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Abstract. The work is devoted to the development of an asymptotic theory for the
non-stationary stress strain state of thin elastic shells. Wave processes in shells
of revolution of arbitrary form under impact end loading are considered. The
main principles of the asymptotic theory are presented. The theory is based on
the fundamental concepts of the variability indices of the stress strain state with
respect to spatial coordinates and the dynamicity index with respect to time. This
makes it possible to describe the characteristic properties of non-stationary waves
in thin bodies, complementing the principles of classical two-dimensional theories.
Decomposition schemes of the stress-strain state into components are employed.
The characteristic types of non-stationary stress strain state are determined by the
type of boundary impact loading. In the case of impact on the end face, three types
are distinguished. LT loading is a longitudinal impact of a tangential type, where
only the longitudinal stress resultant force is non-zero at the end. LM loading is a
longitudinal impact of a bending type, where only the bending moment is non-zero at
the end. NW loading is a normal impact, where only the shear force is non-zero at the
end. In the case of LT and LM type loads, discontinuities appear on the longitudinal
wave fronts. In the case of NW loading, the discontinuity is carried by the shear wave
front. The work presents decomposition schemes for the non-stationary stress strain
state of thin elastic shells of revolution of arbitrary form under the aforementioned
loadings. The asymptotic approach have made it possible to construct a unified
optimal system of approximate theories that collectively describe the nonstationary
stress strain state of shells of revolution. Asymptotic estimates are formulated for the
ranges of applicability of the components of the nonstationary stress strain state. The
coincidence of the solutions for these components in the overlap regions is proved.
Asymptotic methods are developed for solving boundary value problems for elliptic
and hyperbolic boundary layers, taking into account the asymptotic representation of
the geometry of the wave fronts. The universality of the approach is demonstrated in
the study of classes of problems for thin walled elastic shells with di?erent geometric
and mechanical properties.

235



236 8. M.A8>822OM3, 2.<. AO!!OM8P

Keywords: Stress strain state, asymptotic theory, elliptic boundary layer, hyperbolic
boundary layer, parabolic boundary layer, impact loading, wave front.

Irina V. Kirillova, Candidate of Physical and Mathematical Sciences (PhD), Associate Professor,
Director of the Educational and Research Institute of Nanostructures and Biosystems; e-mail:
iv@info.sgu.ru; https://orcid.org/0000-0001-8053-3680; AuthorID: 179980
Leonid Yu. Kossovich, Doctor of Physical and Mathematical Sciences (Dr. habil.), Professor,
Head of the Department of Mathematical Theory of Elasticity and Biomechanics; e-mail:
kossovichly@sgu.ru; https://orcid.org/0000-0002-4775-7348; AuthorID: 2935

to cite this article: Kirillova I. V., Kossovich L.Yu. Asymptotic theory of non-
stationary processes in thin elastic shells // Vestn. Chuvash. Gos. Ped.
Univ. im. I.Ya. Yakovleva Ser.: Mekh. Pred. Sost. 2026. No 1(67). p. 233–238.
DOI: 10.37972/chgpu.2026.67.1.017

This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

?@;@A5BCDAE5@
F(-"1 "&$%#%&. B. F. G)#)--%&%* <#)+"1-0H)$ I%#43-)#%&"+)0 ,0-) ) J"1"= )’’-0-
1%&"+):, <#%&010+)0 )’’-01%&"+)*, "+"-)J ) )+$0#<#0$",): <%-3=0++/K #0J3-.$"$%&,
+"<)’"+)0 $0(’$" #3(%<)’); A.L. G%’’%&)=3 <#)+"1-0H)$ #"J#">%$(" 40$%1%-%2))
)’’-01%&"+):, " $"(H0 3="’$)0 & "+"-)J0, &0#)I)(",)) ) )+$0#<#0$",)) <%-3=0+-
+/K #0J3-.$"$%&, #01"($)#%&"+)0 $0(’$" #3(%<)’), ’%2-"’%&"+)0 I)+"-.+%* &0#’))
#3(%<)’).
G%+I-)($ )+$0#0’%&. M&$%#/ 10(-"#)#3N$ %$’3$’$&)0 :&+/K ) <%$0+,)"-.+/K (%+-
I-)($%& )+$0#0’%&, ’&:J"++/K ’ <3>-)(",)0* +"’$%:O0* ’$"$.).
B’$%=+)( I)+"+’)#%&"+):. M&$%#/ J":&-:N$ %> %$’3$’$&)) &+08+02% I)+"+’)#%&"-
+): <#) <#%&010+)) )’’-01%&"+):.

