.,-

).’J,(<? )$OA$B($;-< ) &,D;-)<-,:=($;-= ) E.<.$&, < ) $GJ,;-),M.
K6<@-’-N.’ E.$:,-’.<’-’ < ,, .$:= ) ;$C<’:<;-<>,;@$D .,)$:QC<<. 8.7. 4,-

(<( $ ;:$A, %$;N&’.;-),(($D A’L<(HM.
K3E,C<F<@’ .$:< E.’@-<@< ) .’O)<-<< A’-,A’-<@<M. [<:$;$F<? GH:’ ;&’(’

(’ $-:<>($.
P@O’A,( E$ <($;-.’(($AN ?OH@N O’@:Q>’:;? ) E<;=A,(($A E,.,)$&, ;$ ;:$-

)’.,A @(<%< KOrdinary di\erence-di\erential equationM, N;-($A E,.,)$&, G,O ;:$-
)’.? < >-,(<< -$D B, @(<%<, E,.,&’>, (’ ’(%:<D;@$A ?OH@, $-.H)@’ <O %’O,-H
KMorning StarM. X(’(<, ’(%:<D;@$%$ ?OH@’ GH:$ $C,(,($ @’@ N&$):,-)$.<-,:=-
($,, U@O’A,( E.<(<A’:< 2.2. *:NL@$ < 5.!. 3(,;’.,)’. X’A,-<A O&,;=, >-$
;-N&,(-$A < L@$:=(<@$A 8$<($) <ON>’: (,A,C@<D ?OH@.

T’(&<&’-;@<D U@O’A,( E$ ;E,C<’:=($;-< )@:Q><: )$E.$;H:
KW,E:$E,.,&’>’ ) $@.,;-($;-< @.<-<>,;@$D -$>@< E.< E:$;@$E’.’::,:=($A

-,>,(<<M, KX’)<;<A$;-= ;-,E,(< <$(<O’C<< )$&$.$&($D E:’OAH $- -,AE,.’-N-
.HM, KW,AE,.’-N.’ ) %’O$)$D ;.,&, )$@.N% <O:N>’QJ,%$ -$>,>($%$ <;-$>(<@’M.
T$A<;;<? ) ;$;-’), 8.*. 4,)<>’, 8.+. 2?;(<@$)’, !.2. *$:$)<(’ E$;-’)<:’
$-:<>($.

7O &$E$:(<-,:=(HI N>,G(HI @N.;$) 8$<($) E$;,J’: :,@C<< E$ ;-’-<;-<>,-
;@$D F<O<@, E.$F,;;$.’ !.2. #.$&;@$%$.

"’ )-$.$A %$&N ’;E<.’(-N.H -,A’ &<;;,.-’C<< GH:’ N@’O’(’ @’@ K/G N;-’-
($):,(<< .’;E.,&,:,(<? ENOH.,D E$ .’OA,.’A ) .,ON:=-’-, E.$C,;;$) K;:<-
?(<?M < &.$G:,(<?M. T U-$AN ).,A,(< 8$<($)HA NB, GH:$ E$:N>,($ -$>($,
.,L,(<, O’&’>< $G $&($A,.($A ;-$:@($),(<< &)NI ENOH.,D ) B<&@$;-< A’:$D
)?O@$;-< < .’;;A$-.,(H &), O’&’>< $G N;-$D><)$;-< E:,($@.



190 A. <.TC)?A<C!, A. ).*HVPC!

8,(<’A<( *.<%$.=,)<> 4,)<>

+.,E$&’)’-,:< @’F,&.H I<A<>,;@$D A,I’(<@<. ", E$O&(,, 1972 %.

15 A’? 1970 %$&’ /.8. 8$<($) O’J<-<: @’(&<&’-;@NQ &<;;,.-’C<Q (’ -,AN
K",@$-$.H, O’&’>< %<&.$&<(’A<@< < .’;E.,&,:,(<? -,E:’ ) ;<;-,A, (,;@$:=-
@<I -,:M6, ,, $;($)(H, .,ON:=-’-H GH:< $ENG:<@$)’(H ) >,-H.,I ;-’-=?I )
BN.(’:’I +22, 8,;-(<@ 2*0, 2S*, $&(<I -,O<;’I, $&(’ ;-’-=? GH:’ ) E,-
>’-<. /F<C<’:=(HA< $EE$(,(-’A< (’ O’J<-, )H;-NE<:< 2.7. *N.,)<> < ].4.
^@<A$), ),&NJ,D $.%’(<O’C<,D –7(;-<-N- E.$G:,A A,I’(<@< !" 333Z. X’-
J<-’ E.$L:’ ) N>,($A ;$),-, A,I’(<@$-A’-,A’-<>,;@$%$ F’@N:=-,-’ 2*0 E$&
E.,&;,&’-,:=;-)$A *.*. 1,.($%$. 8 E.,(<?I E$ &$@:’&N ;$<;@’-,:? )H;-NE<:
E.$F,;;$. ".!. 3:,O@<(, ;E.$;<)L<D, >,A $-:<>’Q-;? E$:N>,((H, .,ON:=-’-H
) @’>,;-),(($A $-($L,(<< $- .,ON:=-’-$) #=,.@(,;’ < @’@$, O(’>,(<, GN&N-

