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OPERATORS

I. Voronezh State Technical University, Voronezh, Russia

I.N. National Research Moscow State University of Civil Engineering, Moscow, Russia

Abstract. In this work, modeling and analysis of wave propagation are carried out in media
whose hereditary-elastic properties are described using the Maxwell, Kelvin–Voigt, and standard
linear solid models with fractional-order derivatives. The objectives of the study are: mathematical
modeling of the evolution of Poisson’s ratio; analysis of the steady-state harmonic wave propagation
in three-dimensional media; analysis of the steady-state harmonic wave propagation in one-
dimensional media; analysis of the transient stress wave propagation in one-dimensional media;
modeling the propagation of transient stress waves using ray expansions. A methodology has been
developed to express the time-dependence of the Poisson’s ratio for relaxation and creep processes
using the Gelfand-Shilov and Mittag-Le[er functions. Using this methodology, the Poisson ratio
has been obtained for 16 models, in which 4 moduli are successively described by Scott-Blair,
Maxwell, Kelvin–Voigt, and standard linear solid models, assuming no relaxation of the bulk
modulus [1]. Exact analytical expressions have been derived for the frequency-dependent behavior
of velocity, attenuation coe\cient, and logarithmic decrement of attenuation of steady-state
harmonic waves in three-dimensional [2, 3] and one-dimensional [4] viscoelastic media described by
the generalized fractional Maxwell, Kelvin-Voigt and standard linear solid models that represent
various moduli under the assumption of no bulk modulus relaxation. Graphs of these dependencies
have been plotted, and asymptotic values of the aforementioned wave characteristics have been
found in the limits of infinitely small and infinitely large frequencies. The propagation of stress
waves in hereditarily elastic rods has been studied for the case where the Young’s modulus
operator is described by the standard linear solid model with fractional derivatives, neglecting
bulk relaxation [5]. Stress waves are excited by applying a constant load to the end of a semi-
infinite rod via the Heaviside function or an impulsive load using the Dirac delta function. The
solution is sought via the Laplace transform, followed by numerical analysis. Analytical solutions
have been found for particular cases, while the general case has been solved numerically. Graphs
of stress versus coordinate have been plotted for various time instants and fractional parameter
values. A generalization of the ray expansion of the wave field in the vicinity of the wavefront in
rods has been developed into an asymptotic alternating series in powers of the associated time,
with coe\cients depending on the spatial coordinate, extended to the case of weakly singular creep
kernels. Using this method, generalized ray expansions have been obtained for the Maxwell model,
the standard linear solid model, and for the general case of purely wave models with a fractional
derivative of order 1/2, under constant and impulsive loads applied to the left end of the rod.
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The mechanism for obtaining a generalized ray series for an arbitrary load has been demonstrated.
Numerical validation of the results obtained has been carried out.

Keywords: fractional-order operators, hereditary mechanics, dispersion and
attenuation of waves, nonstationary stress waves, near-front asymptotics.
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