ADDITIONAL INFORMATION
Authors’ contribution. I.V. Kirillova was responsible for formulating the aim and objectives
of the study, conducting the research, analyzing and interpreting the obtained results, and
writing the manuscript text. L.Yu. Kossovich was responsible for developing the research
methodology, as well as participating in the analysis, verification, and interpretation of
the obtained results, editing the manuscript text, and approving the final version of the
manuscript.
Competing interests. The authors declare that they have no competing interests.
Funding. This study was not supported by any external sources of funding.

ABCD9MCP9M
1. Nigul U. Regions of e!ective application of the methods of three-dimensional and

two-dimensional analysis of transient stress waves in shells and plates // Int. J.
Solid and Structures. – 1969. – Vol. 5, no. 6. – P. 607–627.

2. 6%-.10+&0*J0# M. A. C0%#): $%+()K 3<#32)K %>%-%=0(. – Q. : 5"3(", 1976. –
512 ’.

Received: 10.03.26; accepted: 19.05.26; published: 01.07.26.



3!8RKLOL8PT!A3Q LTO>8Q =T!L3U8O=3>=VW ... 237

3. G%’’%&)= A. L. 50’$",)%+"#+/0 J"1"=) $0%#)) 3<#32)K $%+()K %>%-%=0(. –
!"#"$%& : BJ1-&% !"#"$%&’(%2% 3+)&0#’)$0$", 1986. – 176 ’.

4. Kaplunov J. D., Nolde E. V., Kossovich L. Y. Dynamics of Thin Walled Elastic
Bodies. – San Diego : Academic Press, 1998. – 226 p.

5. G)#)--%&" B. F. M’)4<$%$)=0’(": $0%#): 2)<0#>%-)=0’(%2% <%2#"+’-%: & %>%-
-%=("K &#"O0+): <#) 31"#+/K $%#,0&/K &%J10*’$&):K $"+20+,)"-.+%2% $)<" //
BJ&0’$): !"#"$%&’(%2% 3+)&0#’)$0$". 5%&": ’0#):. !0#):: Q"$04"$)(". Q0K"-
+)(". B+I%#4"$)(". – 2024. – C. 24, R 2. – !. 222–230. – DOI: 10.18500/1816-
9791-2024-24-2-222-230.

6. G)#)--%&" B. F., G%’’%&)= A. L. M’)4<$%$)=0’(": $0%#): &%-+%&/K <#%,0’’%&
& %>%-%=("K &#"O0+): <#) 31"#+/K <%&0#K+%’$+/K ) $%#,0&/K +%#4"-.+/K &%J-
10*’$&):K // BJ&0’$): 9%’’)*’(%* "("104)) +"3(. Q0K"+)(" $&0#1%2% $0-". –
2022. – R 2. – !. 35–49. – DOI: 10.31857/S057232992202012X.

7. Kirillova I. V. Asymptotic model of non-stationary processes in shells of revolution
under the action of end impact loads of bending type // Mechanics of Solids. –
2024. – Vol. 59, no. 7. – P. 3756–3768. – DOI: 10.1134/S0025654424606591.

8. G)#)--%&" B. F. 6)<0#>%-)=0’()* <%2#"+’-%* & %(#0’$+%’$) I#%+$" &%-+/
’1&)2" & %>%-%=("K &#"O0+): // BJ&0’$): !"#"$%&’(%2% 3+)&0#’)$0$". 5%&":
’0#):. !0#):: Q"$04"$)(". Q0K"+)(". B+I%#4"$)(". – 2024. – C. 24, R 3. –
!. 394–401. – DOI: 10.18500/1816-9791-2024-24-3-394-401.