6A47&0 6)+. W/%9 U 51. C8&#: U 11. H9. 74. 58.
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<A,-= .,L,((H, O’&’>< &:? .’O)<-<? ;$$-),-;-)NQJ,%$ (’N>($%$ (’E.’):,-
(<?? /-),- 8$<($)’ GH: @.’-@<A: KX(’@ ;<: )O’<A$&,D;-)<? $;-’,-;? -’@<A
B,, @’@ < (’ G$:=L$A .’;;-$?(<<M. 8 $-($L,(<< B, -,I($:$%<>,;@<I E.<A,-
(,(<D $( N@’O’:, >-$ (,E$;.,&;-),(($D C,:=Q O’&’>< ;-’)<:;? )$E.$; $ &)<-
B,(<< ;<;-,AH ENOH.,D E.< G’.G$-’B, < E$;-.$,(<< @<(,-<>,;@<I N.’)(,(<D
&:? -’@$D ;<;-,AH, U-$ -.,GN,- O(’(<? O’&’>< $ E’.($A ;-$:@($),(<<, ’ $&(’
<O .,L,((HI ) &<;;,.-’C<< O’&’> ;)$&<:’;= @ )H?;(,(<Q I’.’@-,.’ )O’<A$&,D-
;-)<? %’O$)$%$ ENOH.=@’ ; -),.&$D ;-,(@$D. ",N&$):,-)$.,((HD -’@<A $-),-$A,
3:,O@<( E$)-$.<: )$E.$;H $ O(’>,(<< .,ON:=-’-$) &<;;,.-’(-’ < (’E.’):,(<<,
) @$-$.$A $(< A$%N- GH-= <;E$:=O$)’(H. 8$<($) N-$>(<: ;)$D $-),-, ;$$GJ<),
>-$ .,ON:=-’-H A$%N- GH-= <;E$:=O$)’(H &:? ;$;-’):,(<? @<(,-<>,;@<I N.’)-
(,(<D, ’ ) ;:N>’, ;I:$EH)’(<? ENOH.=@’ N ;-,(@< E$O)$:?Q- .,L<-= )$E.$; $
.’O.NL’QJ,A )$O&,D;-)<< U-$%$ E.$C,;;’ (’ ;-,(@N. *.7. #’.,(G:’-- ;E.$;<:
$ ;)?O< .,ON:=-’-$) ;$<;@’-,:? ; .’G$-’A< /. "UD:’ < 3-,.C$(’. +$ A(,(<Q
8$<($)’ O(’>,(<,, ) ;AH;:, $-:<><?, <A,: :<L= &<’E’O$( .’;;A’-.<)’,AHI
><;,: Z,D($:=&;’, NE$A?(N-H, B, ) )$E.$;, .’G$-H $-($;<:<;= @ A’:HA ><;-
:’A Z,D($:=&;’, @$%&’ $;($)(NQ .$:= <%.’,- )?O@$;-=, ’ ) )H@:’&@’I E$?):?-
Q-;? :$%’.<FA<>,;@<, >:,(H. /-),>’? (’ O’A,>’(<, ) $-OH), (’ ’)-$.,F,.’-
&<;;,.-’C<< $G $-;N-;-)<< ;.’)(,(<? ; .’G$-’A< #.,(,.’, T$@;’ < 2,D;$(’, ’
-’@B, $G $-;N-;-)<< @$(@.,-(HI ><;:$)HI O(’>,(<D ) .’;;A$-.,((HI O’&’>’I,
;$<;@’-,:= N@’O’:, >-$ NE$A?(N-H, .’G$-H $-($;<:<;= @ ;NJ,;-),(($ &.N%$AN
(’E.’):,(<Q, ’ );, @$(@.,-(H, E.<A,.H ) &<;;,.-’C<< @’@ .’O &$),&,(H &$
><;,:, ($, @$(,>($, );, E.’@-<>,;@<, O’&’>< $I)’-<-= (,)$OA$B($. +$;:, )H-
;-NE:,(<? (’N>($%$ .N@$)$&<-,:?, !.2. *$:$)<(’, E$;:,&$)’: )$E.$; < @ (,AN
$- 8.2. +’(F,.$)’ – ) >,A O’@$(>,(($;-= .’G$-H ) ;AH;:, )HI$&’? ZN@$)$-
&<-,:= $-),-<:, >-$ )HE$:(,((’? .’G$-’ E$O)$:?,- $-),-<-= (’ )$E.$; $ A,;-,
O’I:$EH)’(<? ENOH.? ) .’;;A$-.,((HI &<;;,.-’(-$A N;:$)<?I, I$-? ;$);,A
(, $G?O’-,:=($, >-$ -’@<, N;:$)<? GN&N- <A,-= A,;-$ ) &,D;-)<-,:=($;-<. 3
O’A,>’(<?A< $G$<I $EE$(,(-$) ;$<;@’-,:= ;$%:’;<:;?. 8 )H;-NE:,(<?I E$ &<;-
;,.-’C<< *.7. #’.,(G:’-- (’O)’: E$;-’($)@N O’&’>< @:’;;<>,;@$D < $-A,-<:,
>-$ &<;;,.-’(-N < ,%$ .N@$)$&<-,:Q ;:,&N,- E$;-’)<-= ) O’;:N%N <I O’(?-<?, ($
);, B, (’;-’<)’: (’ E.$),&,(<< ;.’)(,(<? .,ON:=-’-$) ;$<;@’-,:? ; .’G$-’A<
/. "UD:’ < 3-,.C$(’. 8 E$;:,&$)’)L,A O’-,A )H;-NE:,(<< 8.*. 4,)<> N@’O’:,
>-$ .,L< ;$<;@’-,:= O’&’>N (, &:? $&($%$ ENOH.=@’, ’ &:? ;<;-,AH, &,:$ O’-
),.L<:$;= GH &$@-$.;@$D (&’ < &:? &$@-$.;@$D U-’ O’&’>’ GH:’ GH ;:$B(’),
<A GH:$ -’@B, $-A,>,($, >-$ $( < ;’A O’-.N&(?,-;? $-),-<-= (’ )$E.$;, @’@ U-’
$&(’ O’&’>’ $-.’B’,-;? (’ -,I(<>,;@<I E.<:$B,(<?I (< U-<A, E$ ,%$ A(,(<Q,
$G_?;(?,-;? (, $>,(= )(?-(HD $-),- ;$<;@’-,:? (’ O’&’((HD ,AN .’(,, )$-
E.$;). /;$G$ 8,(<’A<($A *.<%$.=,)<>,A GH:’ $-A,>,(’ A,IA’-$);@’? )HN>@’
;$<;@’-,:?: K,;:< GH (, ,%$ $G.’O$)’(<,, $( N;NA(<:;? GH ) )$OA$B($;-< E.<-
A,(,(<? A,-$&’ 4’%.’(B’M, K$( E.$&,A$(;-.<.$)’: NA,(=, .,L’-= &$)$:=($
;:$B(H, A’-,A’-<>,;@<, O’&’><M, ($ KU-$, @’@ .’O, E.<A,. -$%$ E:$I$%$, >-$ N
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(’; ,;-=, @$%&’ :Q&,D (,&$;-’-$>($ E.<N>’Q- @ E.<G:<B,((HA )H><;:,(<?AM
– U-$ -$B, K)HN>@’ A,IA’-’MM (#’.,(G:’-- ; A,;-’ – K6’, @$(,>($!M).

