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Annoranusi. B paboTe BBIOJTHEHO MOJIEIUPOBAHUE U IIPOBEIEH AHAJN3 PACIPOCTPAHEHUST BOJIH
B Cpejlax, HACJEJICTBEHHO-YIIPYT'He CBOMCTBA KOTODPBIX OIHMCBHIBAIOTC C ITOMOIIbI0 Mojeseii Makc-
esuta, KesibBuna-@oiirra u cTaHIapTHOTO JUHEHHOIO TBEPIOrO Tejia ¢ IPOU3BOIHBIMU JPOOHOIO
MOPSIJIKA. 3a/1a9aMU UCCJIEIOBAHNS SIBJISIFOTCSI: MATEMATHIECKOE MOJIEIUPOBAHNE YBOJIIOIUN KO-
durmenTa [lyaccona; anannm3 pacmpocTpaHeHUs] YCTAHOBHUBIINXCS TAPMOHUYIECKUX BOJIH B TPEX-
MEPHBIX CPE€JIaX; aHaJN3 PACIPOCTPAHEHUS YCTAHOBUBIIINXCSA TAPMOHIMIECKAX BOJIH B OJITHOMEPHBIX
CpeJiax; aHAJIN3 PACHPOCTPAHEHHUS HECTAIIMOHAPHBIX BOJIH HAIPSXKEHUN B OJHOMEPHBIX CpeJax;
MOJICJINPOBAHNE PACIPOCTPAHEHNsI HECTAIIMOHAPHBIX BOJIH HAIIPAKEHUI C UCIIOJIb30BAHUEM JIyde-
BBIX pasjioxkeHuii. PaszpaboraHa MeTO/NKa BBbIpAXKEHUs] BDEMEHHBIX 3aBUCUMOCTeH Koy duimen-
ta, Ilyaccona jyist mporieccoB pesakcarnuu u mojsydectu depe3 dyakmuu lenbdanna-Illuwrosa u
Murrar-Jledbduépa. C ucnosib3oBanneM JaHHON MeTOAUKHU mOIydeHbl Kodddurnmentsr [lyaccona
Jtst 16 Mojieseit, B KOTOpBIX 4 MOJysst moodepénno 3amatorcst mMogeasimu Ckorr-Biapa, Makcsesi-
sga, Kenbpuna-@oiirra u CTaHIAPTHOIO JIMHEHHOI'O TBEPJIOIO TeJia IPH OTCYTCTBUU PEJIAKCAIINN
06bémHOro Momystst [1]. TTosydeHbl TOUYHBIE AHAJIMTUYECKUE BBIPAXKEHUsI JIJIS YACTOTHBIX 3aBHCH-
MocTeil cKopocTH, KO3 DUImeHTa 3aTyXaHus U JIOTAPUMMUAIECKOTO JTEKPEMEHTa 3aTyXaHUsT yCTa-
HOBUBIIUXCS MADMOHUYECKUX BOJIH B TPEXMEPHBIX [2,3] u omHoMepHbIX [4] BA3KOYNpYyrux cpejax,
OIMCHIBAEMBIX OOOOIEHHBIME IPOOHBIMI Moaeasmu Maxkcsesmra, Kenpuna-Qoiirta n cramgapT-
HOT'O JIMHEITHOrOo TBEPIOrO TeJsia, MOJEIUPYIONINX PAa3JIMYHbIE MOJYJIH IIPU OTCYTCTBHHU DPejaKca-
U 0OOBEMHOTO MOJLYJIsI, IOCTPOEHBI I'PAMUKHU JIAHHBIX 3aBUCUMOCTEM, HANIEHbI ACUMIITOTHYECKHE
3HAYEHUs] BBIIIEIIEPEYNCIEHHBIX BOJHOBBIX XapaKTEPUCTUK B IIpejesie OECKOHETHO MaJibIX U Oec-
KOHEYHO OO0JIbIUX 9acToT. VccmeaoBaHo pacupoCTpaHeHUe BOJIH HANPSXKEHUN B HACJIEICTBEHHO
VIPYTUX CTEPXKHSAX T CJIydasi, KOT1a ormeparop Moy s KOHra onuchiBaeTcs MOJIEIbIO CTAHIAPT-
HOTO JIMHEHHOTO TBEPAOrO Teja C APOOHBIMEM IPOU3BOIAHBIMEU 0e3 yduera OOBEMHOI peaKcanuu
[5]. Bosabl HANpszKeHUT BO30YKIAOTCS IMyTEM NMIPUIIOYKEHNST K KPAO MOJLyOeCKOHETHOTO CTEPIKHSI
[TOCTOSIHHOM HAIPY3KU C IMOMOINBI0 (DYHKINKA XeBUCARa UM UMITYJIbCHON HATPY3KHU C ITOMOIIBIO
nenbra-pyukimn upaka. Pemenne umercst ¢ momompio npeobpaszoanust Jlammaca ¢ mociemnyto-
IIIIM YUCJIEHHBIM aHAJIN30M. /{1t YJaCTHBIX CJIydaeB MOy YeHbl AaHAJTUTUIECKUE PEIIeHNs, & B 00IIeM
ciydae 3a7a4da ObLIa perlena qucjieHHo. [ pa3jndHbIX MOMEHTOB BPEMEHH U 3HAYEHHI mapa-
MeTPOB APOOHOCTU TTOCTPOEHBI TPpadUKH 3aBUCUMOCTH HAIPSKEHUit OT KoopAanHaThl. Pazpaboramo
0000IIeHNE JIyY€BOI'O PA3JIOXKEHHUsI BOJTHOBOI'O I10JIsI B OKPECTHOCTH BOJIHOBOTO (PPOHTA B CTEPXKHSIX
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B aCUMIITOTHYECKUIl 3HAKOYEPELYIOIIHUICS PsiJl 110 CTENEHSIM COILYyTCTBYIOIIEro BpeMeHu ¢ Koaddu-
[IMEHTAMU, 3aBUCAIIUME OT TPOCTPAHCTBEHHON KOOPIUHATHI, HA CIydail cJiabo-CUHTYJISIPHBIX sIIEp
noszydectu. C HMCIIOIB30BAHUEM JAHHOTO METOJIA IMTOJIyYeHBI OOODIIEHHBIE JIyUIEBbIE Pa3JIOYKEHUS
nyst Mogeseit MakcBesuia, CTaHIapTHOTO JIMHEIHOrO TBEPIAOTO TeJIa W JJjIsd ODIIEro Cydas IUCTO
BOJIHOBBIX MOJIeJIeil ¢ ApOOHOI POM3BOAHON mOpsAIKa 1/2 Jyis NPHJIOXKEHHBIX K JIEBOMY KOHILY
CTepyKHs IOCTOSTHHON M MMITYJIbCHOHM HArpy3ok. Ilokazan mexaHu3M mosydeHust 0O600IEHHOTO JIy-
9EeBOTr0 PsJIa JJI CIytast MPOU3BOILHON HArpy3Ku. [IpoBeiena dnciennas BaauIaIus IOy IeHHBIX
pe3yIbTaTOB.