9. G)#)--%&" B. F. S--)<$)=0’()* <%2#"+’-%* & %>%-%=("K &#"O0+): <#) 31"#-
+/K <%&0#K+%’$+/K &%J10*’$&):K +%#4"-.+%2% $)<" // BJ&0’$): 9%’’)*’(%*
"("104)) +"3(. Q0K"+)(" $&0#1%2% $0-". – 2024. – R 5. – !. 48–59. – DOI:
10.31857/S1026351924050045.

10. 5%&%H)-%& F. F., !-0<:+ A. B. @ <#)+,)<0 !0+-F0+"+" & 1)+"4)(0 ’$0#H+0* //
;QQ. – 1965. – C. 29, R 2. – !. 261–281.

11. !-0<:+ A. B. 50’$",)%+"#+/0 3<#32)0 &%-+/. – A0+)+2#"1 : !31%’$#%0+)0,
1972. – 374 ’.

REFERENCES
1. Nigul U. Regions of E!ective Application of the Methods of Three-Dimensional

and Two-Dimensional Analysis of Transient Stress Waves in Shells and Plates //
International Journal of Solids and Structures. – 1969. – Vol. 5, no. 6. – P. 607–
627.

2. Goldenveizer A. L. Theory of Elastic Thin Shells. – Oxford : Pergamon Press,
1961. – 658 p. – Russ. ed.: Moscow, Nauka, 1976. 512 p.

3. Kossovich L. Y. Nestatsionarnye zadachi teorii uprugikh tonkikh obolochek [Non-
stationary Problems of the Theory of Elastic Thin Shells]. – Saratov : Saratov
State University Publ., 1986. – 176 p. – EDN: VIOSWL. – (in Russian).

4. Kaplunov J. D., Nolde E. V., Kossovich L. Y. Dynamics of Thin Walled Elastic
Bodies. – San Diego et al. : Academic Press, 1998. – 226 p. – DOI: 10.1016/C2009-
0-20923-8. – EDN: WNSAFB.

5. Kirillova I. V. Asymptotic Theory of the Hyperbolic Boundary Layer in Shells of
Revolution at Shock Edge Loading of the Tangential Type // Izvestiya of Saratov
University. Mathematics. Mechanics. Informatics. – 2024. – Vol. 24, no. 2. –



238 8. M.A8>822OM3, 2.<. AO!!OM8P

P. 222–230. – DOI: 10 . 18500 / 1816 - 9791 - 2024 - 24 - 2 - 222 - 230. – EDN:
SFYWBV. – (in Russian).

6. Kirillova I. V., Kossovich L. Y. Asymptotic Theory of Wave Processes in Shells of
Revolution under Surface Impact and Normal End Actions // Mechanics of Solids. –
2022. – Vol. 57, no. 2. – P. 232–243. – DOI: 10.3103/S0025654422020078.

7. Kirillova I. V. Asymptotic Model of Non-Stationary Processes in Shells of Rev-
olution under the Action of End Impact Loads of Bending Type // Mechanics
of Solids. – 2024. – Vol. 59, no. 7. – P. 3756–3768. – DOI: 10 . 1134 /
S0025654424606591.

8. Kirillova I. V. Hyperbolic Boundary Layer in the Vicinity of the Shear Wave Front
in Shells of Revolution // Izvestiya of Saratov University. Mathematics. Mechanics.
Informatics. – 2024. – Vol. 24, no. 3. – P. 394–401. – DOI: 10.18500/1816-9791-
2024-24-3-394-401. – EDN: JMEGQP. – (in Russian).

9. Kirillova I. V. Elliptic Boundary Layer in Shells of Revolution under Surface Shock
Loading of Normal Type // Mechanics of Solids. – 2024. – Vol. 59, no. 5. –
P. 2686–2693. – DOI: 10.1134/S0025654424604397.

10. Novozhilov V. V., Slepian L. I. On Saint-Venant’s Principle in the Dynamics of
Beams // Journal of Applied Mathematics and Mechanics. – 1965. – Vol. 29, no.
2. – P. 293–315. – DOI: 10.1016/0021-8928(65)90032-8.

11. Slepian L. I. Nestatsionarnye uprugie volny [Unsteady Elastic Waves]. – Leningrad :
Sudostroenie, 1972. – 374 p. – (in Russian).