X&,;= NA,;-($ ;&,:’-= O’A,>’(<,. T.<-<@’ &<;;,.-’C<< $-($;<:’;= G$:=L,
(, @ ;$<;@’-,:Q, ’ @ O’),&NQJ,AN @’F,&.$D – 8.*. 4,)<>N. ".!. 3:,O@<(, GN-
&N>< &,@’($A A,I’(<@$-A’-,A’-<>,;@$%$ F’@N:=-,-’ 2*0 ; 1958 E$ 1962 %$&,
GH: .,O@$ E.$-<) ;$O&’(<? @’F,&.H I<A<>,;@$D A,I’(<@< (’ F’@N:=-,-, <
;><-’:, >-$ -,A’ &<;;,.-’C<< /.8. 8$<($)’ (, $.<%<(’:=(’ < U-’ .’G$-’ A$%:’
GH )HE$:(?-=;? (’ &.N%<I @’F,&.’I F’@N:=-,-’.

*$:$;$)’(<, E$ &<;;,.-’C<< E$@’O’:$ 21 %$:$; O’ E.<;NB&,(<, ;-,E,(<, $&<(
– E.$-<), $&<( GQ::,-,(= GH: E.<O(’( (,&,D;-)<-,:=(HA.

8 $@-?G., 1969 %$&’ /.8. 8$<($) E$ .’;E.,&,:,(<Q E$;-NE<: (’ .’G$-N )
:’G$.’-$.<Q $:,$@$::$<&$) < A$($;:$,) ) 7(;-<-N- I<A<>,;@$D F<O<@< !"
333Z, %&, GH;-.$ E$:N><: .?& N(<@’:=(HI (’N>(HI .,ON:=-’-$). 8 1978 %$&N
$( E,.,L,: (’ .’G$-N ) ;$O&’((HD ’@’&,A<@$A 8.8. 3-.NA<(;@<A ) 2$;@),
3,@-$. A,I’(<@< (,$&($.$&(HI ;.,& !" 333Z. W’A $( .’G$-’: ) &$:B($;-<
O’A,;-<-,:? &<.,@-$.’ < ) 1980 %$&N O’J<-<: &$@-$.;@NQ &<;;,.-’C<Q K6<-
(’A<@’ &)NIF’O(HI ;<;-,A ; N>,-$A <OA,(,(<? F$.AH %.’(<C .’O&,:’ F’OM.
/&(<A <O $EE$(,(-$) ,%$ &<;;,.-’C<< GH: GN&NJ<D ’@’&,A<@ 4.8. /);?((<-
@$). /&(’@$ E$;:, O’J<-H /:,% 8’;<:=,)<>, E.$?)<) E.<(C<E<’:=($, (,;$%:’-
;<, ; ’&A<(<;-.’-<)(HA< &,D;-)<?A< .N@$)$&;-)’, GH: )H(NB&,( E$@<(N-=
U-$ A,;-$ .’G$-H. "’N>(’? &,?-,:=($;-= GH:’ E.$&$:B,(’ <A ) $-.’;:,)HI
$.%’(<O’C<?I, ’ ) 1989 %$&N $( GH: E.<(?- (’ .’G$-N ) &$:B($;-< O’),&NQJ,-
%$ :’G$.’-$.<,D ) $.%’(<O$)’((HD ’@’&,A<@$A Z.7. "<%A’-N:<(HA 7(;-<-N-
A,I’(<@< A($%$F’O(HI ;<;-,A 3/ Z!" ) WQA,(< (; 1998 %$&’ U-$ WQA,(;@<D
F<:<’: 7W+2 3/ Z!"). P-$ GH:< ;:$B(H, &:? (’N@<, ($ E:$&$-)$.(H, &:?
(’N>($D &,?-,:=($;-< 8$<($)’ %$&H.

+.<O(’(<,A O’;:N% /.8. 8$<($)’ E,.,& (’N@$D ,%$ @$::,%’A< ;:NB<- ,%$
<OG.’(<, >:,($A Z$;;<D;@$%$ (’C<$(’:=($%$ @$A<-,-’ E$ -,$.,-<>,;@$D < E.<-
@:’&($D A,I’(<@,. 8 B<O(< $( GH: ;@.$A(HA, $-OH)><)HA, );,%&’ %$-$)HA
E.<D-< (’ E$A$J=, $I$-($ &,:<:;? ; @$::,%’A< ;)$<A< O(’(<?A< < (’N>(HA<
<&,?A<.

/:,% 8’;<:=,)<> 8$<($) NL,: <O B<O(< 30 ;,(-?G.? 2024 %$&’, (’ ;:,&NQJ<D
&,(= E$;:, ;)$,%$ 80-:,-<?. P-$ – G$:=L’? E$-,.? &:? $-,>,;-),(($D < A<.$)$D
(’N@<.

"’;-$?J’? ;-’-=? – &’(= E’A?-< A($%$:,-(,D &.NBG, < ;$-.N&(<>,;-)N !.*.
+,-.$)’ ; /.8. 8$<($)HA.

/GO$. (’N>(HI .,ON:=-’-$). "’N>(H, <(-,.,;H /:,%’ 8’;<:=,)<>’ 8$<-
($)’ (’I$&<:<;= ) .’O:<>(HI $G:’;-?I %<&.$&<(’A<@<: -,>,(<? B<&@$;-< ;$
;)$G$&(HA< %.’(<C’A<, A,I’(<@’ A($%$F’O(HI ;.,&.

+,.)HD .,ON:=-’-, ;-’)L<D <O),;-(HA ) %<&.$&<(’A<@,, /:,% 8’;<:=,)<>
8$<($) E$:N><: ) 1970 %., U-$ GH:$ $G$GJ,(<, .?&$) Y<@;’. 6’(($, <A -$>($,
.,L,(<, &:? ;<:, &,D;-)NQJ<I (’ &)<BNJ<,;? < EN:=;<.NQJ<, ;F,.H, ) )<&,
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GH;-.$ ;I$&?J<I;? .?&$) )E:$-= &$ @$(-’@-’ ?):?,-;? $;($)$D &:? E$;-.$,(<?
-,$.<< ;:<?(<? ENOH.=@$) ) B<&@$;-<.

8 1974 %. 8$<($)HA ;$)A,;-($ ; 2.7. *N.,)<>,A )H),&,(H F$.AN:H &:?
;<:H < A$A,(-’, &,D;-)NQJ<I (’ $;,;<AA,-.<>($, -,:$, $.<,(-<.$)’(($, E’-
.’::,:=($ &(N.