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HARMONIC AND TRANSIENT WAVES IN VISCOELASTIC MEDIA, THE
PROPERTIES OF WHICH ARE DESCRIBED BY FRACTIONAL ORDER
OPERATORS
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Abstract. In this work, modeling and analysis of wave propagation are carried out in media
whose hereditary-elastic properties are described using the Maxwell, Kelvin—Voigt, and standard
linear solid models with fractional-order derivatives. The objectives of the study are: mathematical
modeling of the evolution of Poisson’s ratio; analysis of the steady-state harmonic wave propagation
in three-dimensional media; analysis of the steady-state harmonic wave propagation in one-
dimensional media; analysis of the transient stress wave propagation in one-dimensional media;
modeling the propagation of transient stress waves using ray expansions. A methodology has been
developed to express the time-dependence of the Poisson’s ratio for relaxation and creep processes
using the Gelfand-Shilov and Mittag-Leffler functions. Using this methodology, the Poisson ratio
has been obtained for 16 models, in which 4 moduli are successively described by Scott-Blair,
Maxwell, Kelvin—Voigt, and standard linear solid models, assuming no relaxation of the bulk
modulus [1]. Exact analytical expressions have been derived for the frequency-dependent behavior
of velocity, attenuation coefficient, and logarithmic decrement of attenuation of steady-state
harmonic waves in three-dimensional [2, 3] and one-dimensional [4] viscoelastic media described by
the generalized fractional Maxwell, Kelvin-Voigt and standard linear solid models that represent
various moduli under the assumption of no bulk modulus relaxation. Graphs of these dependencies
have been plotted, and asymptotic values of the aforementioned wave characteristics have been
found in the limits of infinitely small and infinitely large frequencies. The propagation of stress
waves in hereditarily elastic rods has been studied for the case where the Young’s modulus
operator is described by the standard linear solid model with fractional derivatives, neglecting
bulk relaxation [5]. Stress waves are excited by applying a constant load to the end of a semi-
infinite rod via the Heaviside function or an impulsive load using the Dirac delta function. The
solution is sought via the Laplace transform, followed by numerical analysis. Analytical solutions
have been found for particular cases, while the general case has been solved numerically. Graphs
of stress versus coordinate have been plotted for various time instants and fractional parameter
values. A generalization of the ray expansion of the wave field in the vicinity of the wavefront in
rods has been developed into an asymptotic alternating series in powers of the associated time,
with coefficients depending on the spatial coordinate, extended to the case of weakly singular creep
kernels. Using this method, generalized ray expansions have been obtained for the Maxwell model,
the standard linear solid model, and for the general case of purely wave models with a fractional
derivative of order 1/2, under constant and impulsive loads applied to the left end of the rod.
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The mechanism for obtaining a generalized ray series for an arbitrary load has been demonstrated.
Numerical validation of the results obtained has been carried out.

Keywords: fractional-order operators, hereditary mechanics, dispersion and
attenuation of waves, nonstationary stress waves, near-front asymptotics.
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