8 1974–1975 %%. 8$<($) /.8. .’O.’G$-’: A,-$& %.’(<>(HI <(-,%.’:=(HI N.’)-
(,(<D &:? .,L,(<? O’&’> %<&.$&<(’A<@< ;$ ;)$G$&(HA< %.’(<C’A<. 8 ;-’-=,
1975 %$&’ K*<&.$&<(’A<@’ ;A’><)’(<?M $( <O:$B<: .’O.’G$-’((NQ <A -,$.<Q
U-$%$ E.$C,;;’, U-’ ;-’-=? <A,,- ) VE.<(%,., G$:,, 1300 ;;H:$@. 8 1975 %$&N
8$<($) E,.)HA )HE$:(<: .’;>,- @NAN:?-<)($D ;-.N< E.< O’I:$EH)’(<< @’-
)<-’C<$(($%$ ENOH.? $@$:$ ;-,(@<, ;$O&’) E.< U-$A A,-$&, @$-$.HD )E$;:,&-
;-)<< ;-’: (’OH)’-=;? A,-$&$A %.’(<>(HI U:,A,(-$). P-< .,ON:=-’-H ;-’:<
(’OH)’-=;? KO’&’>,D 8$<($)’M. /:,% 8’;<:=,)<> ?):?,-;? $;($)$E$:$B(<@$A
-,$.<< .’;-,@’(<? -$(@<I E:,($@.

8 1980-I %$&’I $( O’:$B<: $;($)H -,$.<< .’;-,@’(<? ;),.I-$(@<I E:,($@
E$ E$),.I($;-< -),.&HI -,:, )HE$:(<: .?& E<$(,.;@<I .’G$- E$ -,$.<< ;A’-
><)’(<? < A$&,:?A -,.A$@’E<:?.($%$ &)<B,(<? UAN:=;<< < %’O$B<&@$;-($D
;A,;<.

8 1981–1982 %%. 8$<($) $E.,&,:<: @.<)NQ N;-$D><)$;-< $;’B&,(<? < );E:H-
-<? @$(C,(-.<.$)’((HI ;<;-,A -),.&HI >’;-<C < ENOH.=@$) ) B<&@$;-<. 5%$
-,$.<? <A,,- E.<:$B,(<? &:? $E<;’(<? G’.G$-’B’, U)$:QC<< E;,)&$$B<B,(-
($%$ ;:$?, UAN:=;<D, $-&,:?? UFF,@-<)(H, .,B<AH $- (,B,:’-,:=(HI.

8 2002 %. <A GH:$ $-@.H-$ ?):,(<, @’)<-’C<< E.< E$:ONJ,A &)<B,(<< B<&-
@$;-< (A’:H, ><;:’ Z,D($:=&;’) < &’($ $G_?;(,(<, E’.’&$@;’:=(HI UFF,@-$)
) $EH-’I !.". +.$@N(<(’

8 2005 %. 8$<($) /.8. E$:N><: $GJNQ F$.AN E.,&;-’):,(<? .,L,(<? N.’)-
(,(<D 3-$@;’, ) @$-$.$A E$:? ;@$.$;-< < &’):,(<? E.< $;,;<AA,-.<>($A $G-,-
@’(<< -,:’ E.,&;-’):,(H >,.,O &), %’.A$(<>,;@<, FN(@C<<, @$-$.H, $E.,&,-
:?Q-;? A,-$&$A %.’(<>(HI U:,A,(-$).

1. *<&.$&<(’A<>,;@$, )O’<A$&,D;-)<, -,: ) B<&@$;-<. 6:? $E<;’(<? &)<-
BNJ<I;? ) B<&@$;-< &)NI ;F,. ; E.$<O)$:=($ A,(?QJ<A<;? .’OA,.’A<, ;@$.$-
;-?A< < )O’<A(HA .’;E$:$B,(<,A /.8. 8$<($) E.,&:$B<: E$:=O$)’-=;? N.’)-
(,(<?A< 4’%.’(B’, FN(@C<,D 4’(.’(B’ ) U-$D O’&’>, ?):?,-;? @<(,-<>,;@’?
U(,.%<? T , $E.,&,:,((’? 8$<($)HA ) )<&, GH;-.$ ;I$&?J<I;? .?&$) E$ ;-,E,-
(?A $-($L,(<? .’&<N;’ ;F,.H @ .’;;-$?(<Q A,B&N ;F,.’A< (@’@ $G$GJ,(<,
.?&$) Y<@;’ &:? &)NI -),.&HI ;F,.) [71–73]
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Di = a3
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→)︄

n=1

a3
i

Ai
n

⌊︄

1 + ((Bk
n)

2 → 1) ln

[︄
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n =

r

ai
Bk

n → ak

ai
Ai

n↑1, n = 1, 2, ..., Ai
0 = 1, Bi

0 = 0,

%&, ε – E:$-($;-= B<&@$;-<, ai – .’&<N;H ;F,., r→.’;;-$?(<, A,B&N C,(-.’A<
;F,., ;@$.$;-= C,(-.’ ;F,.H ui > 0, ,;:< $(’ (’E.’):,(’ @ &.N%$D ;F,.,.
#H:< $E.,&,:,(H ;<:H %<&.$&<(’A<>,;@$%$ )O’<A$&,D;-)<?, ) -$A ><;:, < )
@$(-’@-,, (’E.<A,.

1). +.< .’;L<.,(<< ;F,. ) @$(-’@-, r = 2a, a = →u ;<:’ E.<-?B,(<?
GH:’ $E.,&,:,(’ ) )<&, (-$>@$D (’& ;<A)$:$A $G$O(’>,($ &<FF,.,(C<.$)’(<,
E$ ).,A,(<)

F = 2ωεa2
⌈︄
0.785a2

+ 0.18aä
⌉︄

2). +.< ;G:<B,(<< ;F,. @ @$(-’@-N r ↓ 2a ; .’)(HA< ;@$.$;-?A< <A,,-
A,;-$ $--’:@<)’(<, ; ;<:$D

F = ωεa2u2
{︄

1

2
ln

{︄
r

a
→ 2

}︄
→ 0.0948

}︄

3). +.< &)<B,(<< ;F,. ) $&($A (’E.’):,(<< ) @$(-’@-, $--’:@<)’(<, $E.,-
&,:?,-;? ;<:$D (ϑ –&O<-’-FN(@C<?)

F = ωεa2u2
{︄

3

4
ϑ (3) → ln 2

}︄
= 0.2084ωεa2u2

4&#. 1.

W$>($, .,L,(<, 8$<($)’ &:? ;<:, &,D;-)NQJ<I (’ &)<BNJ<,;? < EN:=;<.N-
QJ<, ;F,.H, E.,&;-’):,(($, ) )<&, GH;-.$ ;I$&?J<I;? .?&$) &:? );,I ;-’&<D
E.$C,;;’ ;G:<B,(<? ;F,. )E:$-= &$ @$(-’@-’, ;-’:$ $;($)$D &:? E$;-.$,(<?
-,$.<< ;:<?(<? ENOH.=@$) ) B<&@$;-<.
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2. 3<:’, &,D;-)NQJ’? (’ $.<,(-<.$)’(($, E’.’::,:=($ &(N $;,;<AA,-.<>-
($, -,:$. 3$)A,;-($ ; 2. 7. *N.,)<>,A 8$<($)HA GH:’ .,L,(’ ;:,&NQJ’?
O’&’>’ [54]. /;,;<AA,-.<>($, -$(@$, -,:$ &)<B,-;? E’.’::,:=($ &(N (’ .’;-
;-$?(<< c $- (,%$

4&#. 2.

Z’&<N; ;,>,(<? (’ $-.,O@, z ↔ (→l/2, l/2) $E.,&,:?,-;? E.$<O)$:=($D FN(@-
C<,D a(z). /E.,&,:,(H ;<:’ F < A$A,(- M , &,D;-)NQJ<, (’ (,%$

F = →ωεu2
l/2⟨︄

↑l/2

(aa↓
)

2
↗

c2 → a2 dz, M = →2ωεu̇

l/2⟨︄

↑l/2

(c →
↗

c2 → a2)aa↓
(z)zdz.

L-.<I$A $-A,>,($ &<FF,.,(C<.$)’(<,.

3. 2,-$& %.’(<>(HI <(-,%.’:=(HI N.’)(,(<D. /.8. 8$<($)HA E,.)HA )
A<., GH: .’O.’G$-’( A,-$& %.’(<>(HI <(-,%.’:=(HI N.’)(,(<D &:? .,L,(<?
O’&’> &<(’A<@< B<&@$;-< ;$ ;)$G$&($D %.’(<C,D [56]. 8(N-.,((?? E:$;@’? <:<
$;,;<AA,-.<>(’? O’&’>< &:? N.’)(,(<? 4’E:’;’ GH:’ ;),&,(’ <A @ .,L,(<Q
<(-,%.’:=($%$ N.’)(,(<?

AV (s) + B! (s) = 0,

’ )(,L(?? O’&’>’ @ <(-,%.’:=($AN N.’)(,(<Q
AV (s) + B! (s) = 4ω (C → ! (s))

6:? <(-,%.’:=(HI $E,.’-$.$) $;,;<AA,-.<>($D O’&’>< GH:< E$:N>,(H F$.-
AN:H ( ω

ωn→ $O(’>’,- &<FF,.,(C<.$)’(<, E$ ($.A’:<, $-($;?J,D;? @ -$>@,, E,-
.,A,(($D E$ @$(-N.N, .<;. 3)

AV (s) = →
⟨︄ l

0
r (s↓

) G (s, s↓
) V (s↓

) ds↓,

B! (s) =

⟨︄ l

0
r (s↓

)
ϖG

ϖn↓ (s, s↓
) (! (s) → ! (s↓

)) ds↓G (s, s↓
) = → 8

r1 + r2
K (k) ,

k =
r2 → r1
r1 + r2

, r1,2 =

⟩︄
(z↓ → z)

2
+ (r↓ ↘ r)

2

K (k) =
ω

2

/︄

\︄1 +

→)︄

i=1

⌊︄
(2i → 1)!!

2ii!

⌋︄2

k2i

/︂

\︂ =
1

ω
K

⌈︄↗
1 → k2

⌉︄
ln

16

1 → k2 → h
⌈︄↗

1 → k2
⌉︄
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h (k) =

→)︄

i=1

⎛

⎞
⌊︄

(2i → 1)!!

2ii!

⌋︄2 i)︄

n=1

1

(2n → 1) n

⎡

⎤k2i

4&#. 3.

%&, <(-,%.’:H G,.N-;? )&$:= ;)$G$&($D %.’(<CH -,>,(<? B<&@$;-<, ds ‘ U:,-
A,(- &N%< @$(-N.’.

7(-,%.’:=(H, $E,.’-$.H <A,Q- :$%’.<FA<>,;@$, ?&.$, &:? <(-,%.<.$)’(<?
8$<($) E.,&:$B<: @)’&.’-N.(H, F$.AN:H

ε2⟨︄

ε1

f(ϱ) ln |ϱ |dϱ = f(ϱ1)A1 + f(ϱ2)A2 + f(ϱ0)A0, ϱ0 = (ϱ1 + ϱ2)/2

-$>(H, &:? @)’&.’-<>(HI FN(@C<D f(ϱ) = aϱ 2
+ bϱ + c. Ai – @)’&.’-N.(H,

@$UFF<C<,(-H, )H><;:?,AH, <O -.,G$)’(<? -$>($;-< U-$D F$.AN:H &:? @)’&-
.’-($%$ -.,I>:,(’ E.< :QGHI a, b, c.

’) G) ))

4&#. 4.

Z’O.’G$-’((HA A,-$&$A /.8. 8$<($) E.$),: .?& .’;>,-$) &:? );E:H-<? EN-
;-$D E$:$;-<, ) @$-$.$D ;$O&’,-;? @NAN:?-<)(’? ;-.N?. Z,ON:=-’-H <O$G.’B,(H
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(’ .<;. 4’ (E:$;@’? O’&’>’), .<;. 4G ($;,;<AA,-.<>(’? O’&’>’). 3EN;-? 40 :,-
T’.’GN- ; ;$’)-$.’A<7 E$;-.$<: -$>($, .,L,(<, O’&’>< 8$<($)’ < E.<),: ;$-
E$;-’):,(<, ;)$,%$ .,L,(<? ; .’;>,-$A 8$<($)’ (’ .<;. 4), E$@’O’)L,, $>,(=
I$.$L,, ;$%:’;<, ; -$>(HA .,L,(<,A.

4&#. 5.

6:? O’I:$EH)’(<? ENOH.=@’ )$O:, E:$;@$;-< (.<;. 5’) 8$<($) E.$’(’:<O<.$-
)’: O’)<;<A$;-= ;@$.$;-< @NAN:?-<)($D ;-.N< $- .’;;-$?(<? $- ;-,(@< (.<;. 5G)
< $- (’>’:=($D F$.AH ENOH.=@’ U::<E;$<&’:=($D F$.AH ; $-($L,(<,A $;,D
a/b = ς. /( E$@’O’:, >-$ (’ ;@$.$;-= < -$:J<(N @NAN:?-<)($D ;-.N< ;<:=-
($ ):<?,- (’>’:=(’? F$.A’ ENOH.?. 5;:< ,%$ (’>’:=(’? F$.A’ –;E:Q;(N-HD
U::<E;$<&, -$ E.< <OA,(,(<< $-($L,(<? $;,D $- 1 &$ 1.18 ;@$.$;-= ;-.N< )$O-
.’;-’,- ) 10 .’O, $- 180 A/c &$ 1800A/;, &’:,, ;@$.$;-= ;-.N< (,$%.’(<>,(($
)$O.’;-’,- (.<;. 5)). P-< .,ON:=-’-H GH:< $ENG:<@$)’(H ) .?&, ;-’-,D [44],
[49], [59], [51], [53], [56].

W’@<A $G.’O$A, 8$<($) .’O.’G$-’: A,-$& %.’(<>(HI U:,A,(-$) (’ -.< %$&’
.’(=L, C.A. Brebbia, ) 1978 %$&N $ENG:<@$)’)L,%$ .’G$-N “The Boundary
Element Method for Engineers”8. 2,-$& GH: E.<A,(,( 8$<($)HA &:? .’;>,-’
@NAN:?-<)(HI ;-.ND, (’E.’):,((HI @ E:$;@$;-<, E.< ;I:$EH)’(<< ENOH.? N ,,
E$),.I($;-<. ",&’)(,, ;.’)(,(<, ; -$>(HA .,L,(<,A T’.’GN-’ E:$;@$D O’&’><
E$@’O’:$ )H;$@NQ -$>($;-= .’;>,-$) 8$<($)’9.

7Karabut E.A. Semi-analytical study of the Voinovs problem// European Journal of Applied
Mathematics (2019), V. 30, pp. 298–337.

8Brebbia C.A.The Boundary Element Method for Engineers. London: Pentech Press. 1978. 189
p.

9Karabut E.A. Semi-analytical study of the Voinovs problem// European Journal of Applied
Mathematics (2019), V. 30, pp. 298–337.
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4. Z’;-,@’(<, @’E,:= (’ -),.&HI E$),.I($;-?I. +,.)HA ) A<., /.8. 8$<-
($) E$;-.$<: ’(’:<-<>,;@$, .,L,(<, O’&’>< $ .’;-,@’(<< @’E:< )?O@$D B<&-
@$;-< (’ -),.&$D E$),.I($;-< (.<;. 6) [48].

’) G) ))

4&#. 6.

P-’ O’&’>’ <ON>’:’;= U@;E,.<A,(-’:=($ I<A<@’A<. 8$<($) &’: A’-,A’-<>,-
;@NQ E$;-’($)@N U-$D O’&’><

≃p = µ”v, div v = 0,
vx = →v, vy = 0, vn = 0,
pε = 0, pn = →p0 + qφ

< ;),: ,, .,L,(<, @ &<FF,.,(C<’:=($AN N.’)(,(<Q

d↼

dt
=

φ

9µ

{︄
ω

3V

}︄1/3 ↼3
m → ↼2

ln(h/hm) → 1
(1 → cos ↼)

2/3
(2 + cos ↼)

4/3

↼ – @.’,)$D N%$: (’ ;F,.<>,;@$A ;,%A,(-,, ↼m – I’.’@-,.<ON,- ;-’-<>,;@<D
%<;-,.,O<; @.’,)$%$ N%:’, ↼↔ – N%$:, (’G:Q&’,AHD ) U@;E,.<A,(-,.

6:? G,O.’OA,.($%$ ).,A,(< ↽ = tϑ
µ

⌈︄
ϖ

4V

⌉︄1/3
8$<($) E$:N><: O’)<;<A$;-=, @$-

-$.’? ;$)E’:’ ;$ );,A< $;($)(HA< .,ON:=-’-’A< U@;E,.<A,(-$) (.<;. 6 ).).
Z’O)<-<, ,%$ ;$G;-),(($D -,$.<< E.,&;-’):,($ <A ) .?&, ;-’-,D [3, 5-7, 9, 12,

15, 18, 21, 23, 25-30, 32-36, 38, 45, 46, 55, 57].

5. T’)<-’C<? ) -$(@<I ;:$?I )?O@$D B<&@$;-<. /.8. 8$<($) E.,&:$B<:
E.$;-NQ F$.AN:N .’;E.,&,:,(<? &’):,(<? A,B&N E:$;@$;-=Q < ).’J’QJ<A;?
U::<E;$<&$A [14], &’) -’@<A $G.’O$A $G_?;(,(<, E’.’&$@;’ !.". +.$@N(<(’.
Z’(,, +.$@N(<(HA GH:$ N;-’($):,($10, @’O’:$;= GH, E’.’&$@;’:=($, ?):,(<,:

10*4/’=%&% A.<. CJ /9%/, 82429/’#" 84& 90&D"%&& $0"49/M >2#$&BG 09/1: #$"%’& D&9-
’/#$&// -E0"#$&5 A< 333P. 6"72%&’2 D&9’/#$& & ;2E2. U 3. 2003. #. 107–122.
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-?B,:HD L’. ) )?O@$D B<&@$;-< ;@’-H)’:;? ; (’@:$(($D E:$;@$;-<, $;-’)-
:?? O’O$. A,B&N ;$G$D < E:$;@$;-=Q. T’@ E$@’OH)’,- .,L,(<, O’&’>< $G-,-
@’(<? ;F,.H $@$:$ E:$;@$;-< A,&:,((HA E$-$@$A B<&@$;-< ; G$:=L$D )?O@$-
;-=Q11,12, %<&.$&<(’A<>,;@’? ;<:’ (’E.’):,(’ E’.’::,:=($ E:$;@$;-<. 1-$ B,
E.$-<)$&,D;-)N,- ;<:, -?B,;-<? 7 E$>,AN L’. (, $;’B&’,-;? &$ @$(-’@-’ ;
E:$;@$;-=Q.

0@’O’((HD $G.’ONQJ<D;? O’O$. $E.,&,:?,-;? F$.AN:$D (;A. .<;. 7 ’.)

h = h0 +
x2

+ y2

2Rs
.

6:? .’;E.,&,:,(<? &’):,(<? ) U-$A O’O$., 8$<($) E$:N><: F$.AN:N

p = p↑ +
6

5
µ(v + Rs⇀)xh↑2.

6’):,(<, <A,,- (’<A,(=L,, O(’>,(<,

pmin = p→ → 9

40
µ (v + Rs⇀) R1/2

s h↑3/2
0

+.< &$;-’-$>($ A’:$A O(’>,(<< h0 &’):,(<, A$B,- ;-’-= $-.<C’-,:=(HA,
>-$ E.<)$&<- @ )$O(<@($),(<Q @’)<-’C<< – ) O’O$., A,B&N E:$;@$;-=Q < L’-
.$A $G.’ON,-;? ENOH.,@. Z’OA,. ENOH.=@’ $>,(= A’:, < $( .’O:<><A -$:=@$
E.< ;E,C<’:=($A .’;;A$-.,(<<. +$;:, -,$.,-<>,;@$%$ E.,&;@’O’(<? 8$<($)’
+.$@N(<( &,D;-)<-,:=($ N;A$-.,: ENOH.,@ ) ;)$,A $EH-,.

8$<($) /.8. ) ;-’-=, [18] E.<),: .’;>,-H F$.AH ENOH.=@$), @$-$.H, $G.’-
ONQ-;? ) O’O$., A,B&N E:$;@$;-=Q < L’.$A. 8 O’)<;<A$;-< $- $-($L,(<? # =

p↑
pm

, pm = µ u
h0

⟩︄
Rs
h0

F$.AH ENOH.=@$) E.< # : 0.93; 0.79; 0.54; 0.3; 0.2; 0.1

E.<),&,(H (’ .<;. 7 G). 7O-O’ ENOH.=@’ )$O(<@’,- E$&_,A(’? ;<:’ F =

3(#)µ|u|Rs

⟩︄
Rs
h0

; @$UFF<C<,(-$A 3(#), E.<),&,(($A (’ %.’F<@, .<;. 7 )). P-’
;<:’ E.,E?-;-)N,- $;’B&,(<Q L’.’ (’ E:$;@$;-=.

W.$. E.< $G_?;(,(<< E’.’&$@;’ +.$@N(<(’ GH:$ $-@.H-$ N&<)<-,:=($, ?):,-
(<, – @’)<-’C<? ) -$(@$A ;:$, B<&@$;-< E.< $>,(= A’:$A ><;:, Z,D($:=&;’.

6. T.<)’? N;-$D><)$;-< $;’B&,(<? < );E:H-<? @$(C,(-.<.$)’((HI ;<;-,A
-),.&HI >’;-<C < ENOH.=@$) ) B<&@$;-<. +;,)&$$B<B,((HD ;:$D (<:< @<E?-
J<D ;:$D, gas-solidfluidization) –E’.?J,, ;$;-$?(<, >’;-<C -),.&$%$ ;HEN>,%$
A’-,.<’:’ E$& )$O&,D;-)<,A )$;I$&?J,%$ E$-$@’ %’O’ <:< ;A,;< %’O-B<&@$;-=
()<ON’:=($ ;HEN><D A’-,.<’: ) -’@<I N;:$)<?I (’E$A<(’,- @<E?JNQ B<&-
@$;-=). +;,)&$$B<B,((H, ;:$< (’L:< G$:=L$, E.<A,(,(<, ) .’O:<>(HI $--
.’;:?I E.$AHL:,(($;-< – F’.A’C,)-<>,;@$D, I<A<>,;@$D, E<J,)$D, @$;A,-<-
>,;@$D, ’ -’@B, G<$-,I($:$%<?I < -. E.

11Goldman A.J., Cox R.G., Brenner H. Slow viscous motion of a sphere parallel to a plane
wall// Cem. Eng. Sci. 1967. V.22. N4. P. 637-651.

12O’Neill M.E., Stewartson K. On the slow motion of a sphere parallel to a nearby plane wall//
J. Fluid Mech. 1967. V.27. Pt 4. P. 705-724.
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’) G) ))

4&#. 7.

/;($)(H, ;-’&<< .’O)<-<? E;,)&$$B<B,(($%$ ;:$?: (,E$&)<B($, ;$;-$?(<,,
$&($.$&($, (;E$@$D($,) @<E,(<,, (,$&($.$&($, (ENOH.=@$)$,) @<E,(<,, E$.L-
(,)$D .,B<A < E(,)A$-.’(;E$.- (N($;) (.<;. 8.)

4&#. 8.

Z,B<AH $G.’O$)’(<? @.NE(HI ENOH.,D (G’DE’;<.$)’(<,), F$(-’(<.$)’(<,,
L:’@$)’(<,, ’%:$A,.’C<? < >.,OA,.(HD )H($; A,:@$&<;E,.;(HI >’;-<C, ?):?-
Q-;? (,B,:’-,:=(HA<. /(< (’.NL’Q- .’)($A,.($;-= -,E:$A’;;$$GA,(’, ;(<-
B’Q- UFF,@-<)($;-= .’G$-H ’EE’.’-$) ;$O&’(<? @$(,>($%$ E.$&N@-’ < A$%N-
E.<),;-< @ $;-’($)@, .’G$>,%$ E.$C,;;’.

8$<($) E$@’O’:, >-$ ;@$.$;-< -),.&HI >’;-<C ) E;,)&$$B<B,(($A ;:$, ;@:’-
&H)’Q-;? <O ;.,&(,D ;@$.$;-< < I’$-<>,;@$D F:N@-N’C<< < &:? $E<;’(<? &)<-
B,(<? ;<:=($ @$(C,(-.<.$)’(($D &)NIF’O($D ;.,&H E.,&:$B<: $;.,&(,((H,
N.’)(,(<?, E$&$G(H, N.’)(,(<?A -N.GN:,(-($;-<

⇁ε
dv
dt

= ⇁εg → ≃p → cF + div
⌈︄
→⇁ε↪v↪v

⌉︄
, cεs

du
dt

= cεsg + div
⌈︄
→cεs↪u↪u

⌉︄
+ cF,

ϖ⇁

ϖt
+ div (⇁v) = 0,

ϖc

ϖt
+ div (cu) = 0, ⇁ + c = 1,

w = u → v, cεs↪ui↪uj = Swiwj, cF = →cεg → µ
G

R2

[︄

cw + f R
w(w≃c)

|w|

]︄

,
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G(c), S(Fr, c), f(Fr, c), F r =
w↗
Rg

.

%&, ε, v – E:$-($;-= < ;@$.$;-= (,;NJ,D ;.,&H, εs,u, ⇁, c – E:$-($;-=, ;@$.$;-=,
E$.<;-$;-= < @$(C,(-.’C<? >’;-<C, F – ;<:’ A,BF’O($%$ )O’<A$&,D;-)<?, µ
– @$UFF<C<,(- &<(’A<>,;@$D )?O@$;-< (,;NJ,D ;.,&H, ↪v, ↪u – F:N@-N’C<<
;@$.$;-,D (,;NJ,D ;.,&H < ;@$.$;-,D >’;-<C.

+.< $;.,&(,(<< 8$<($) )),: -.< UAE<.<>,;@<, G,O.’OA,.(H, FN(@C<<: @$-
UFF<C<,(- ;$E.$-<):,(<? G(c), O’)<;?J<D $- @$(C,(-.’C<<, @$UFF<C<,(- (’-
E.?B,(<D f(c, Fr), O’)<;?J<D $- @$(C,(-.’C<< < ><;:’ [.N&’. T.$A, -$%$, @
;<:, A,BF’O($%$ )O’<A$&,D;-)<? $( &$G’)<: ;:’%’,A$,, O’)<;?J,, $- %.’&<,(-
-’ @$(C,(-.’C<< ; @$UFF<C<,(-$A, O’)<;?J<A $- @$(C,(-.’C<< < ><;:’ [.N&’,
E$:N><) O’A@(N-NQ ;<;-,AN N.’)(,(<D.

+$;:, :<(,’.<O’C<< E$:N>,((HI N.’)(,(<D &:? )$OANJ,(<? @$(C,(-.’C<<
;A,;< ↪c = →↪⇁ E$:N><:$;= N.’)(,(<, -<E’ -,E:$E.$)$&($;-< ; @$UFF<C<,(-$A
-,E:$E.$)$&($;-< k

ϖ↪⇁

ϖt
→ c↩w

ϖ↪⇁

ϖz
= k

ϖ2↪⇁

ϖz2 , ↩ (Fr, c) = 1 → ⇁

G

ϖG

ϖ⇁

k = ⇁Rw

[︄

f (Fr, c) → Fr2

1 → ε/εs

⌈︄
c2↩ (Fr, c)

2
+ S↔

(Fr, c)

⌉︄]︄

T’@ <O),;-($ ) E.$C,;;’I, $E<;H)’,AHI N.’)(,(<, -,E:$E.$)$&($;-<, E.<
E$:$B<-,:=($A @$UFF<C<,(-, -,E:$E.$)$&($;-< k > 0)$OANJ,(<? ;%:’B<)’-
Q-;? ;$ ).,A,(,A, ’ E.< k < 0 N.’)(,(<, (,@$..,@-($. +.<.’)(<)’(<, k = 0

) )H.’B,(<< &:? k, )HE<;’(($A )HL,, $E.,&,:?,- @.<)NQ N;-$D><)$;-< @’@
O’)<;<A$;-= Fr = Fr (c) ><;:’ [.N&’ $- @$(C,(-.’C<< (.<;. 9). P-’ @.<)’?,
<O$G.’B,(’ (’ .<;. 9 ;E:$L($D :<(<,D.

4&#. 9.
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+$:N>,((’? @.<)’? N;-$D><)$;-< E$&-),.B&,(’ G$:=L<A ><;:$A U@;E,.<-
A,(-$)13.

4<(<< E < F $E<;H)’Q- E.$C,;; N;-$D><)$%$ $;’B&,(<?.

7. Z,L,(<, O’&’>< .’;>,-’ $;,;<AA,-.<>($%$ -,>,(<? )?O@$D B<&@$;-<. W,-
>,(<? )?O@$D B<&@$;-< E.< A’:HI ><;:’I Z,D($:=&;’ $E<;H)’Q-;? E.$;-.’(-
;-),((HA< N.’)(,(<?A< 3-$@;’ ≃p = µ”v, divv=0. 6:? $;,;<AA,-.<>($%$ -,-
>,(<? ; @$AE$(,(-’A< vr, vz ) C<:<(&.<>,;@<I @$$.&<(’-’I r, z $(< <A,Q- )<&

ϖp

ϖr
= µ

[︄
ϖ2vr

ϖz2 → ϖ2vz

ϖr ϖz

]︄

,
ϖp

ϖz
= µ

[︄
ϖ2vz

ϖz2 +
ϖ2vz

ϖr2 +
1

r

ϖvz

ϖr

]︄

,
ϖvr

ϖr
+

vr

r
+

ϖvz

ϖz
= 0.

8$<($) )H.’O<: $GJ,, .,L,(<, U-<I N.’)(,(<D >,.,O &), %’.A$(<>,;@<,
FN(@C<<▷ < ◁

vr = 2z
ϖ▷

ϖr
→ r

ϖ▷

ϖz
+

ϖ◁

ϖr
, vz = r

ϖ▷

ϖr
+ 2z

ϖ▷

ϖz
+

ϖ◁

ϖz
, p = 2µ

ϖ▷

ϖz

6:? E:$;@$D O’&’>< ’(’:$%<>($, E.,&;-’):,(<, &’,-;? <O),;-(HA< F$.AN-
:’A< *N.;’14.

/.8. 8$<($) ) ;)$,D .’G$-, [13] ;),: O’&’>N .,L,(<? N.’)(,(<D -,>,(<? )?O-
@$D B<&@$;-< ) E.<G:<B,(<< 3-$@;’ @ O’&’>, E$-,(C<’:=(HI -,>,(<D, &:?
@$-$.HI $( .’O.’G$-’: A,-$& %.’(<>(HI U:,A,(-$) (;A. E. 3).

8. 7O$G.,-’-,:=;@’? &,?-,:=($;-=. +’-,(-H. /.8. 8$<($) GH: ;$’)-$.$A
.?&’ E’-,(-$): 3,-$>(HD NO,: )<G.$;<-’, 3E$;$G GN.,(<? ; @$:=A’-’C<,D, a,-
:,)’? ;,-@’, 8<G.$;<-$.

!)-$.H G:’%$&’.(H ;$-.N&(<@N !.I<)’ 2*0 5:,(, 8’:,.=,)(, 4,E,(<($D
O’ E$A$J= ) ;G$., A’-,.<’:’.
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